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ABSTRACT

We give results about embeddings, approximation and convergence theorems
for a class of general nonlinear operators of “integral type” in abstract modular
function spaces. Thus we extend some previous result on the matter.

1. Introduction

In [5] there was investigated the problem of approximation of functions f : G —

R = [~o00, +0oc] over an abelian, locally compact topological group, belonging to

some modular function spaces, by means of nonlinear integral operators

(Twf)(t) = /G Ko (s f(s +1)) ds, we W,

in the sense of modular convergence, where the kernel functions K, satisfy the

Lipschitz condition. The integration here was meant in the sense of Haar measure

* This paper was written when this author was a visiting Professor at the Dipartimento di Matem-

atica, Universita di Perugia, Italy.

409


Servicio de Textos
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on G. This problem was treated in [1], in case of modulars in generalized Orlicz
spaces, but applying a generalized Lipschitz condition to the family (K )wew-

Recently, we defined general moduli of continuity in case when G does not need
to be a group, but it is closed under some operation, (see [2]). Going further in
this direction, we shall give here results concerning embeddings, approximation and
convergence at this degree of generality (see also [6]), and we shall show some new
examples. In particular, our results generalize those of [4, 5].

2. Nonlinear operators of integral type

First, we recall some notation from [2]. We take a non empty set G with an ope-
ration “-” : G x G—G and we suppose U to be a filter of subsets of G with a
basis U,. Moreover let pu be a o-additive and o-finite measure on a c-algebra 3 of
subsets of G. By L°(G) we denote the space of extended real valued functions on G,
Y-measurable and finite p-a.e. with equality p-a.e., and by M°(G) we denote the
space of all Y-measurable, extended real functions on G. Let

Ai:{sGG:tsEA,sQAortngA,seA}

A;:{sersteA,sgA, orstQ'A,seA},

for any A C G and t € G. The system G = {G,U, X, u} is called left-correctly
filtered [resp. right-correctly filtered], if the following conditions are satisfied:

1. U contains a basis U,C X;
2.if A € ¥ and u(A) < +oco then Al € X, [resp. A7 € ¥] for every
te G and ,u(Aff)LO [resp. M(AQL 0)];
3. if f € L°(G) then f(t-) € L%(GQ) and f(-t) € L°(G), for all t € G.
Now, let x4 be the characteristic function of a set ACG. We say that a linear
subspace F C L°(G) is a correct subspace of L°(G) if:

1. Ae ¥ and pu(A) < +oo imply xa € F;
2. feF and A€ X imply fxa € F.

It is easily seen that if FC L9(G) and f € F then |f| € F. Moreover, L°(G) is
always a correct subspace of itself.

A linear subspace FC L°(G) will be called left-translation invariant (1-7-
invariant) [resp. right-translation invariant (r-7-invariant)] if f € F implies
f(t-) € F [resp. f € F implies f(-t) € F] for every t € G. If F is both l-7-invariant
and r-7-invariant, it will be called translation invariant (7-invariant).
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Suppose that F is a correct translation invariant subspace of LY(G). Let || || be
a monotone extended seminorm on F, i.e. for all f,g € F and ¢ € R there
holds: 0< [I£] < +o0, IS+l < I+ gl llefl = Il 1F, 1f] < lg] implies
IfIl < llgll. Then {F,||||} will be called a seminormed subspace of L°(G). Let
S : F—R be such that for all f,g € F and ¢ € R there holds: S (f +g) <
Sf+S8g, |S(ef)| =lc| |Sf] and |f| < |g| implies S|f| < S|g|. The functional S will
be called then a functional of integral type on F. Let us remark that we have
S|fl > 0and |Sf| < S|f| for all f € F.

A functional S of integral type on a seminormed subspace {F, | ||} of L°(G) is
called continuous at f = 0 if the following property holds: for every € > 0 there is
a 6 > 0 such that for every f € F with || f|| < ¢ there holds |Sf| < e; it is easily
seen that this condition implies also the continuity at every f € F, i.e. for every
e >0 thereisad > 0 such that for every g € F with ||f — g|| < é there holds
|Sf — Sg| < e. It is also easily seen that for a continuous functional S of integral
type, the set {|Sf|: f € F, ||f|| =1} is bounded. The norm of S will be defined
then by

S|l = sup {|Sf|: f € F, [fl=1}.

