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ABSTRACT

This note focuses on the study of robust H., control design for a kind of
distributed parameter systems in which time-varying norm-bounded uncertainty
enters the state and input operators. Through a fixed Lyapunov function, we
present a state feedback control which stabilizes the plant and guarantees an
H . norm bound on disturbance attenuation for all admissible uncertainties.
In the process, we generalize some known results for finite dimensional linear
systems.

1. Introduction and definitions

In the last decade, we have witnessed a significant research thrust in H., control
theory, a frequency domain methodology which is closely related with deep complex-
function and operator techniques, see [3, 4, 8]. We also know that H, control is
greatly useful for robustness problem. To date, many papers have appeared on the
robust control of finite dimensional linear systems with norm-bounded time-varying
uncertainty. But only a few papers deal with the similar problem for distributed
parameter systems, see [1, 6]. In this paper, via the use of some operator method,
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254 CHEN AND TU

we characterize quadratic stabilizability with an H.,, norm bound constraint for
uncertain distributed parameter systems satisfying the so-called matching condition.
In the process, we generalize the relevant results for finite dimensional systems to
infinite dimensional ones, see Section 3.

In this paper, we discuss uncertain distributed parameter systems described by
state-space models of the form:

[A+ AA()]z(t) + Biw(t) + [Ba + ABa(t)]u(t)

(t) =
z(t) = Chz(t) + Dyu(t)

2o
z(0) =0

where A is the generator of a Cp-semigroup {7};t > 0} of bounded operators in
a Hilbert space H, and z(t) € H is the state, u(t) € H; is the control input,
w(t) € Hg is the disturbance input which belongs to Ly (0,00; Hyg), 2(t) € H, is
the controlled output, here Hy, H;, H, are Hilbert spaces, while By, By, C1, Dy are
bounded operators on appropriate spaces. (A, By, By, C1, D7) describes the nominal
system and (AA(-), ABs(-)) are operator-valued functions representing time-varying
uncertainty to the state and input operators, respectively. (AA(-), ABs(+)) is in the
following form:

(AA(), ABy() = DF(1)(E1, B»)

Here D, Eq, E5 are known bounded operators, from Hs to H, from Hto Hi, and
from H; to Hi, respectively. Also an admissible function F(t) is any Lebesgue-
Bochner measurable function from [0, o) to L(H1, Hs), with [[F(t)]| < 1, ¢ € [0, c0).
Similar to the finite dimensional case, we shall make the following assumption with-
out loss of generality.

Assumption 1 Df[Cy, D] = [0, 1].
The closed loop system with static state feedback u(t) = Kxz(t) is given by

T = Ag(t) + Bjw
Xg
z=Cyx
where
Ay (t) = A+ BoK + AA(t) + ABy(t) K
= A+ ByK + DF(t)(E1 + E2K)
Cg = C1+DK.
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DEFINITION 2 [8]. Let the constant r > 0 is given, the uncertain system ¥ is said to
be quadratically stabilizable with an H,, norm bound 7 if there exist a fixed static
state feedback u(t) = Kxz(t) and a self-adjoint, nonnegative operator P € L(H) such
that for any = € D(A),

(Ag(t)z, Px) + (Px, Ag(t)z) + r *(PB1Bf Pz, z) + ||Cyz||* < —a(z,z)
holds for any admissible F'(-), where « is a positive constant independent of
x and F(-).

We can easily see the following fact from the definition.

Lemma 3

If the uncertain system Y. is quadratically stabilizable with H., an norm bound
r, then there exists a 69 > 0 such that for any 6 € [0, 6o, the uncertain system

(t) = [A+ AA(t) + 61]x(t) + Biw(t) + [Bz + ABs(t)]u(t)

(t)
2(6) : Z(t) = Cl$(t) + Dlu(t)
z(0)=0

is also quadratically stabilizable with the H., norm bound r.

Setting u(t) = 0, we obtain the unforced system of ¥ of the following form:

. {i(t) = [A+ AA(t)]z(t) + Byw(t)
' z(t) = Chz(t), =x(0)=0.

In order to guarantee an H., performance for all admissible AA(-), and like Defi-
nition 2, we use a fixed Lyapunov function in the following notion of quadratic
stability with disturbance attenuation, providing a practical way of handling both
parameter uncertainty and disturbance input.

