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ABSTRACT

A pair of simple bivariate inverse series relations are used by embedding ma-
chinery to produce several double summation formulae on shifted factorials
(or binomial coefficients), including the evaluation due to Blodgett-Gessel [2].
Their g-analogues are established in the second section. Some generalized con-
volutions are presented through formal power series manipulation.

1. Bivariate inverse series relations

For any given bivariate function f(x,y), define its difference by

(1.1&) fA(SC,y):f(l‘,y)*f(.’ﬂf1,y)*f(l‘,y*1),

where it is supposed that f(x,y) = 0 if = or/and y is less than zero. Then it is
trivial to verify.

* Supported by Alexander von Humboldt Foundation.
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Lemma

Bivariate inverse series relations

(1.1b) gi(eri;Zn_‘]j_Q)f(i,j),
(1.1¢) izn: (mtf _nz _‘7> fali,g);
i=0 j=0

where the multinomial coefficient is given by

() - () ()

Actually, Eq. (1.1b) is a restatement of difference (1.1a). But Eq. (1.1c) would
produce innumerable summation formulae for various specified bivariate function

fz,y).
Denote the rising-factorial by

(@) =2(z+1)---(x+n—-1) (n>0), (x)=1L1.

Some examples may be displayed here.

ExaMPLE 1.1: For

(1.2a) A(m,n) =

+22) min (5 + @) g
B G+ ) G+ a)rg1
its difference is given by

—A42__ A(m,n), m,n — even;
(1.2b) Ap(m,n) = *tman (m, )
0, otherwise.

The corresponding summation formula

mAn—2—2\ (22)it; (3 +2)ip;
(1.2¢) ZZ (m—2i, n—2j?> 7! l( —:—ﬂj) ( +—;‘)j

120 j=0

(1 +2.’,U)Lm+nj (— —1—33)’—%4_”-'
L2 BN G+ o)z (5 +2)rey]

is Gessel’s extension of Blodgett’s identity [2].
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ExaMPLE 1.2: For

(1 +Z)min
I+ y)m (1 +2)n

(1.3a) B(m,n) =

its difference is given by

x—y-7(m)—z-7(n)

(1.3b) Ba(m,n) = P

B(m,n);

where the sign function is defined by

+1, >0
T(x)=¢ -1, <0
0, =0.

Then the corresponding summation formula is

(1.3¢) ii<m+n”> (L4a)y  a—y-r(i) —2-70)

== m—i,n—j ) (14+y); (1+2); rT+i+j

(1 +x)m+n
(T4 y)m (14 2)n

ExaMPLE 1.3: For

(1 + x>m+n (1 + y>m+n

(1.4a) Clmn) = A At ) (A 20 A 900

its difference is given by

2mn—zx
(w+m+n)(yfm+n) C(m,n), m>0,n>0
(1.4b) Ca(m,n) =<0, m or n=0
1, m=mn=0.

Then the corresponding summation formula is

T~ (mAn—i—j (@)irg (Y)itj 2y —xy
(de) 23 <m—z¢n—j) (v (Qra), (At (ty),

_ (1 +2)msn (1 +Y)min _ <m+n>
I+ 2)m (L+y)m (L +2)n (1 +y)n m,n )’
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2. g-analogues

Recall the notation:

e g-factorial

H 1 —z¢" 1) (n>0), (z;9)0 = 1.

e (Gaussian binomial coefficient

[ﬂs] _ @)

n (¢ D

e Gaussian multinomial coefficients

T . T m+n
m,n| |m-+n m,n |’
Then one possible g-analogue for the lemma may be formulated as follows: For any
given bivariate function f(x,y), define its g-difference by

(21&) fé(l’,y):f(ﬂf,y)—f(l‘—l,y)—qu(SU,y—l),

where it is supposed either that f(z,y) = 0 if x or/and y is less than zero. It is
routine to check the following reciprocity.

