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ABSTRACT

In this paper we give criteria for the separation of the differential operator
Llu] = (-1)"D*"u(x) + ¢(x)u(x)

in the space L,(R)?, ¢, m € Nand p € (1,00) where q(z),z € R, isa
£ x £ positive hermitian matrix and prove the existence and uniqueness of the
solution for the differential equation

(L+BE)u(z) = f(z), f(z) € Ly(R)"

where F is the identity operator and 3 > 1.

1. Introduction

The term “separation” and the first results on the separation of differential
expressions are due to W.N. Everitt and M. Giertz [5-7]. They studied the following
question, under what conditions on g(x) does u(x) € Lao(I) and —u" () +q(z)u(x) €
L2(I) imply that u”(x) € Ly(I),I = (—00,0). K.KH. Boimatov [1-3], M.O. Otel-
baev [10], S.A. Eshakov [4], R.M. Kauffman [8], A.S. Mohamed [9-10] and others
have also worked on the problem of separativity.
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Now we introduce some definitions that will be used in the subsequent sections:
L,(R)*, p € (1,00), £ € N denotes the space of vector functions u(z) = (u;(z)), i =
1,4, x € R, with the norm:

¢ 0o l/p
ullpe = (Z / |ui(m)‘pdx) )
i=1 J—o©

Here, | ||,.0 means the norm of the vector function in the space L,(R)‘. By
W2™(R)* we mean the space of vector functions u(z),u € R, that has genera-
lized derivatives D®u(x),a < 2m in the sense of Sobolev. We say, that the
function u(x) € W;’féc(R)g if for all function ¢(x) € C$°(R) the vector function
e(z)u(z) € W2™(R)". We shall consider the following differential expression:

Llu] = (=1)"D*"u(x) + q(x)u(x) (1.1)

where u € L,(R)* N W;’fgc(R)é and ¢ is ¢ x £ hermitian matrix. The differential
expression (1.1) has been studied in [2] and [6] when m = 1, p = 2 the case when
¢=1,p€ (1,00) in [3] and [4] in the case of m =1, p € (1,00),¢ € N is contained
in [9].

In this paper we study the separation of the differential expression (1.1) in the
Banach space L, (R)¢ for any p € (1,00) and any arbitrary natural numbers m and .

2. Main results

The differential expression (1.1) is said to be separated in the space L,(R)* if for
all vector function u € L,(R)* N W2 (R)" such that Llu] € L,(R)* implies that
D?my € L,(R)* and qu € L,(R)*. The above definition equivalent to the coercive
estimate

1D*™ ullpe + llgullp.e < 81 |I1L[ulllp,e + ||U||p76] (2.1)
We say that the matrix ¢ belongs to the class Sg ¢, 3 > 1 if the following conditions
are satisfied:
(i) A(z) > 1 for all x € R where A(z) is the first eigenvalue of the matrix ¢(z).
(i) [[(a(=) —a(y))g " (y)|| < % for all z,y € R such that |z —y| < BA~/27(2).
M2(1 + |2|)? 0
0 MA(1+ |z))*
Here ||A|| denotes the norm of A considered as a linear operator in C.
In the following theorems we formulate our main results.

For example, ¢(z) = ] € S0, M = 2432,
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Theorem 2.1

For every p € (1,00) and m, ¢ € N there exists a number 3 = ((p,¢) > 1 such
that if the matrix q € Sg ¢ the differential expression (1.1) is separated in the space
Lp(R)".

Theorem 2.2
Consider Theorem 2.1. Then the linear differential equation
(D)™™ (z) + g()u(e) + Bu(z) = f(z) (2.2)
has a unique solution u € L,(R)* N Wgﬁc(R)z for all f(x) € Ly(R)* z € R, further-
more, we have the coercive estimate
[ @), + la@u@], , < &|[lu@], , + | F@],,] (2.3)

Where 61 and 65 are constants not depend on u(x).

3. Proof of Theorem 2.1

The proof is somewhat lengthy but straightforward. We subdivide it into four lem-
mas. Firstly, let us define the real functions fo(x) and fi(x) as follows:

fole) = [ T BTN (y) (2 — ) dy:

— 00
oo

hile) = fg (@) / E(mBIANE () (@ —y)) AV (y) dy;
where 7,, = 3*™ — 1 and
cost(m/2)t , |t| <1
-]
0 .t > 1.

