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ABSTRACT

In this paper we study two classes of delay partial difference equations with
constants coefficients. Explicit necessary and sufficient conditions for the os-
cillation of the solutions of these equations are obtained.

Recently, oscillation theory for partial difference equation have been studied by
some authors [1-4]. In this paper we will concern with two classes of delay partial

difference equations of the form
u(i+1,7) +bu(i,j+ 1)+ cu(i,j) + du(i —r,j) + eu(i,j — )
+ fu(i—m,j—n)=0,4,7=0,1,2,...,
and

w(i+1,5 +1) +au(i + 1, 7) + bu(i, j + 1) + culi, §) + du(i — 7, j)

+eu(i,j—s)+ fu(i—m,j—n)=0,i,j =0,1,2,...

where a,b,c,d, e, and f are real numbers, 7, s, m and n are positive integers.
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A solution of (1) or (2) is a real double sequence u = {u(i,j)}{5_y which
satisfies (1) or (2) respectively. Since (1) can be written in the form

u(i+1,7) = —bu(i,j+1) —cu(i,j) — du(i —r,7)
—eu(i,j—s)—fu(i—m,j—n), ivj:071>2>"'7

it is clear that if we impose conditions such as

u(0,j) =6(j), =01,2,...,
u(i,j) = (i, j), -r<i<0, j=0,
u(i,j) =B(i,j), —s<j <0, i >0,

u(i, j) = p(i,7), —-m<i<0, —n <j <0,

with
Qb(o) = O‘(Oa 0) = B(Ov 0) = a(O, 0)7

we can calculate u(1,0);u(1,1),u(2,0);u(1,2),u(2,1),u(3,0);... successively in a

unique manner. An existence and uniqueness theorem for solutions of (1) is thus
easily formulated and proved.

Similarly, since (2) can be written as

u(i+1,j+1)=—au(i+1,5) —bu(i,j+ 1) — cu(i,j) — du(i — r,j)
—eU(Z,]—S)—f’LL(Z—m,j—n), iaj:071727"‘7

it is clear that if the conditions

e

(0,5

¢(])7 j:O7]"2""7
(i), i=0,1,2,...,

7)
u(i,0) = ¢
u(i,j) = a(i,j), —r <i <0, j=>0,
u(i,j) = 8(i,5), —s<j <0, i>0,
u(i,j) = ¢(i,5), —m <i<0, —n < j <0,

with
¢(0) = 1(0) = a(0,0) = 5(0,0) = (0,0)

are imposed, we can calculate u(1,1);u(1,2),u(2,1);u(1,3),u(2,2),u(3,1);..
cessively in a unique manner.
A double sequence u =

. suc-

{u(i,5)}75 = 0 is said to be eventually positive if
u(i,7) > 0 for all sufficiently large ¢ and j. An eventually negative sequence is
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similarly defined. The sequence u is said to be oscillatory if it is neither eventually
positive nor eventually negative. We are interested in explicit condition imposed on
the numbers a, b, ¢,d, e and f such that all solutions of (1) and (2) are oscillatory.

Lemma 1

Suppose ¢ >0, d >0, e >0 and f > 0. If b > 0, then there cannot be any pair
of positive numbers « and (3 such that

a+bf+ct+da " +elf7%+ fa BT =0. (3)
The converse also holds.

Proof. Suppose b > 0. Since ¢ >0, d > 0, e > 0 and f > 0, for any pair of positive
numbers « and 3, we have

a+bB+c+da " +ef 5+ fa BT > 0.

This shows that (3) cannot hold.
Conversely, if b < 0, let a = 1 then

a+bb+ct+da"+ef T+ fa BT =14+b084+c+d+eBf7°+ fGT".

Set F(B) =1+b8+c+d+eB7°+ fB~™. Since limg_o+ F(5) = +oo, limg_ 4
F(B) = —oo and F is continuous on (0, +00), there exists Fp € (0, +00) such that
F(By) = 0. So that (3) has a solution pair a« = 1, # = By, and the solution pair are
positive. The proof of Lemma 1 is complete. [

Theorem 1

Suppose ¢ > 0, d >0, e > 0 and f > 0. Then every solution of (1) is oscillatory
if and only if b > 0.

