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ABSTRACT
In this work we define and study wavelets and continuous wavelet transform on
semisimple Lie groups G of real rank £. We prove for this transform Plancherel
and inversion formulas. Next using the Abel transform A on GG and its dual
A*, we give relations between the continuous wavelet transform on G and
the classical continuous wavelet transform on RZ, and we deduce the formulas
which give the inverse operators of the operators A and A*.

Introduction

Wavelets were introduced by J. Morlet, a French petroleum engineer at ELF-Aqui-
taine, in connection with the study, of seismic traces. The Mathematical foundations
were given in a paper by A. Grossmann and J. Morlet [7]. The harmonic analyst
Y. Meyer and many other mathematician became aware of this theory and they
recognized many classical results inside it. (See [10], [16], [18], [21]).

Wavelets have wide applications, ranging from signal analysis in geophysics and
acoustics to quantum theory and pure mathematics. (See [6], [17], [21], [22]).

The continuous wavelet transform and its Plancherel and inversion Formulas
admit a group theoretic interpretation in connection with the ax + b group (group
of affine transformations of the real line), the Heisenberg group and in greater

generality with locally compact group admitting square integrable representations
(See [8], [9], [16], [24]).

231


Servicio de Textos



232 TRIMECHE

It is a natural question to ask, whether there exist wavelets and continuous
wavelet transform on real semisimple Lie groups of real rank £.

In this paper we use Harmonic Analysis on G to define and study wavelets
and continuous wavelet transform on G. We have find difficulty with groups G
because they do not possess dilations, which are fundamental in the classical theory
of wavelets on RY.

We have introduced dilations for G on the level of the spherical Fourier trans-
form on GG. We establish a Plancherel and inversion formulas for the continuous
wavelet transform on G. Next using the Abel transform A on G and its dual A* we
give relations between these transforms and the classical continuous wavelet trans-
form on Rf, and we deduce the formulas which give the inverse operators of the
operators A and A*.

This paper is arranged as follow.

In the first section we recall some basic results on the structure of real semisimple
Lie groups of real rank ¢, on spherical functions and on the spherical Schwartz space
C(K\G/K).

We study in the second and third sections the spherical Fourier transform, the
Abel transform and the convolution on G.

In the fourth section we define wavelets on G and we study their properties.
Next we prove that the Abel transform on G relates these wavelets and classical
wavelets on RY,

We define in the fifth section continuous wavelet transform on G and we esta-
blish Plancherel and inversion formulas for this transform.

In the sixth section we give inversion formulas for the Abel transform A on G
and its dual A*, using wavelets on G.

I. Preliminaries

In this section we recall some basic results on real semisimple Lie groups. (See [12],
[13]).

1. Structure of real semisimple Lie groups

Let G be a noncompact connected real semisimple Lie group with finite center, G
the Lie algebra of G. Let 6 be a Cartan involution of G, G = K+ p the corresponding
Cartan decomposition and K the analytic subgroup of G with Lie algebra IC. Let
a C p be a maximal abelian subspace, a* its (real) dual, af the complexification
of a*.
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The Killing form of G, induces a scalar product on a and hence on a*. We
denote by (.,.) its C-bilinear extension to ag.

The ¢ = dim a is called the real rank of G. Let e1,...,e; be an orthonormal
basis of a and ef, ..., e; the dual basis of ai.. Then every A in ag is uniquely written
in the form

A=ziel+...+ze;, 2z €C, j=12,...,¢.

Using the basis e, ..., e, we can identify a with RE.

For A in a* put G\, = {X € G/[H,X] = N(H)X, forall H € a}. If A #0
and dim Gy # 0 then X is called a (restricted) root and my = dim G, is called its
multiplicity. The set of restricted roots will be denoted by Y. If A, i are in a* let
H) in a be determined by A(H) = (Hx, H) for H in a, and put (\, u) = (Hx, H,).
Let W be the Weyl group associated with » and |W]| is cardinality.

Fix a Weyl chamber at in a and let at be its closure. We call a root positive if
it is positive on at. The corresponding Weyl chamber in a* will be denoted by a*
and let a*_ its closure. Let Z+ be the set of positive roots. Put p = % Za€Z+ Ma Q.

Let Yy ={a€/lag>}and put 3f =3 N3, Let N = ®aez+ Ga,
N =0N.