DEFINITION 2’ [8]. Given a real number r > 0, the system ¥; is said to be quadra-
tically stable with disturbance attenuation r if there exist P, € L(H), P, > 0, and a
positive number a; such that for all € D(A) and all admissible AA(-),

([A+ AA(t)]z, Piz) + (Prz, [A + AA(t)]z)
+ r*2<P1BleP1m,a:> + <Clx, Clx> < —ag <x,m> .
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Remark. The notion of quadratic stability with disturbance attenuation is a direct
extension of quadratic stability to give an H,, performance description in the face of
time-varying state parameter uncertainty, see [1, 5]. Also for system X, under the
above notion, ||z||2 < r|Jwl||2 for all admissible uncertainty AA(-) and all nonzero
w € Ly(0, oo; H), see [1, 5].

DEFINITION 4 [1]. Suppose that X,Y,Z are bounded self-adjoint operators on a
Hilbert space H. We say that the triple (X,Y, Z) has property P if there exists a
w > 0 such that for all z € H,

(Ya:,a:>2 — A Xz, x)(Zx,x)| > wHa:H4

Lemma 5 [1]

Assume that the triple (X, Y, Z) has the property P,and X > 0,Y <0 and Z >
0, then there exists a A > 0 such that

NX+AY +7Z
is negative and invertible on H (see [7]).
Like [1], we also make the following assumption on the semigroup {7};t > 0}.

Assumption 6 For {T};t > 0}, there are 7,mg > 0 such that

)
/ [Tl 2 dt > moll]
0

for any = € H.

Lemma 7

If Ay is a bounded operator on ‘H, and {T}} satisfies Assumption 6, then the
semigroup generated by (A + Ag) still satisfies Assumption 6.

Proof. See Section 3. [J
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2. Main results

Theorem 8

Under Assumption 1, 6, uncertain system Y is quadratically stabilizable with
an H., norm bound r if and only if there exist constant ¢, 4 > 0 and P € L(H),P >0
such that following Riccati inequality holds for all x € D(A),

(Az, Px) + (Px,Az) +r 2(PBB; Pz, z) + ||Ciz||?
~ (R (B3P + éEg‘El)x, (BsP + %E;‘El)x>
+e(PDD* P, z) + %\|E1x||2 < |2 (2.1)
where R, = I + %E;Eg Moreover, a suitable feedback control law is given by
u(t) = Kex(t), and
K. = —RC! (B;P + éEQEl) (2.2)

Corollary 9
Under the condition of Theorem 8, the following uncertain control system
z(t) = [A+ AA(t)]z(t) + [B2 + ABa(t)]u(t)
z(0)=0
is quadratically stabilizable, i.e., there exists a static feedback u(t) = Kuxz(t) such

that the closed loop system is quadratically stable, see [1, 5] for the definition of
quadratic stability.

Corollary 10 [1, 2]

Under Assumption 6, system X1 is quadratically stable with disturbance atten-
uation r if and only if one of following conditions holds:
(1) There exist P € L(H),P > 0 and p,e > 0 such that that for all x € D(A),

(Az, Px) + (Px, Az) + r~?(PB, B} Pz,z) + (Ciz,C1z)
+e(PDD*Px,z) + %(Elx, Eiz) < —plz, x)

(2) There exist P € L(H),P > 0 and € > 0 such that (A + % B1B{P + DD*P)
generates an exponentially stable Cy -semigroup on H, and the following algebraic
Riccati equation holds:

(Az, Pz) + (Px, Ax) + r~*(PB; B} Px, x)
1
+e(PDD*Px,x) + g(EfEﬂ,ﬂf) + (Cyz,Ciz) =0
for all x € D(A).
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(3) {T:} is exponentially stable and there exists an € > 0 such that

‘ (éEfEl + 0;01)1/2(31 —A)? (%Ble n 5DD*)1/2 <1
" H [f}EJ(sI e [%Bl \/ED} H <1.

€ e’}

3. Proofs

Proof of Lemma 7. Since the semigroup {7;} has the property P, there exist
7,mg > 0 such that

| it = moljal.
0
We assume that the semigroup generated by (A+ Ag) is {S;}, then for all x € D(A)
t
Six = Tyr + / Ti_sAgSsxds, t>0.
0

Hence :
Tix = Six — / T,_sAgSsx ds
0

T 1/2 T 1/2 T T 1/
(/ Hmn?dt) s( / Hstxuwt) +( / ||TtAo|rdt) ( / ||stx||2dt)
0 0 0 0

Let my = [y ||T3Ao||dt, then for x € D(A),

2

- 1/2
illall < (1+my) ( / ||stx||2dt>
0

/ 1S dt > mo(1 +ma) 72 |[z||?
0

also, by the density of D(A) in H, the last inequality holds for all =z € H, i.e., {S;}
still satisfies Assumption 6. [J