Proof. If b < 0, then by means of Lemma 1, we can find a pair of positive numbers
« and 3 such that

a+bf+c+da"+elf7+ fa BT =0.
Then, as can easily be verified, the double sequence {u(,j)} defined by
u(i,j) =a'f’, i,j=0,1,2,...

is a positive solution of (1).
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Conversely, suppose b > 0 and that (1) has a nonoscillatory solution u =
{u(i, j)}55 = 0. We may assume without loss of generality that u(i,j) > 0 for
i,7 > 0. But since ¢ > 0,d > 0, e > 0 and f > 0, then left side of (1) is strictly
greater than 0. This contradiction establishes our proof of Theorem 1. [J

We now deal with the question of oscillation of (2).

Lemma 2

Suppose b # 0,¢ > 0,d > 0,e >0 andr < m,s #n. If b > 0,a > 0 and
f >0, then there cannot be any pair of positive numbers o and  such that

af+aa+bf+c+da " +ef7+ fammBFT" = 0. (4)
The converse also holds.

Proof. If a > 0,b >0, f >0 as wellas o >0 and 3 > 0, since c > 0,d >0,e >0
and f > 0, it is obvious that (4) cannot hold:
Conversely, we need to consider seven cases:

(a) Assume a > 0,b <0 and f >0, let o = —b/2, then

af+aax+bf+c+da " +ef7° + fa BT

b ab b\ " —s AN -n
ziﬂ—3+c+d<—§> +ef +f<—§> g

Set

H(ﬁ)zgﬁ—%b+c+d<—g) +eﬁ_$+f<—g> "

Since limg_,o4 H(B) = +00, limg_,4 o F'(8) = —oo and H is continuous on (0, +00),
there exists a By > 0 such that H(5p) = 0. So that (4) has a solution pair a =
_b/27 ﬁ = BO .

(b) Assume a >0, b < 0 and f < 0.

Case (i): if s > n, let @« = —b/2, then

af+aa+bf+c+da " +ef7° + fa BT

b ab b - —s b - -n
:55—7+c+d<—§> +ef +f<——> g

Set
H<ﬁ>=§ﬁ—§“+c+d<‘g> *eﬁ”f(‘é) .
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Then limg_, 4 H() = —o0 and
tm (g 45 (<2)
BH& ‘ 2

e+ f <—g> pE

Thus limg_.g+ H(B) = +00. So there exists Fy > 0, such that H(5y) = 0 and (4)
has a solution pair o = —=b/2, = [y .

Case (ii): if s <n, let @ = —2b, then

=+00.

= lim 7°
,6’—>U+ﬁ

af+aa+bB8+c+da " +elf7° + fam BT
— b8 —2ab+c+d(—2b)"" + e + f(—2b)""F".

Set H(B) = —bB—2ab+c+d(—2b)""+ef*+ f(—2b)"™" 3", thenlimg_,, o H(B) =
+ 0o and

Jim e+ f(=20)7"F "] = Tim f" e + f(=2D) "] = 0.

So limg_,o4 H() = —oo and there exists §y > 0 such that H(5;) = 0. Hence (4)
has a solution pair o = —2b, G = .
(c) Assume a < 0, b < 0 and f > 0. Let 8 = —a/2, then

af+aa+bB+c+da " +ef7 + fammpT"

e+ ( a)fs+f - ( a)fn
=—-a— —+c+da el—= « —— )
2 2 2 2
Set .
—S8 —n
H(a):ga—%—i-c—l—da*”—i-e(—g) + fa™™ (—%) :
Since lim,— 04+ H(a) = 400 and limy— oo H(a) = —00, there exists ag > 0 such

that H(ag) = 0, so that (4) has a solution pair a = ag, = —a/2.
(d) Assume a < 0, b < 0 and f < 0.

Case (i): if s > n, let @ = —b/2, then

af+aa+bB8+c+da " +eB87° + fam BT
b ab b\ " s b\
:iﬁ—E‘FC—Fd(—E) +€ﬁ —|—f<——> ﬁ .
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Set, _r -m
H(ﬁ)zgﬂ—%b—l—c—i—d(—g) +eﬁs+f<—é) g,

then limg_, 4 o H() = —oo and

o ()7

s (4

Thus limg_,o+ H(5) = +00. Hence there exists Gy > 0 such that H(5p) = 0, so that
(4) has a solution pair a = —b/2, § = (.
Case (ii): if s <n, let o = —2b, then

= i - = .
BE(IJIJr p oo

aff+aa+bB+c+da " +efF+ fa "B T"
= —bB —2ab+c+d(—2b)"" +eB75 + f(—20)""3".

Set H(B) = —bB—2ab+c+d(—2b)""+ef*+ f(—2b)~™" 3", thenlimg_,, o H(B) =
+00 and

Jim e+ f(=20)7"F "] = Tim f" (e + f(=2) "] = 0.