Let A be the analytic subgroup of G with Lie algebra a. The exponential map
is an isomorphism from a (considered as an abelian Lie group) onto A. We put
At = expat. Its closure in G is AT = expat. Let N (resp N) be the analytic
subgroup of G with Lie algebra N (resp N).

Let T be the at-component of z € G in the Cartan decomposition G =
KexpatK and let |z| = ||zt|. Viewed on G/K (or K\G), | -| is the distance to
the origin 0 = {K}.

Let H : G — a be the Iwasawa projection according to the Iwasawa decom-
position G = KAN, i.e. if g € G then H(g) is the unique element in a such that
g€ KexpH(g)N.

We normalize the Lebesgue measures dH and dX on a and a* such that for the
Fourier transform

(1) Folf)(N) = /f(H)e—WH)dH, A€ a
a
we have the inversion formula
(12) F o)) = [ o)X ax, Hea, ges@)
o

Here S(a*) denotes the space of C*°-functions on a* which are rapidly decreasing
as their derivatives. On the compact group K the Haar measure dk is normalized
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such that the total measure is 1. The Haar measure of nilpotent groups N, N are
normalized such that 6(dn) = dn and

j/ o 20(HE) g _ 1
N

In the Iwasawa decomposition, the Haar measure dxr on G is given by

/f dx—/ // k(exp H)n)e*'"dkdHdn, f € D(G).

Here D(G) denotes the space of C*°-functions on G with compact support (See [12]
p. 273). In the Cartan decomposition, the Haar measure dz of G is given by

/f da:—/ /+/ f(ki(exp H)k2)6(H)dk1dHdks, f € D(G)
where u

(1.3) s(H)= ][ [2sha(H)™.

(See [20] p. 268).
We have the following estimate for the density 6(H):

(1.4) 0<6(H)<e* ) (Heat)

Remark. If G has rank one then, for some « in a*,) is equal to {a, —a} or
{a, —a,2a,—2a}. Let Hy in a be such that a(H;) = 1 and write G11,G1o instead
of G4+ o G494 With dimension mil, m4o respectively. Choose the ordering on a* such
that « is positive, then p = (m1 + 2ma).

The Haar measure on G satisfies

/Gf(x)da: = /Ooof(exptHl)A(t)dt, f € D(K\G/K).

Here D(K\G/K) denotes the space of C*°-functions on G which are bi-invariant
under K and with compact support, and

A(t) = 22°(sht)?*+ 1 (cht)*" T

with
(me—1), p=a+pB+1.

N =

1
a:§(m1+m2—1), ﬂ:
(See [15] p. 14-16 and p. 27).
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2. Spherical functions

The spherical functions on G are the functions
ox(z) = / eAPHEE) g1 e G, X e al.
K

We collect now some properties of the spherical functions.

i) The function ¢ (x) is bi-invariant under K in z € G and W-invariant in
AEag.
ii) The function @) (z) is a C*°-function in z and a holomorphic function in A.
iii) We have
—pa(e) =1, palz) =p_A(z71); ¢ _5(2)=pr(2)
—px =y, ifandonlyif XN =S8\ forsome SeW.

iv) We have the product formula

(15) Vo€ G, oa(@)paly) = /K ox(ahy)dk

v) We have
Apx = —(IAI* + llplI*) e

where A is the Laplacian on G/K.
vi) We have

(1.6) e PUH) < ¢o(exp H) < Const. (1 + ||H||)aefp(H) , (Heat)

For some constant a > 0.
vii) We have

— 0 < p_izlexpH) < Mg (exp H) (Heat, Xeak)

(L.7) —leal@)| < pirma(z), (z€G, Neag).

Remark. If G has rank one, it follows from [15] p. 27, that the set of all spherical
functions for (G, K) are

ox(a) =" (t), e, e A, teR
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where

1
Oé=§(m1+m2—1), B =

and gof\a’ﬁ ) the Jacobi function

N 1 1 )
A0 =2F (e +B+1-iN), S(a+B+1+i)); a+1;-sh’)

o F being the Gaussian hypergeometric function.