Proof of Theorem 8. Sufficiency. Suppose that there exist constant €, 4 > 0, and
P € L(H),P > 0 such that Riccati inequality (2.1) holds. Consider the feedback
law (2.2) and define the closed-loop system state operator

1
Ad(t) := A+ DF(t)Ey — [By + DF(t)Ey] R [B;P + EE;EI]

then for all z € D(A),
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(Px,Ac.(t)x) + (Ac(t)z, Pz) = (Az, Px) + (Pz, Az)
— 2(PByR:'BiPx,x) — %(ETEQR’lBSP:r,@

€

1
- g<PBQR;1E;E1I,x> + (Y (t)z, ) (3.1)

here

€
Y(t) := PDF(t)X + X*F*(t)D*P.
Note that ||F'(t)|| <1, it is easy to see that

1
X =FE — EEQRS_IE;‘El — EyR;'B3P

1
Y(t) < ePDD*P + - X*X. (3.2)
£
By combining (3.1) with (2.2) and the fact
| —1 —1 -2
“RI'B3E,RT = R - R
we have
1
Y(t) + K!K. < ePDD*P + ~E'E;
€
1
— E—QE;‘EQRglE;El + PByR;'B3P. (3.3)
Now, via the application of (3.3) to (3.1) and Assumption 1, we have

(Ac(t)z, Px) + (P, Ac(t)x)
+7r7?(PB\BiPz,z) + ((C1 + D1 K.)z, (Cy + D1 K.)z)
< <Aa:, Pa:> + <Pa:, Aa:>

+7r ?(PBBi{Pz,z) + §<E1x, Erxz) + e(PDD* Pz, x)
1 1
+||Cuz]]? - <R;1(B;P + B3 E)a, (B3P + EE;‘El)x>
< —u<1‘,;v>.

Hence, system ¥, is quadratically stabilizable with the H,, norm bound r.
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Necessity. From Definition 2, there exist a fixed static state feedback u(t) =
Kz(t) and P € L(H), P > 0 such that for any = € D(A),

(Ay(t)z, Pz) + (Px, Ay(t)z) + 1~ 2(PB B Pz, 2) + (Cyx, Cyr) < —afz,z) (3.4)
where « is a positive constant, A,(t) := A + BoK + DF(t)(Ey + E2K),C, :=
Cy + D1 K. Choose F(t) =0. Then

((A+ BoK)z, Pz) + (Px,(A+ BoK)z) < —afw, z) . (3.5)

For any = € D(A), from [2, Lemma 1.4], the semigroup {S;} generated by
(A + B2 K) is exponentially stable. Also from (3.5),

+oo
Px,z) > « Sth>&x2 I
(Pr.a) = [ ISt > )

for all z € D(A), where the right-hand inequality is deduced from Assumption 6 and
Lemma 7 with Ay := B2 K. Hence P is invertible in H by the density of D(A) in H.
Without loss of generality, we assume that E; + FoK # 0. Otherwise, we
can make a sufficiently small perturbation K’ to K such that E; + E5K # 0 and
inequality (3.4) is still valid with some modification on the positive constant . In
the following, we shall work under the condition that F; + EoK # 0.
From (3.4), for any x € D(A) with = # 0,
((A+ ByK)z, Px) + (Px,(A+ ByK)z) + (C{Cyz, x)
+r ?(PB,Bi{Pz,z) + ||Kz|?
< —2Re(F(t)(E1 + E2K )z, D*Px)
for any admissible F(t) € L(H1, He) with ||F(t)]| < 1. So
((A+ B3K)z, Pz) + (Pz,(A+ ByK)z) +r *(PB,Biz,x)
+{(Ci{Cz,z) + (K*Kz,x)
§—2Sup{Re<F(t)(E1 + ByK)z, D* P ||F(t)]] < 1} (3.6)
Choose Iy > 0 such that R(ly) := (lo] — A— BaK)™! € L(H), i.e., lop € p(A+ B2K),
and let Ay = lo(A+B2K)R(lp). Then A; € L(H). Now, let y = %(loI—A—BgK)m,
then A1y = (A+ BaK)x and = = [pR(lp)y. From (3.6),
(A1y,loPR(lo)y)+(loPR(lo)y, Ary)
+r72(PB1B{PlyR(lo)y, loR(lo)y)
+B(CTCLR o)y, Rlo)y) + 1B(K* K R(lo)y, R(lo)y)
< — 23 Sup{ Re(F (1) (1 + B2 K) R(lo)y, D" PR(lo)y); ||F(1)]| <1}
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Assume