Proposition

Bivariate inverse series relations

(2.1b)  fs(m,n) ZZ [m +n—i—j— 2} gt mimitmn=g) f@,4),

i=0 j=0 m—i,n=j
“ m+n—1— ; ;

(2.1c) ZZ [ S J]] ") fs(i, 7).
=0 5=0 ’

Similarly, this proposition admits the following specifications.
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ExaMPLE 2.1: For

(0°2%1¢%) | mtn | (423 ¢%) [ty
(¢%6%) =) (¢% %) 2 (q2;6%) 1= (g75¢2) 1’

(2.2a) A(m,n)=a"

its ¢-difference is given by

(2.2b)

S e (%30 pangeny (9230°) e,
As(m,n) = 4z (4% m/2 (¢ q2)L J(qw qg)m/Q (gz3¢%)r27”

0, m—odd.

m—even;

The corresponding summation formula

lm/2] n . 2. 2 2
mei [m+n—2i—j (€% 4%)it1i/21(9%5 47 )ix 52
(2.2¢) g E x" { ]

= = m—2i, n—7j | (¢%¢%)i(q% %) 52 (qx; ¢?)i(qz: ¢) /2

203 14 z(—q) (@*2%¢%) | men | (475 ¢%) [ mgn

T+z (g% 12(¢%¢) 2 (g7 ¢%) 127 (g2 ¢%) 21

is the g-analogue of the extended Blodgett’s identity [2].
EXAMPLE 2.2: For

(qxv q)m-i-n

(2-3a) Bomm) = (s O (0 )

its g-difference is given by

(2.3b)Bs(m,n)
T(m) ,7(n) _
{ {qmintietmt 4 (1= r(m) U220 Y B(m,n), m+n £ 0

1, m=n=

Then the corresponding summation formula is

(2.3c) 3N yndgittined) [m+@—i—j} : (%3 9)it

=0 j=0 m—1i,n—7 | (qy;9)i (q2;9); l—x

T (qy; Om (4259)n 1—=x

(93 @) m-4n (1-y)(1-=2) iyn k[m+n—k] (z:9)k
k=1
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ExaMPLE 2.3: For

_ (qx§ Q>m+n (qy§ Q)m—f—n
(2.42) Clm,n) = (925 @)m (qy; Q)m (a5 0)n (qy; @)n

its difference is given by

m 1—g™ 1— 2ny\ _ 1— 1—
0" e e Cmn), m > 0,0 >0
(2.4b)  Cs(m,n) = ¢ 0, m or n=0
1’ m=n =0.

Then the corresponding summation formula is

c "N it [mAR—i— (T Qs (Y3 @ity
() 3 2 a0 [ ](qx;q)

p m—i, n—j i (ay:9)i (az39); (qy; )5

L wl-g)(1-¢¥)-(1-2)(1-y)

(I-2)(1-y)
_ (975 Qm-tn (7Y Dmtn B [m + n}
(973 @)m (995 @)m (975 @)n (Y5 O m |

This is a g-analogue of Eq. (1.4c), although it is not as compact as desired.

In the same way as demonstrated in Exs. (1.1-1.3) and Exs. (2.1-2.3), the reader
is expected to try to invent some more summation formulae.

3. Formal power series

Consider the formal power series defined by
> z 1+
= N byl
pen = S (5) () <
17‘7 =

Introducing the redundant variable ¢ and denoting by [t"] p(t) the coefficient of ¢"
in the power series expansion of p(t), we can perform the following manipulation.
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ee} . N\ 2

i.j =0
1\*
= Z ( ) [t°) (1 + ta)* (1+—>
k= ty
1 —Zz
- [to]{1+y(1+t:r)<1+—>}
ty
_ t1+txy)_z
= (1+z+y) " [t (1+—"2
(et gy 1] (14
00 L) Ty
= (l+z+y)~*
v+y) ];) 1+x+y)2”
Z 1tz 4xy
= (1 Y A Rt —

Some examples may be displayed as follows.