3. The spherical Schwartz space C(K\G/K)

Let U(G) be the universal enveloping algebra of G. The elements of U(G) act
on C*°(G) (the space of C*-functions on G), as differential operators, on both
sides. Following Harish-Chandra we shall write f(a;x;b) for the action of (a,b) €
U(G) xU(G) on f in C>*(G) at = € G. Explicitly,

9 99 i)
851 o an atl o 8te /51:...=Sd:t1:...:te:0
x f((exps1X1)...(expssXa)z(exptiYr)... (exptcYe))
ifa=X,...Xq, b=Y;... Y., (X1,...,Xq, V1,..., Y. €G).
The spherical Schwartz space C(K\G/K) is the space of all functions f in

C>®(K\G/K) (the subspace of C*°(G) consisting of functions bi-invariant under K)
which satisfy

flas x; b)Z(

Papr(f) = sup (1+1z)) o' (@) | f(a;25b)| < +oo

for any a,b € U(G) and any integer r > 0.
We topologize C(K\G/K) by means of the semi-norms g p -
The space C(K\G/K) has the following properties
i) C(K\G/K) is a Fréchet space.
ii) D(K\G/K) is a dense subspace of C(K\G/K).
(See [12] p. 252-257 and [1] p. 338).

iii) We denote by LP(K\G/K), p € [1,+o0], the space of functions f on G,
bi-invariant under K, measurable and such that.

1/p
Hf!p=</G If(x)\”dw> <400, if pel o

[ flloo = ess sup|f(z)| < +o0.
zeG
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From [1] p. 338, the space C(K\G/K) is a dense subspace of L1(K\G/K) for 2 <
g < +oo, while it is not contained in LY (K\G/K) for 1 < ¢ < 2.

Il. The spherical Fourier transform and the Abel transform

1. The Harish-Chandra’s c-function

The Harish-Chandra’s c-function is defined by

(IL.1) cN =7 ] <N
QEZ:

where ¢(®)()) is the c-function for the rank one space associated with a and

y= 11 [™Gn] ™"

aGZ:

Moreover
(11.2) @) = I (ip)] 1)
where

() _ L

oY = g(ma + 2m2a)a

and

P((iX, o)) (1 + (i, a0))
(IL.3) @) = : 2

T ($ma + (%, 00) )T (4ma + dmaa + §(iX, a0))

with ag = 7% and I' the classical gamma function. (See [12] Theorem 4.7.5,
p. 175).

The function ¢(A) has the following properties

i) e(=A) =c(A), (A ea’)
ii) |c(A\)] is W-invariant on a*
iii) The function A — ¢(A\)"te(—X)~! is analytic and nonnegative on a*.
(See [12] Proposition 4.7.14, p. 182, and Theorem 6.3.4, p. 272).
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To rewrite |¢(®)()\)|~2 we use the well known formulas for the gamma function

['(2)T(—2) = —7w(zsinmz) ™ F(% + z)r(% — z) = m(cosmz) "L

1
r(22) = 77—1/222Z—1r(z)r(5 +2).

According to the possibilities for the multiplicities m, and ms, of a root a € E(J)r
we distinguish four cases (See [4] p. 11-12). We give in each case the explicit form
of |cl®)(\)|72. We put A = (), ag).

i) If maq =0, m, even

(I1.4)
@ )] = [1@@ip)))? ((% - 1) +A2> ((% —2) +A2> (L4 A%)A?

ii) If may =0, m, odd
2
(IL5) D)7 = 1@ (ip))? ((% - 1) + A2>

X ((% _ 2) +A2> (i +A2)Ath7rA

iii) If moq odd, g € Z

2
(o) [l >|2=2ma+1v<a><ip<a>>f(<%—%)2+Az>

(-3 E) -G )
x((%w;a_l)h )

A2
4
x ((% + m;a - 2)2 + A{) (i + A;)Aztimé

iv) If ma, odd, ma€Z+—

(IL7) [ D)7 = 27 1O ip( ) <<% - %)2 + AZ)
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X ((% + m2;_1 - %)2 + AZQ> (1 + AZQ)A“?’cothTr%

Remark. We deduce from relations (I1.4),...,(II.7) the following estimate

(IL8) (A < const.(1+[A)?, (A€ a”)

for some constant b > 0. (See also [12] Proposition 4.7.15, p. 183).

2. The spherical Fourier transform

Notations. We denote by

— P(at)" the space of entire functions on a}, which are W-invariant of exponen-
tial type and rapidly decreasing.

— S(a*) the space of C*™-functions on a*, which are W-invariant and rapidly
decreasing as their derivatives.

~ LP(a* lc("\”' d\)W . p € [1,+00], the space of functions f on a*, W-invariant,
measurable and such that

1 9 1/p
110 = (7 [ PO 7)< e, pe i, oo
[fllze = ess sup | f(A)] < 4o00.
A€a
We topologize these spaces with the classical topology.