Obviously we have also

!BH:&W{%%wfefEf%O},=md!SﬂSH&HMM

We recall now the notion of an (L, 1)-Lipschitz kernel.

Let {F,| ||} be aseminormed subspace of L°(G) and let L : G—R{ = [0, +o0]
be such that L € F and 0 < ||L|| < +o0o. We shall use also the notation p(t) =
L(t)/||L||; evidently, [|p|| = 1. Moreover let ¢ : G x R — R be a function such
that (-, u) is a ¥-measurable function for all « > 0 and ¢ (¢,0) = 0, ¥ (¢,u) > 0 for
u >0, (¢, u) is a nondecreasing and continuous function of u > 0, for every ¢t € G.
The class of all such functions ¢ will be denoted by W.

A function K : Gx R—R is called a kernel function if K(-,u) € F with
| K (-, u)|| < 400, for all w > 0 and K (t,0) = 0 for each ¢t € G. A kernel function is
called (L, )-Lipschitz if

forallt € G and u,v € R. Taking v = 0 we get the inequality |K (¢, u)| < L(t) (¢, |u|)

for all t € G, u € R. It is easily seen that if F is a correct left-translation in-
variant [resp. right-translation invariant] subspace of L°(G), f € F and K is an
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(L, 1)-Lipschitz kernel, then for every ¢ € G the function K (-, f(¢-)) : G— R [resp.
the function K (-, f(-¢)) : G— R] is S-measurable and belongs to L°(G) (see [1]).

Let {F,| ||} be a seminormed correct, left-translation invariant [resp. right-
translation invariant] subspace of L%(G) and let S : F— R be a functional of integral
type on F. Let K be a kernel function. We define operators 7" : Dom T — M°(G)
and T" : Dom 7" — M°(G) by formulae

(T'F)(1) = SKE( f(t)), (T"f)(t) = SK (- f(4)) (1)

for p a.e. t € G, where DomT" [resp. Dom T7] is the set of functions f €L°(G)
such that K (-, f(t-)) € F [resp. K (-, f(-t)) € F] and that the function T"f : G—R
[resp. T" f : G— R] is X-measurable. If all constant functions on G' belong to Dom 7"
[resp. DomT"], we call T! [resp. T"] a nonlinear operator of integral type. In
the following 7° will mean always any of the operators 7" and 7.

ExamMpPLE: Let T° be a nonlinear operator of integral type. Suppose f to be a
constant function, i.e. f(s) =C for all s € G. Then f € DomT* and

(T°C) (1) = SK(-,C)

for t € G. In particular taking f € Dom7T*° arbitrarily and choosing a fixed t, € G
such that |f(t,)| < 400, we have (T°f(t,))(t) = SK(-, f(t,)) for t € G. Taking
t=1t, we get

(T°f(t)) (to) = SK (-, f(to))- 2)
Thus, if f € DomT° N L°(G) then (2) holds for p-a.e. t € G.

3. Embedding theorem

In order to study problems of embeddings and of approximation by means of non-
linear operators of integral type, we have to recall some notions concerning modulars
and modular spaces in a correct subspace F of L°(G) (see [2, 5]).

A modular 7 : F—R{ = [0,+0c] is a functional satisfying 1° n(f) =0 iff
f=0,2° n(=f)=n(f), 3° nlaf+pBg) <n(f)+nlg), for a,f>0,a+ 8= 1,
f,9 € F. A modular space generated by 7 is defined by F,, = {f € F : n(A\f)—0
as A—07}. 7 is called monotone if f,g € F and |f| < |g| imply n(f) < n(g);
n is called finite if A € ¥ and p(A) < 400 imply x4 € F,;; 7 is called absolutely
finite if it is finite and if for every € > 0 and every A, > 0 there exists a § > 0 such
that every set B € ¥ with u(B) < 6 satisfies n(\, xB) < &; 7 is called absolutely



Nonlinear operators of integral type in some function spaces 413

continuous if there exists an a > 0 such that for any f € F with n(f) < +oo,
there hold the following conditions: 1. for every € > 0 there exists a set A € X with
p(A) < 400 such that n(afxe\a) < €, 2. for every € > 0 there exists 6 > 0 such
that for every B € ¥ with u(B) < 6, then n(afxp) < .