(3.1a)
(3.1b)

(3.1c)

Putting

1
he = et

VIO +z+y)2—day}®

_ x 2 2y
f3(z,y) = (1+2+y) +\/{(1+x+y)2—4a;y}5'

f(a:,y) = {(1 — L= y)2 - 4*733/}_17

we can make the expansion further:

(1—z—

9> @y = Q—z—y)*{1-—2—y)?®—day} "

k=0 l—2—y)
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S n Cvmnk (e (26 —2a -2k
- nyz(l) <k><m—k,n—k 4

m,n=0 k
oo
(200 = 28)mtn m n a,  —m, -n
=y e B e gy 1 |
m!n! a—¢g sta—c¢
m,n=0

For e =0, 1/2, 1, 3/2, the corresponding formulae may be displayed, in view of the
Chu-Vandermonde summation theorem [1, p. 3], as follows:

(3.2a) {(1—z—y)*—day} " = Z (2:1)'7;” (% —(I-on)— a()f‘i"a)n o

)

B2 (ot ~ mi: o g
(B2 (@ il—_y;_—yiiy}o“*‘l = mio (2:1)'7:;” E J(r%oj): ();L Yo

X {1— e _;n_nm_n)} ™y,
53 (g = 2 e e

1—y - (2a)m n (Oé)m n
(3.26) {(1 e y)g — 4:L‘y}°‘+1/2 - Z m)! n—:_ (a)m (1 ji_- a)n

m,n=0

2 2
9 { a+m+ n} ey
2c

where the last one follows from the simple series manipulation.
From the generating functions exhibited above, now we can demonstrate some
hypergeometric evaluations.

EXAMPLE 3.1: Note that f(z,y) = (1 — v/u)~2 f(u,v), where v = /(1 — y)? and
v=u1zy/(1—y)% From

fo(zy) = (1—y) 7% f*(u,v),
(1—y) f*(z,y) = QA —y)' 72 f*(u,0);

we have a pair of Saalschiitzian summation formulae [1, page 9]
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— L _n— 200+ m)y, (2 +a+m),
(333) 3F2|: m 1 5 2 “ mn :| ( 1 ) (2 ) )
sta, 1-2a—-2m-—n (5 +a)n (2a +2m),
— L a= 2004+ m)y, (2 +a+m),
(33b)3Fg[m1”’ 2“’”}(1 )22 !
5+a, 2-20—-2m-—n (3 +@)n (2004 2m),
(=14+2a+m+2n)(—14+2a+2m+n)
(—1+2a+m+n)(—14+2a+2m+2n)

When a = 1/2, the first one reduces to the well-known Le Jen-shoo’s identity

2 2

m+n _ Z n m+2n —k
m B k 2n ’
k>0
EXAMPLE 3.2: From the functional equations
fa-i-’y(x’ y) = fa(xvy) ’ f’Y(x7y)’
(L—y) [ 2, y) = [ (2y) - (L—y) 772 (2,y),

(I =z —y) 2@, y) = f*(2y) - L=z —y) [T (2,y);
we obtain the following double-convolution formulae

(3.42) ZZ( ) < ) ((2;(1 LZ)GJ fl;]

=0 j=0

(27)m+n—i—j (% +Y)man—i—j

(3 +Vm-iz +Vn-j

(200 + 29)im4n (1 + @+ Y)min
(3+a+V)m(G+a+Mn

Ui m (2a) lﬂ +oz)l+] (27 +m+2n —i—2j)
4 ) .
(3.4b) ;J.ZO<2> < > (3 +a); (2a+ 2y +m+2n)
2a + 2’7 (2'7)m+n i— ]( )m+n—i—j
2y (7)771—1(1 + ’Y)n—]'
(20 + 29)m4n (@ + V)min
(a+Y)m(l+a+7)n