DEFINITION II.1. The spherical Fourier transform F (sometimes called the Harish-
Chandra transform) is defined by

) = /G f@)ps(@)dz,  feDE\G/K).

Remark. If G has rank one the spherical Fourier transform can be written in the
from

/ Fan)eP WA, f e DUK\G/K)
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we put
flay) = f[t], ar € A, teR

the function f[t] belongs to the space D.(R) of C*°-functions on R, even and with
compact support.
Using this notation we have

(1L9) FOW = [ e 0Awd. feD.®
0
then the spherical Fourier transform of f[t] is the Jacobi transform (See [15] p. 27).

Theorem II.1

i) The transform F is an isomorphism between D(K\G/K) and P(a:)"

ii) More precisely, f has support in the ball {z € G/|z| < R} if and only if F(f) is
of exponential type R.

iii) The inverse transform F~* is given by

(I1.10) F1(h)(x) / N 72dN, (z€q).
— W
(See [13] p. 450 and 454; [1] p. 332).
From [5], 22.9.4 iii), p. 78, we deduce the following result.

Corollary II.1

Let f be a function on G satisfying
— f is continuous and bounded
— f belongs to L'(K\G/K)
— F(f) belongs to L*(a*, c(";,v)l‘ d)\)
then we have the inversion formula for the transform F:

1 -2
(IL.11) flx) = Wi /a F(HNea(@)e(N)]7dr,  (z€G).

Theorem I1.2

The spherical Fourier transform F is a topological isomorphism between
C(K\G/K) and S(a*)W'. The inverse transform F~1 is given by the relation (I1.10).
(See [13] Theorem 6.4.1, p. 273; [1] Theorem 1, p. 331-332).
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Theorem I1.3

i) Plancherel formula for F
For all f in C(K\G/K) we have

(1112) /G\f(x)\zdx _ ﬁ/ F N Fe(n)] 2dr.

ii) Plancherel theorem for F

The transform F extends uniquely to a unitary isomorphism of L*(K\G/K)
onto L? (a*, % d/\)W .
(See [13] p. 454; [12] Theorem 6.4.2, p. 274; [1] p. 337).

3. The Abel transform
Notations. We denote by

— D(a)V the space of C*°-functions on a, which are W -invariant and with compact
support.

~ 8(a)V the space of C*°-functions on a, which are W-invariant and rapidly
decreasing as their derivatives.
We topologize these spaces with the classical topology.

DEFINITION I1.2. The Abel transform A is defined on D(K\G/K) by

(I1.13) VH eca, A(f)(H) :e”(H)/ f((exp H)n)dn

N

(See [13] p. 450; [12] Proposition 3.3.1, p. 107; [1] p. 337).

Proposition II.1
For f in D(K\G/K) we have

(IL.14) F(f) = Foo Alf)

where Fy is the classical Fourier transform given by the relation (I.1).
(See [12] Proposition 3.3.1, 3.3.2, p. 107-108; [1] p. 337-338).

Theorem I1.4

i) The transform A is a topological isomorphism between D(K\G/K) and D(a)V.
ii) More precisely, f has support in the ball {x € G/|z| < R} if and only if A(f)
has support in the ball {H € a/||H|| < R}.

(See [13] Corollary 7.4, p. 454; [12] Proposition 3.3.2, p. 107; [1] Proposition 5,
p. 338).
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Theorem I1.5

For any f in C(K\G/K) the function A(f) defined by the relation (II.13) lies in
S(a)" and the map A is a topological isomorphism between C(K\G/K) and S(a)"
and we have the relation (I1.14).

(See [12] Theorem 6.2.4, the relation (6.2.16) p. 264-265; [1] p. 348).

Remark. In the rank one case an explicit inversion formula for the Abel transform
as a Weyl fractional integral has been obtained by T.H. Koornwinder [15]. For other
groups see [23], 2], [3], [19].

I1l. Convolution

1. Generalized translation operators on GG

DEFINITION III.1. Let f be a function in D(K\G/K). For z,y € G. We put

(I1.1) T = [ Tk

The operators T,z € G, are called generalized translation operators on G.

Properties
i) The function T, (f)(y) is bi-invariant under K with respect to = and y.
ii) For f in D(K\G/K) and z,y € G

iii) For z,y € G.