Supposing F to be left-translation invariant [resp. right-translation invariant]
we say that 7 is left-7-bounded [resp. right-7-bounded] if there exist a number
c>1and h : G=RY such that h € M°(G), with h(t)AO such that for every
f € F with n(f) < 400 there holds the inequality n(f(¢-)) < n(cf) + h(t) [resp.
n(f(-t)) <n(cf)+h(t)] forallt € G. Let n and p be two monotone modulars on F,
and let the function 1 : G x R —RZ be defined as before. We say that the triple
{p,¥,n} is properly directed, if there is a set G, € ¥ with u(G \ G,) = 0 such
that for every A € ]0,1] there exists a C € ]0, 1] such that

plCx ¢t F())] < nld f(2)]

forallt € G, and f € L°(G). Here “:” means the variable concerning the modulars.
If (F}(:))teq is a family of functions F; € L°(G), then the above condition implies the
inequality p[CA Y(t, Ft())] < 77[)\ Ft(:)] for every t € G,. One may always suppose
C'\ to be a nondecreasing function of A € |0, 1]. As regard the above relation, see [1].

Let || | be a monotone, extended seminorm on L°(G). We shall say that
a modular p on L°(G) is norm convex, if for every Y-measurable function
p: G—R§ such that p € L°(G) and ||p|| = 1 and for every function F : G x G—R
measurable on G X G, there holds the inequality

plllp() EColl] < [lpC) p(FC0)|;

[

here means the variable concerning the seminorm || || and as before “:” denotes
the variable concerning the modular p.

Now, we are able to formulate the following embedding theorem:

Theorem 1

Let U,C ¥ a basis of U, let the space L°(G) be translation invariant and let
| I be a monotone, extended seminorm on L°(G). Let ¢» € ¥ and let 1, p be two
monotone modulars on L°(G) such that n is right-t-bounded [resp. left-r-bounded],
p is norm convex and the triple {p,v,n} is properly directed. Let K : Gx R—R
be an (L, )-Lipschitz kernel function and denote p(t) = L(t)/||L|| for t € G. Let S
be a functional of integral type with ||S|| # 0 and let T' [resp. T"] be a nonlinear
operator of integral type defined by (1). Then, supposing the function h from the
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definition of T-boundedness of 1 to be bounded by a constant h, < +o0o on G, the
following conditions are satisfied:

(a) for every e > 0 there exists a U € UNYE such that

Cx
Ao r ) < n(eAf) + by :
(b) p (WT‘Y) < n(eAf)+h,, for sufficiently small A €]0,1[ and f € DomT°N

(LG))a,
(c) if moreover p is a convex modular or if n is such that n(f(: t)) = n(f) [resp.
n(f(t:)) =n(f)] for all f € L°(G) with n(f) < +oo and all t € G, then

T° : Dom T° N (L°(G)),,—(L*(G)), .

Proof. (In case of T').

(a) Let f € DomT'N(L%(G)),, then K (-, f(t)) € L°(G) for p-a.e. t € G. Applying
properties of S and the (L, 1)-Lipschitz condition for K, we easily obtain

‘HLH st W' < [p()Cru (- £

for all A €]0,1] and p-a.e. t € G. Now, we apply monotony and norm convexity
of p and after that, monotony of 1 and the fact that {p, ¥, n} is properly directed.
This leads to the inequality