Lemma 3.1
Let q(x) € Sg¢, 8 > 1 then the following are valid

%A” 2m(2) < fi(z) < 3AV2(2) (3.1)
'—df;f) < OB @) (3:2)

where C' is a constant depends only on m.
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Proof. The proof is similar to the proof of the Lemma 3.2 in [8]. O

Concerning the next lemma, let us define the real valued function

flw) = Y4 4 57V f ()

For sufficiently large value of # and from Lemma 3.1 the function f(x) satisfies the
inequalities 1 < f(x) and ‘%’ < f%(z) for all x € R and using [Lemma 2.1; 3]
there exists a partition of unity Z;}il pj(x) =1, x € R, of multiplicity less than a
constant I' having the following properties:

(i) ¢j(z) e CF(R), j=12,...

(ii) |[DSpj(x)] < M f*(x), for all z € R and a € N.
(iii) |z —y|f(z) <1, for all z,y € supp ;.

Let ¢; be an operator multiplied by the function ¢; on the space L, (R)? that is,
p;u(z) = @, (z)u(r) and R; is an integral operator on L,(R)* with kernel R;(z,y) =
(2m)~1 ffooo W"ﬁ% ds where x; € supp ¢; is a fixed point and I is a unit
matrix of order ¢. Consider the operator F' = Z;’il ¢;Rj¢; in the space L,(R)* it
is clear that F : C5°(R)* — C5°(R)".

Lemma 3.2

For all u(x) € C§°(R)* and 3 > 1 the following is valid
(L+ BE)Fu(z) = (E+G)u(z)

where G = Hy + H and

Ho = ¢jla(@) — q(z;)| R;o;;
-
’ oo 2m 2
H= o (e e

where qﬁgk) is the operator multiplied by the function cﬁc—kk ¢; and Rfmfk) is the

d

operator DQm*kRj, where D = -
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Proof. Assuming that L; = (—=1)"D?*™ + ¢(x;). Since (L; + BE)R; = E, then
(L+ BE)F u(z) = (E+ G) u(x), where

G =3 &(L—LjRié;+ Y [L+BE, ¢j]R;0; (3.3)
j=1 7=1
In the second term on the right hand side the symbol [, | means the commutator that
is, [T1,T2] = Th Ty — ToT) where Ty and T, are two operators. From the definition
of L and L; we have

Z¢j(L_L Rj¢; = Z¢] ) —a( xy))Rjﬁbj:HO- (3.4)
It is easy to see that [L + 0F, (bj] = [ , @]
Hence
Z L+BE, ¢;]R;0; = [L, ¢;]R;0;
=1 Jj=1
=Y (LojRi¢; — ¢;LR; ;)
j=1
= (=™ Z (D*"¢;R;¢; — p;D*™R;;) .
j=1

By using Leibniz formula for differentiation we get

Z L+ BE, ¢;|R;¢;
j=1

oo 2m 9 . .
=(-)" Y] KZ < ,T)@’”R? ’%) —0; R}’ )qu]
k=0

=1

oo 2m

1k=1
From (3.3), (3.4) and ( 5) we get the proof of Lemma 3.2. [

Lemma 3.3

There exist numbers 1 (p) and ps(p) such that if g(x) € Sg.e, f > 1 the following
inequalities are valid

la(z;) Rl < pa(p) (3.6)
IR < pa(p) (May) + ) ™ k= 0,2m (3.7)

where || || means the norm of operator in the space L,(R).
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Proof. The operator ¢(x;)R; is an integral operator with the kernel
s eis(m_y)

(2m) " a(;) /_oo PEDE s s d

Since ¢(z) is a hermitian matrix then the operator ¢(z;)R; is unitary equivalent to

diag{ A1 (75) Ae(;) }
|s[2m 4+ AP (25) + 877 [P 4+ AP () + 6

using [Lemma 2.3; 3] we get

. Ar(@;)
lates) 51l = C1p) ez, S0P rom 3y (a) + 5

)

hence (3.6) follows. The integral operator R§-2m_k is unitarily equivalent to

diag{Rf;“"f) L RE™R ,R,f,?]m"“}

where R, ;,r = 1, ¢ are operators in the space L,(R) with kernel

(2m) ! / i
REER SN PIEC W I R

by using [Lemma 2.3; 3] we get

m—k m—k
IRZ™ || = Ca(p) max [RE"M)|

1<r<p T
’2m—k

< o) |is
max Su .
- 2 p 1§7'S£ selg ’3’2m + /\r(x]) + ﬁ

For any two positive numbers A and B the following is true A2*B2(1-) < A2 4
B?,a € [0,1] therefore, by taking A = |s|™,

k
B = (Ar(z;) —I—ﬁ)l/z and a=1-— o e get (3.7). O

From the properties of ¢;(x), x € supp ¢; we have |z — z;|f(z;) < 1, for all
x,r; € supp ;. By using Lemma 3.1 we get

f(.%']) — ﬁ1/4m _|_ﬁ71/4mfl(l,j) > ﬁ1/4m + %ﬁfl/4m>\1/2m(xj).
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Hence
1

o 1/4m~y—1/2m . .
|.T 117]| S ﬁ1/4m + %ﬁ_1/4m)\1/2m(xj) S Sﬁ A (.T]) .