Y = gR*(lo)PA; + lgA; PR(ly) + r212R*(lo) PB1 B} PR(ly)
+ BR*(1p)CTC1R(lp) + I2R*(I0) K* K R(lo)

X = 2R*(lo)PDD*PR(lo)

Z = B3R*(lo)(Ey + B2 K)*(Ey + B2 K)R(lo)

(Yy,y)* — 4(Xy,y)(Zy,y) >0

for any y € ‘H with y # 0. Hence, for any € > 0, the triple (X’,Y/ —¢l,Z) has
property P. So, from Lemma 5, there is a u(e) > 0 such that

e X +pue) (Y —e)+2<0, ie.,
1€)X 4+ we)Y + Z < p(e)el . (3.7)

Alternatively, let x = lgR(ly)y, where y € H, and S, := pu(e)P. we have x € D(A)
and

(A + BoK )z, Se) + (et (A + BoK)a) + () (I Crel® + 1Kl P)
+ r2u Y(e)(S. BB} S.x,x) + (S.DD*S.x, x)
+ |[(By + B2 K)a||?

1
< ,u(e)el—zH(lOI — A— ByK)z||?. (3.8)
0
Now, we obtain bounds for p(e). From (3.7),

~(Yyy)+e _[Vl+e
Xy,y)  — (Xy,)

0<pu(e) <

for any y € H such that Xy # 0, and ||y|| = 1. Hence

Y]] + ¢
0<uple) < ———.
|| X1

We claim that

inf 0.
nf (o) >
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Otherwise there is a sequence of numbers ¢,, € (0, 1](n = 1,2,---) such that

lim u(e,) =0

n—oo

and then (3.8) with (3.9) would imply that E; + E3K = 0, contradicting our as-
sumption that Fy + E;K # 0. Hence we can choose €, € (0, 1](n = 1,2,---) such
that

lim ¢, =0 and nlln;o plen) =06>0.

Again via the use of (3.7) — (3.8) and let Qg := P, it follows
(A+ BaK)w,Qpx) + (Qpw, (A + BoK)x) + B(||Cra||* + || Ka]|?)
+ 72 ﬁ71<QgBlBing.%', J}> + <Q5DD*QQ$, ac>
+ 1B+ B K)z|* < 0.
Divided by 3, we have
((A+ BoK)z, Px) + (Px, (A4 By K)x)
+(C;Chz,2) + (K* Kz, x) + r~2(PB, B} Pz, x)

1
+ B(PDD* Pz, x) + EH(El + By K)z|[* <0
or yet
1

where
J(B) =K (I+ BEQEQ)K—F K <B2P+ BEzEl) + (PB2 n BElEg)K.

It is easy to see that
1
g

1
g

1

1
E;‘Eg) (B;P +3

J(8) = ~(PBy+ B Fy ) (T+ E3Ey).
Hence, for all x € D(A)
(Ax, Pz) + (Pzx,Azx) + B(PDD*Px, z)

1
+ BIIEWH2 +|Crl?

1 1
_ <R,§1(BSP + BE;El)x, (BsP+ BE;E1)$> <0.
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On the other hand, from Lemma 3, there exists a 6y > 0 such that X(8p) is still
quadratically stabilizable with H,, norm bound r > 0. Note that the difference of
Y(6p) with Xg is just in the state operator. For ¥(ép) we also have a € > 0 such
that following inequality holds for all z € D(A)

((A+ 6oD)x, Px) + (Px, (A + 60I)) + E(PDD* Pz, x)
+ 2B + Ol
_ <R€;1(B§P + éE;El)a; (B3P + éE;El)x> <0
ie.,

1
(Azx, Pz) + (Px, Ax) + &(PDD* Px,z) + :||El;r||2

60am0

-2 ———— (7, )

1 1
+1|Chal 2 < N (B;P + ZEEy)e, (B§P+gE§E1)m>
<
B (1+m1)

< —260(Px,x)

where the last inequality is deduced from previous inequality (7). O

Corollary 9 is a natural implication of Theorem 8, while the proof of Corollary
10 can be finished by combining Theorem 8 with some similar argument from [1, 2].

4. Conclusions

This paper has presented a state feedback law for uncertain distributed parameter
systems with time-varying norm-bounded perturbations. Based on the solvability
of some Riccati inequalities, a necessary and sufficient condition is given for these
uncertain plants to be quadratically stabilizable with an H,, norm constraint. More-
over, we also point out some other interesting results.
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