Cx Ly e
o (s N6 ) < 0 1076 ) Q
as before, || | acts on the variable “-” and p, n on the variable “:”. Now, let
Ao €]0,1[ be so small that n (A, f) < +o00 and let A €]0, A\,[. Then we have, by
right-7-boundedness of 7, the inequality n (Af(: t)) <n (cAf) + h(t) for p-a.e.
t € G. Hence, by monotony of || | and other its properties, we get for any
UeuUnkx

IpC) DAL G DI < n(ehf) + llp hxoll + ho [Ipxeoll - (4)
But h(t)LO, so for any € > 0 there is U € U such that h(t) < ¢ for

t € U. Hence, by monotony of || ||, |phxuv| < € |[p|| = e. Thus, by (3)
and (4), we obtain (a).
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(b) follows from (a) immediately estimating ||[p xeg\v | by [[pl| = 1, and then taking
e—0" at the right-hand side of the inequality in (a).

(c) Suppose p to be convex and let £ > 0 be so small that ¢ < 2 h,. We choose
A1 €]0, \o[ so small that n (c\1f) < €/2 and that (b) holds. We may take C
in such a manner that Cy \, 0 as A \, 0. Then we obtain

o O )<= (D ) <)+
<2ho TETIST AN (eAf)

for A €]0, A\1[. But A\, 0 is equivalent to C\ \, 0, and since f € (L°(G)),, we

may deduce that p(§ T'f)—0 as 6—07. Hence T'f € (L°(G)),.

Supposing 7 to satisfy the condition n(f(: t)) = n(f) for f € L°(G) with n(f) <
400 and for £ € G, we may take in the definition of left-7-boundedness of , ¢ = 1

and h(t) = 0 identically in G. Thus we get on the right-hand side of the inequality
in (b), only the term n(Af). This shows that T'f € (L°(G)),. O

N ™

4. Approximation theorem
We shall estimate the p-error of approximation of f by T°, i.e. pla(T°f — f)], for

f € DomT° N (L°(G))y+, and sufficiently small @ > 0. The following auxiliary
notations will be needed (see also [1]):

Av={teG:|f(t)] >k}, Bk:{teG:]f(t)|<%}, Cr =G\ (4, UBy),

1
TR = sup —SK(-,u)—l‘
F<lul<k ¥
for k=1,2,... and
1
r, = SuprE = sup |— SK(-,u)—l‘ .
k u#0 | U

We shall need also of the notions of left and right n-moduli of continuity wfl, wy
L°(G) xU—[0, +o0], defined by w%(f, U) = supyey n(f(t:) — f(:)) and wy (f,U) =
sup;cpy 0 (f(:t) — f(:)). Here in case of w% we assume L°(G) to be left-translation
invariant, and in case of w; we assume L°(G) to be right-translation invariant. For

the definitions and properties, see [2].
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Theorem 2

Let us suppose that U,C X. Let the space L°(G) be translation invariant and
let || || be a monotone, extended seminorm on L°(G).

Let ¢ € ¥ and let n,p be two monotone modulars on L°(G) such that n is
right T-bounded [resp. left T-bounded], p is norm convex and the triple {p,,n}
is properly directed. Let K : GxR—R be an (L,)-Lipschitz kernel function and
denote p(t) = L(t)/||L|| for t € G. Let S be a functional of integral type with
|S|| # 0 and Iet T [resp. T"] be a nonlinear operator of integral type, defined by
(1). Suppose the function h from the definition of T-boundedness of ) to be bounded
by a constant h, on G. Let f € DomT° N (L°(G)),+, and let X €]0,1[ and a > 0 be
so small that n(2cAf) < 400, p(16af) < +oo and 16a||L| ||S|| < Cx. Then for an
arbitrary set A € ¥ and arbitrary U € U N 3 there holds the inequality

pla(T°f = f)] Swo(Af.U) + [2n (2eAf) + ho| ||pxcvu || + R, (5)
where

R, = P(QC”"of)a
R =n(Afxa\a) + p(16afxaya) + n(Afxana,) + p(16afxana,)
+ W()\fXAmBk) + p(lGanAmBk) + p(8arkf), for k=1,2,...,

with T° = T and wf = wy [resp. T° =T" and wg) = w}].
Proof. (In case of T'). Applying properties of S we obtain