So limg_,o4 H () = —oo and there exists §y > 0 such that H(5;) = 0. Hence (4)
has a solution pair a = —2b, 6 = Jo.
(e) Assume a < 0,b>0and f > 0. Let § = —a/2, then

af+aa+bf+c+da " +ef7+ famET"

_a ab r a\ s —m ( a)—”
=5 2—|-c+da —i—e( 2) + fa 5 )
Set 5 B -
H(a):gaf%Jrchda_que(f%) + fa™™ <*%> .
Since lim, 0+ H(a) = 400 and lim,—, 400 H(ar) = —00, there exists ap > 0 such

that H(ap) = 0, so that (4) has a solution pair a = ap, f = —a/2.
(f) Assume a < 0, b >0 and f < 0. Let 8 = —2a, then

af+aa+bB+c+da " +el7° + fam BT
= —aa —2ab+c+da”" +7(—-2a)"" + fa" " (~2a)"".
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Set H(a) = —aa—2ab.+da~"+r(—2a) "+ fa™™(—2a)"", then lim,_ 4 H(a) =
+o00 and

ali}r{f)l+ [doz_r + foz_m(—Qa)_"] = ali%l-k a ™ [dozm_r + f] = —00.

Thus lim, 04+ H (o) = —oo and there exists a oy > 0 such that H(ag) = 0. Hence (4)
has a solution pair a = «ag, 8 = —2a.
(g) Assume a > 0,b >0 and f <0, let § =1 then

af+aa+bB+c+da " +eB7° + faTBT"
=(l+4+a)a+b+ct+da"+e+ fa ™.

Set H(a) = (1+a)+b+c+da""+e+ fa™™, then limy_ o H(a) = 00 and

o] = i 07 ] =
Thus lim, 04+ H(a) = —oo and there exists a ap > 0 such that H(ag) = 0. Hence

(4) has a solution pair a = ag, f = 1.
In all the cases above, the solution pairs are positive. The proof of Lemma 2 is
complete. [J

Similarly we have.

Lemma 3

Suppose b # 0,¢ > 0, a > 0,e >0,s <n andr # m. If b > 0,a > 0 and
f > 0, then there cannot be any pair of positive numbers « and (3 such that (4)
holds. The converse also holds.

Theorem 2

Suppose b #£ 0,¢ > 0,d > 0,e > 0,r < m and s # n. Then every solution
of (2) is oscillatory if and only if b >0, a > 0 and f > 0.

Proof. If one of the numbers a, b and f is negative, by Lemma 2, we can find a pair
of positive numbers o and ( such that

af+aa+bf+c+da " +ea "+ faT"ET =0.

Then, as can easily be verified, the double sequence v = {u(z, j) } defined by u(i, j) =
a3 is a positive solution of (2).

Conversely, suppose b > 0, a > 0, f > 0 and that (2) has a nonoscillatory
solution u = {u(i, j) }$5_, - We may assume without loss of generality that u(i, j) > 0
for i,7 > 0. But as ¢ > 0,d > 0, and e > 0, the left side of (2) is strictly positive,
which is a contradiction. The proof of Theorem 2 is complete. [
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Similarly, from Lemma 3 we have.

Theorem 3

Suppose b # 0, ¢ > 0,d > 0,e > 0, s < n and r # m, then every solution
of (2) is oscillatory if and only if b >0, a >0 and f > 0.

We remark that equation (3) will occur in a natural manner if we seek solution
of the form u = {u(i,5)} defined by u(i,j) = a’3’. Indeed, if we substitute u(i,j) =
o' into (1), we obtain

o' Fla+bf+ct+da " +eB 5+ fa BT} =0.
Similarly, if we substitute u(i, j) = a*37 into (2) we obtain

o' F{af+aa+bB+c+da " +eB75+ fa BT} = 0.

ExaMpPLE 1: Consider the equation

w(i+1,5) + 2u(i, j + 1) 4 5u(i, 7) + 5u(i — 2, 5)
+3u(i,j—3)+4u(i—4,j—5)=0, i,j>5. (5)

According Theorem 1, every solution of equation (5) is oscillatory. In fact, this
equation has an oscillatory solution u(i, j) = (—1)**7.

ExaMPLE 2: Consider the equation

u(@+1,74+1)+3u(i+1, j) +3u(i,j+ 1)+ 2u(i,j) + 3u(i — 1,7)
F3u(i,j—2) +u(i—3,§—4) =0, 4,j>4. (6)

According Theorem 2, every solution of (6) is oscillatory. In fact, (6) has an oscilla-

tory solution u(i,j) = (—1)"7.
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