Since g € Sg,¢ then
I(a(x) = qz;))a (@)l < =14 (3.8)

Now we estimate the norm of the operator Hy :
[Holl < o1(p) sup |6 (a(x) — q(x;)) Rj¢s]]
J

< o1(p)sup |yl [1(a(x) — a(@;))a (@) la(z;) Ryl 151
J
By using Lemma 3.3 and (3.8) where [|¢;|| < 1 we have

|Holl < ua(p) 3~/ (3.9
by using the property (ii) of the partition and Lemma 3.1 we get
k/2m

16\ || < B4 (8 + Mz) ™™, k=0,1,2,...2m (3.10)

using Lemma 3.3 and (3.10) to estimate the norm of operator H

(2m)!2m k 2m—k
71 < oaysuwp, max = (100711 sl
< pis(p,m) =14 (3.11)

From (3.9) and (3.11) and since 3 > 1 then ||G|| < ug(p)3~/*™ and for a suitable
large value of 3 we can write ||G|| < 1/2 and from the operator theory, see [12]
page 140, the operator (E + G)~! exists and bounded; furthermore (E + G)~! =
Y, Gnand (E+G) | < 2.

Now from Lemma 3.2 we get

(L+BE) ' =F(E+Q) ' =F(E-G) :FiG” (3.12)

where G = F — (E+G)~ ! and |G| < 3.
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Lemma 3.4

There exist numbers p7(p) and ps(p,m), p € (1,00) such that if ¢ € Sgy,[3
sufficiently large the following are valid

lgF| < pr(p);
|ID*™F|| < ps(p,m)

Proof. From (3.8) we have
la(z)g (z )l < 57 +1=03. (3.13)
Then one gets
lgF|| < ou(p) Sup lg(x)¢s 24

<ou(p)sup sup lg(x)g™" (z))[l la(z)Ryll 1651 -
Jj xEsupppj

Using [Lemma 2.2; 3], Lemma 3.3 and (3.13) the first inequality is proved. And
similarly we can prove the second part of the lemma. [J

Now we can estimate |q(L + SE)~!|| by using (3.12) and Lemma 3.3

lg(L+BE)"!| = lgF(E = G|l < |aF|| (B = G) = 2u7(p) = no(p) -
By using the above estimate we have the following

lg(L + BE) " vllp.e < lla(L + BE) || lv]

pt < po(p)l[v]lp,e
where v € L,(R)*N W;’fgc(R)g. Put (L + BE) 'v = u to get
lgullp.e < po(@)I(L+ BE)ullpe
< 10(p) [IL{ulllpe + [llpe| < o0 (3.14)
that is gu € L,(R)? and similarly we can obtain
1D*™ullp e < o (o, ) [ Ll + Il < oo (3.15)

that is D?™u € L,(R)".
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Finally we conclude that the differentiable expression (1.1) is separated in the
space L,(R)* and the coercive estimate (2.1) is obtained from (3.14) and (3.15)
which complete the proof of Theorem (2.1). OJ

4. Proof of Theorem 2.2
For a given fo(z) € L,(R)* the differential equation (2.2) takes the form
(L + BE)u(x) = fo(x) (4.1)

where L is the differential expression (1.1).

Hence from (3.12) the solution of the differential equation (2.2) exists. From
(3.7), B is sufficiently large, we have ||R;|| < p12(p).

Using [Lemma 2.2; 3] and (3.12) to obtain

L+ BE) M <|IF| [(E+G)~"| < 205(p) Sup [epeeten|
< 205(p)p12(p) = p13(p) -

Hence for all fo(z) € L,(R)* we have

I(L+BE)™ fola)

p.t < pa3(P)|fo(@)lp.e - (4.2)

For a given fo(z) € L,(R)¢ suppose u; is another solution of the differential equa-
tion (4.1) then
(L+BE) (u—u)=0.
From (4.2) if fo = 0 then
(L+ BE) ' fo(x) =0.
Therefore, u1 = v and the uniqueness is proved.

By substituting from (2.2) into (2.1) we get the coercive estimate (2.3) which
complete the proof. [J
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