(TN = 10| < S|K( f(#) = K )]+ [SK(, f(1) = f(2)]-
Hence we get, by monotony of p,

pla(T'f = ] < Ji+ ),

where

Ji=p[2aSIK(fG) = KCPE T2 = p[20ISKC FG) = )] (6)
(L, )-Lipschitz condition yields

(K f() = K f)] S LC) 91 fG) = FOI) -
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Thus, by monotony of p and properties of S we have

Ji < p[llpC)2all L] ISIF G LG ) = FODIT -

Now we apply the inequality 16a||L|| ||S]| < Cj, norm convexity and monotony of
p, and the fact that the triple {p,,n} is properly directed. Then we obtain

Ji < lpCn[AFG) = SO < 7+ T,

where

Ji = [lpCxv () nASE) = FONL IE = lpCOxew () ald ) = FO

with an arbitrary U € U N 3. But
MG~ FO)] <wi(ALD), tel.

Hence, by monotony of the ||| we get J} < w/(Af,U).

In order to estimate J?Z, we apply right 7-boundedness of n, with h(t) < h,, and
the monotony of 7, obtaining easily the following inequality:

n[A(FGt) = £(2)] < 2n(2eAf) + ho.

Hence, by monotony of || ||, we have J? < [2n(2c>\f) + ho] HPXG\UH- Consequently

Ji SWh (AL U) + [20(2eMf) + ho) |lpxevu]| -

In order to finish the proof, we have to show that J, < Ry for k=0,1,2,...
First we prove this for k = 0.

It is easily seen that |[SK(-, f(t)) — f(t)| <1, |f(t)]. Hence we get, by monotony
of p, the inequality Jo < p(2ar,f) = R,. Now, let k > 1. Taking A € ¥ arbitrarily,
we have

G:D1UD2UD3UD4 with D1 :G\A, D2 :AﬂAk, D3 :AﬂBk, D4 :AﬂC’k,

and the sets D1, Do, D3, D4 € 3 are pairwise disjoint. Hence Jo < Ji + J2+ J3 + J3,
where

Jg = p[8a|SK(-,f(:)) - f(:)|XDi(:):|7 i=1,2,3,4
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Let P € ¥ be arbitrary. By (L, v)-Lipschitz condition, |K (¢, u)| < L(t) 1(t, |u|) for
t € G, u € R. Hence |K (-, f(t)xp(t))] < L(-) ¥(-,|f(t)| xp(t)) for t € G. Applying
monotony of S, we thus easily obtain

| SK (- f(t)) = O] xp(t) < SIK(, f(8)) xpt)| +f ()] xp(t)
<lpC) IZIISIF oG L@ xp @) + 1F @) xp (1)

for all ¢ € G. Hence, applying monotony of p, inequality 16a|L|| ||S] < C), again
monotony of p, norm convexity of p, monotony of ||| and the fact that {p, ¢, n} is
properly directed, we obtain

p[8alSK (- f()) = f()Ixp ()] < n(Afxp) + p(16afxp).

Applying this inequality for P = Dy, P = Dy and P = D3, we get the inequalities
Js <n(Afxp,) +p(16afxp,), for i=1,2,3. (7)

Now, Jj is estimated analogously as Jy in case k = 0, since supposing t € Dy =
AN Cy, we have

<[f(t)| <k andso |SK(-, f(t)) = f(t)| < re|f(t)].

| =

Thus, J3 < p (8aryf) for k > 1. This, together with the inequality (7), shows that
Jo < Ry for k>1.0

5. Convergence theorem

Taking a family K = (K4, )wew, where W is an abstract set of indices, we shall ask
now the question, under what conditions the functions T}, f approximate f in the
sense of the modular p, i.e. we shall look for conditions under which pla(TS f — f)]
tends to zero. In order to make sense to statement of this kind we suppose that there
is given a filter WV of subsets of W and the above convergence will be understood
in the sense of this filter, i.e. pla(Tf — f)]mo

Here we will assume that the filter I/ of subsets of G has a basis U,, with U/, C .