(3.4¢) ZZ( ) <n> ((25 )J)(;(; fimﬂ

=0 j=0

Y

9

(2'7)m+n—i—j (7>m+n—i—j _ (200 + 29)mtn (@ + V) mn

. Wi (Vs T et Vml@t )
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Taking v = 1/2, we deduce, from the above, the double summations:

m+n—1 —] (20)i4 4 (% + )it j
(3.5a) ( ) —
S (n )
(14 2a)min (1 + @)min
mIn! (14 &)y (14 a),
(3.5b) 2’"22": om 4 2n — 2i — 2j (2a)i+j (1 + Oé)i+j
1+m+2n—-—17—25 1+2a
1+2n-2j5 14+ 2a+m+2n
. (14 2a)m+n (l+a)m+n
n m'n'( + @) ( + a),
—2i— 20 1+ Q)i
(3'5(:) ZZ (2m+2n 21 2j> Z'< )z-i—g( )z—i—]

== 2m — 24, 2n — 25 j( —i—oz)( + a);

)

)

(1+20)m4n (l + @) min
m‘n'( + @) ( + a),

Among them, the last one has been indicated by Gessel [2]. When o = 1/2 further,
Egs. (3.5a - 3.5¢) will reduce to the binomial identities due to Blodgett and Jagers [2],
respectively.

ExAMPLE 3.3: Consider the expansion

o, 9?)
{1—(z+y)?}

- ={1-(z+y)?*} " {1 - (z+y)°] +4ay[l — (z +y)* 1}

=2 _a> (4oy)* [1 = (o +y) 72"
_a> 4k S (e

i,j (i+j—even)

—e—2a—Fk i—i-j SUk—Hyk—H
(i +7)/2 i J

D DL S Sl (‘5) 4

m,n (m+n—even) k

y ——2a—k m+n— 2k
mTHL—k m—=k,n—k

Il
=]
/\/\/—\
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mon m-+n (E+20é)m;—n

m,n (m+n—even) 2

—-m, —n, a
X 3k

1_”;_", €+ 2«

Then a special version of Watson’s formulae [1, page 16]

(%ﬂl)w 3z (3)z
(3.6a) 3 I [_lm;%]”’ 20(;} = Wmgn Grojg Grayy’ 07TV
27 0, m,n — odd.
is recovered by recalling the expansion from (3.2a),
= 2a) (l + @) min
3.6b g2 %) = (20)m+n 2 2m, 2n
m,n=0 2 2

From this formula and the decomposition 1 = (k + 2a) /2a—k/2a on the summation-
index, we get another hypergeometric identity

s (3121 (2
I A1 (3 + o)z

(m 4+ n — even),

N|—

(3.7a)  3F [_m’ lemon 1 } = (%(

—|—a)
5=, 1+ 2a Ymin (

which yields the expansion corresponding to ¢ =1
a(p2 52 (1+42a) min (3 + @) min
amy LUy et
(r —y) myn (mim—even) LZ N5 N(G +a)pmy (5 + @)rag
Next perform expansion

fe@?y?) A= (z+y)?P + eyl — (z +y)?]}

l—z—y l—z—y

—a 4ay)k
"2 (¥) gy (s

531 ) FIND SN CEA Grok it

k i,j (i+j—even)

» <zi+jj> k+i k+j( ta+y)

= i 2"y (= 1)kl <—k0‘>

m,n=0 k

y 1—2a— m+n — 2k Ak
m+” m—k,n—k

—Q
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Ly g (M (1+20) mpn)

m,n=0

—m, —-n, «

I

m+n m+n—1
-5, =R, 14 2a

where the hypergeometric summation can be evaluated as

_Lm;-nj? —m, —-n, a

(38&) 4F3

—1
—mdn o _minl] 4 2

Gt me Bz G
(D)pmpny (3 + )11 (G + D)y

by (3.6a) via decomposing the summation-index

k+ 2« k .
1= — — when m+n iseven
2 2
and
—-1-m k+2a 14+2a+m k
1= h is odd.
—1-m+k 2 + 20 —1-m+k when m+n 150