A family K = (K )wew of kernel functions is called a kernel. Let

(To)(t) = SEu (-, f(t), (Tyf) (t) = SKu(-, f(1)), w e W.
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We denote I'* = (T)yew and DomI = (N, .y, DomT" and similarly for T,
see also [1]. Let L = (Ly)wew, where L, : G — RI, L €L°(G) and L =
SUPew || Lw|| < 400; we write py, = Ly /|| Lw||. Moreover let ¢ € W. The ker-
nel K is (LL,)-Lipschitz, if the kernel functions K,, are (L,,,)-Lipschitz for
all w € W. An (L, ¢)-Lipschitz kernel K is called a singular kernel, if for every
U e UNY there hold the following conditions:

1
prXG\UHMO’ Tk(w) = Sup —SKy (7“) -1 mov

L<|u|<k U

for k=1,2,....

A singular kernel is called strongly singular if additionally r,(w) =
supy, Tk (w)ﬂo (for this terminology see [1]). Now we are able to prove the fol-
lowing convergence theorem.

Theorem 3

Let the system G = {G,U, X, u} be right-correctly filtered [resp. left-correctly
filtered] and let the space L°(G) be translation invariant. Let ||| be a monotone,
extended seminorm on L°(G). Let ) € ¥ and let 1, p be two monotone modulars on
L°(G) such that n is right T-bounded [resp. left T-bounded], absolutely finite and
absolutely continuous, p is norm convex and the triple {p, 1, n} is properly directed.
Let K = (Ky)wew be a singular (L., )-Lipschitz kernel and let at least one of the
following two conditions be satisfied:

(a) K is strongly singular;
(b) p is finite and absolutely continuous. Then, for every function f € DomII'* N
(L°(@))n+p [resp. f € DomI'™ N (L%(G))y+p] there is a constant a, > 0 such that

pla(TLf — )220, 0<a<a, [resp.p [a(Tf — 250, 0<a<a).

Proof. The proof is similar to that in [1] and therefore we give only its outline
here. Due to the assumptions on the system G and on L°(G) and 7, we have

wp(Nof, U )LO for sufficiently small A\, > 0 ([2], Theorem 2). Let us choose an
arbitrary e > 0. Fixing A\, and U € U, we get w; (Ao f,U) < /4. By singularity of
K, we may find a Wy € WV such that J; < ¢/2 for w € Wy, where J; is defined
by (6).

Supposing (a) we get our result from (5) with k£ = 0 immediately. If we suppose
(b) then p and 5 are both absolutely continuous. Since f € (L%(G)),+, we have
u(AN Ag)—0 as k—+oo, for any set A € ¥ such that pu(A) < +oo; moreover taken



420 BARDARO, MUSIELAK AND VINTI

such a set A, we have also n(Afxanp,)—0 and p(16afxang,)—0 as k—+oc. Thus
we infer that taking k sufficiently large, the terms in the formula for R with the
exception of the last one are smaller than £/24 each of them, if only A > 0 and
a > 0 are sufficiently small. Now keeping k fixed we derive from singularity of K
that p (8ary(w)f) < €/4 for all w € Wy, where W is a set from WA. This finish the
proof. For further details see [1]. OJ

6. Examples

1. We give first examples of functionals S of integral type on a seminormed subspace
{F, | I} of L°(G), where F is correct and translation invariant. Let A € ¥ and
let || fll, = [1fIl = (/4 |f(®)|Pdu) /P, 1 < p < 4o00. Moreover let g € L(G), where
1/p+1/g=1if 1 <p < +o0, and ¢ = +o0 if p = 1. Let A € ¥ be arbitrary. We
take

Sf = ] /A f(t)g(t)du’

or we may also take
Sf= / f(#)g(t)dp, supposing g > 0.
A

It is easily seen that S are continuous functionals of integral type over F = LP(G).