Thus, we establish the expansion

« 2 2 oo (1+2a) m4n (l—’—a) m+n
(3.8b) f(x’y)zz m|n|L12J2 1{2W z™y".

l—z—y = BN G+ G+

The identity (1.2¢) may be revisited through the combination of the expansion and
the equation displayed as follows:

_ > m-+n m . n
(mamyi= Y () amyn

m,n=0
a2 ,,2
PV o) - — )

Two other relations
fa+’y($27y2) — fa($2 y2) . f'y($27y2)
IL—z—y ’ l—z—y’
for@y?) eyt @t y?)

- i

1—(x+y)? l+z+y 1—xz—y
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are equivalent to the convolution formulae

(3.98) T <L§J> <L;J> (20014 (5 )i

(1429) gy (5 + W pmgny iy
(3 + Nz (5 + 21—
(+a+7rp) G +e+ry

7] .2
(3.90) 2 i tzs) (gt ave)
(14 2« Litd | (% +0‘)[7“1

(1‘1—27) m+n i— ] (
(3 +7) m—i (1+’Y)[" n=jj

(1420+427) min (3+0+7) mtn
2 2

m+n —even);
— GGtotv)rg) Grotv)rz ( );
0,

(m 4+ n — odd).

Remark. In an article by Carlitz [3], the bivariate generating functions

(A.1a) > Amnley)z™y" = (1+u)* (1+v)7,
m,n =0
= a-+am—+cn v+ bm+dn mon
(A.1b) Z_O ( m > ( n ) "y

(1+u)tte (1 +v)lt '

A )
where
Ay (i) = ary + abm + yen <a+am+cn> <7+bm+dn
e (a4 am + cn) (v + bm + dn) m n

r=u(l4+u)"*1+0v)7°,
y=v(l+u)"¢(1+v)"%
(A2c) A= (1+u—au)(l+v—dv)—bcuv;

277
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are established via MacMahon’s master theorem, which lead to a pair of convolution
identities:

(A-3a) DY Aii(@) Amini(@,7) = Apala+a/,y+7),

i=0 j=0
o~ (ataitc) + bi+ dj

S (0809 () i
i=0 j=0

_ [(a+d +am+cn Y+ +bm+dn
o m n '

However, the convolution formulae demonstrated in the last section are different
essentially from Carlitz’ summation, though Egs. (3.1) fit in the general relations
stated in Egs. (A.1).

Addendum. After having written the first version of this paper, the author was
encouraged by V. Strehl to check whether the approach presented here works for
Brock numbers.

The original problem proposed by Brock (1960, cf. [5]) is to show that the
summations defined by

- = (mAn—i—j i+ m—i+] itn—j
(B.1) H(m,n) _zgzo<m—i,n—j> (@j) <m_i’j> <z’,n—j>
i=0 j=

satisfy the recurrence relation

m, n

(B.2) <m+”>2 — H(m,n) — H(m —1,n) — H(m,n — 1).

In fact, an equivalent expression of Brock summation defined by the recurrence can
be recovered by Egs. (1.1b—1.1c¢)

(B.3) H(m,n) = é; <ﬂ:n+_v;7—nz‘_—f> <i¢,+yj>2'

In view of the expansion of (1 —x — )¢ f%(z,y) displayed in the last section, we
find that the expression for H(m,n) can be simplified further

g (I-z—y)!
H(m,n) = | y]{\/(l_x_y)2—4xy}

I+ m+n)! w|—m 1/2
- 342 17 3/2 )




Inverse series relations, formal power series and Blodgett-Gessel’s identities 279

which may be reformulated as follows (cf. [5])

(B.4) H(m,n) = 1T rn)l g <T’?) <Z>

m!n! - 142k
_Z 1+m+n 2k
- - m—k,n—k k)
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tions in the 29*" Séminaire Lotharingien de Combinatoire (September, 1992; Thur-
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