2. We provide now some examples of (L, ¢)-Lipschitz, singular and strongly singular
kernels K which are not Lipschitz in the usual sense, i.e. with ¢ (¢,u) = |ul, taking
Sf =[5 f(t)dp and ||f|| = | fll1. For a sake of simplicity we put W = N =
{1,2,3,...}, WV = the filter of neighborhoods of +oc0 in N=NU {+o00}. Let L,, €
LYG), forn €N, [|Ly]1—1 as n—+o0 and [g ; Ln(t)dp(t)—0 as n—+oo, for
every U € U,.

Next we define H,,(u) putting for u > 0,

1 Nk kok+1
H,(u) = —(u——) L e | B o2, n=1,2...
n n n n

Then we extend the definition for u < 0 on putting H, (u) = —H, (—u). We define
K, (t,u) = L,(t)Hy,(u) for n € N. It is easily to show that K = (K,,)nen is a kernel
satisfying an (IL,v)-Lipschitz condition with L = (L, )nen and (t,u) = y/|u|, but
does not satisfy a Lipschitz condition ¢ (t,u) = |u|. Moreover [, Ky (t,u)du(t) con-

verges uniformly to w on every interval [a,b[C R*, where 0 < a < b € R, as
n——+o0o. Hence we deduce the singularity of K immediately.
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Let us remark that in a similar manner one can define also a strongly singular
kernel. For example we modify the definition of H,,(u) near the point v = 0 in such
a way that

S

‘Hn—(u)_l‘gl’ 0<U§
u n

3. Next, we consider some particular cases of our theory.

“o»

(a) Let G = (]0,1],-) with Lebesgue measure m; the operation is here the
usual multiplication. Then G is a semigroup and m is not invariant. Here, we can

consider a net of linear operators of the form
1
(T, 1)(t) = / we()f(st)ds, T ERY,
0

where (w,.),cr+ satisfies the assumptions i) fol wy(t)dt = 1 for every r € RT,
i) lm,qeo fol_é wy(t)dt = 0, for every ¢ €]0,1/2[; we take the family
U= {[1 —6,1] : 6 €]0,1/2[} as a basis of the filter &. Operators of this form
are called average, or moment operators (see [3]).

Moreover, a general filtered family of nonlinear integral operators becomes now
of the form

(Twf) (t) :/0 Kw(s,f(st))ds.

(b) Let G be the semigroup G = ([0, +o0[,+) be provided with a measure
defined on the o-algebra ¥ of all Lebesgue measurable subset of [0, +oo[ by means of
w(A) = [, g(t)dm(t), A € ¥ where m is the Lebesgue measure and g is a non
negative function, locally integrable with respect to m. It is easy to show that,
denoting by U the filter of right neighborhoods of zero, G = {G,U, %, u} becomes
correctly filtered. Now, we may take a filtered family of integral operators

+oo
(Tuf) (1) = / Ko (s, f(t+5))du(s)

(c) Let G be the semigroup G = (N,,+), N, ={0,1,2,3,...} with a counting
measure.
Here we can consider a filtered family of integral operators of the form

+o0
(Tuf)j =Y Kui (tivg), Tuf = (Tuf);) 2
1=0
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where f is now the sequence (;):55. Let ||(t:)155 | = 32,25 |ti]. Take as U the family
of neighborhoods of +o0 in N, = {N,,+oo}, i.e. U € U when the complement
N, \U is finite or empty. The sets U,, = {n,n+1,n+2,...} wheren =0,1,2,... form
a basis U, of this filter. Then singularity of the kernel K means that pw’iﬂo for
every ¢ = 0,1,2,... separately and

1R
sup  |— ZKw,i(u) 1| 2o
F<lul<k |¥ 550
for every k =1,2,.... Moreover we have the n-modulus of continuity

wn(f, Un) = jgg n(t.ﬂ — t.) .

(d) The last example may be generalized as follows. Let a = (a;);.5 be
a sequence of non negative numbers and let u be the measure on N, defined by
w(A) = > ,ca a; for every ACN,. Then the family I' = (T )wew consists of

operators T, f = ((wa)j>;:3, where (T, f); = Z;Ogainyi(tiﬂ-).
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