(I11.2) T (px)(y) = ea(z)pa(y) -

Theorem III.1

i) Let f be in D(K\G/K) (resp. C(K\G/K)). For all x € G, the function T,(f)
belongs to D(K\G/K) (resp. C(K\G/K)) and we have

(IL.3) VAear, F(T(f)(N) = ea(@)F(F)(N)-

(See [12] Theorem 6.2.2, p. 262).
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ii) Let f be in LP(K\G/K),p € [1,+0o0]. For all x € G, the function T, (f) belongs
to LP(K\G/K),p € [1,40o0], and we have

(ITL.4) 1T (D)o < 11l

Theorem III1.2

i) For f in D(K\G/K) (resp. C(K\G/K)), the map (z,y) — T»(f)(y) is continuous
on G x G.

ii) For f in LP(K\G/K), p € [1, +o0[, the map x — T,(f) is continuous from G into
LP(K\G/K), p € [1,+o0|.

Proof. i) We deduce the result from the definition III.1
ii) It is sufficient to consider the case where f is in D(K\G/K). For all 2y € G,
there exists r > 0 such that for all z € G satisfying |z z;'| < 1, we have

1/p
IMHMJ%WMS<L®> sup [To(f)(w) — Too (1)0)]

yeB

where B={y € G/|ly| <r}.
From this inequality and the i) we deduce

i [ To(f) = Too(£)lp =0, O

Remark. In the rank one case the expression and the properties of the generalized
translation operators are given by T.H. Koornwinder [15].

2. Convolution

DEFINITION II1.2. The convolution of f and g in D(K\G/K) is the function f * g
defined by

f*g(x) Z/Gf(y)g(y‘lx)dy

This relation can also be written in the form

nﬂ@=Lﬂw%wmw@
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Theorem III1.3
i) The spaces D(K\G/K), C(K\G/K), L*(K\G/K) are commutative convolution
algebras and we have

F(fxg)=F(f) F(g)

(See [12] Theorem 6.1.10, p. 255, Theorem 6.2.2, p. 262).
ii) For f in LP(K\G/K) and g in LY(K\G/K) with p,q € [1,+0o0], the function fxg
belongs to L"(K\G/K) with r € [1,+00] such that % + % — 1= 1 and we have

s

1+ gl < 1Flsllgllq -

Theorem II1.4
Let f be in L*>(K\G/K) and g in LP(K\G/K), p € [1,2[, then
i) The function f * g belongs to L?*(K\G/K) and we have

I1f * gll2 < lleollg| [£ll2] g1l

with q €]2, +o0[, such that % + % =1.
ii) We have
F(f+g)=F(f)-Fg)-

Proof. i) Let f,g in D(K\G/K), then by Theorem II.3

1F # gllz = 17()- F)Z> < IF @ Lo IF (L

but from Holder’s inequality we have

VA€, [FlgN] < lvollallglly
then
1F #9113 < leollgllgllZlF13
since D(K\G/K) is dense in L*(K\G/K) and LP(K\G/K) the result follows.

ii) The result is clear. OJ

Theorem III1.5

Let f and g be in L?>(K\G/K). Then the function f g belongs to L1(K\G/K),
q €]2,+o0], and we have

1+ gllq < llpollqll fll2llgll2
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Proof. Let h be in LP(K\G/K) with p € [1,2], such that %—i— % =1and f,g in
D(K\G/K), then from the theorem III.4

/ f * g(x)h(z)dz
G

< / l9(@)|(1h] % |1]) (2)de
G
< Ngllall(Al * 1Dz < Iollall Flizliglia bl

taking supremum over {h € LP(K\G/K)/||h|, < 1} we get

1 *gllq < lleollgll fll2llgllz O

Theorem III.6
For f and g in D(K\G/K) (resp. C(K\G/K) we have

A(f * g) = A(f) 0 Al9)

where *q is the convolution on «a.

(See [13 | Corollary 7.4, p. 454; [12] Proposition 3.3.2, p. 107; [1] p. 348).

IV. Wavelets on GG

DEFINITION TV.1. We say that a function g on G, measurable, bi-invariant under
K, is a wavelet on G if there is a constant Cj; with the property that 0 < C; < +00
and, for A almost every where on a*,

a2da

¢, [ " |F(g) (v 2

a
Proposition IV.1
i) Let t €]0, +oo[. There exists a function 3, in C(K\G/K) such that
VA€ea®, F(B)A) = exp [ —t(IM* + llol*)]

ii) The function
d
9(w) = == Bu(x) = llplI*Be(2)



246 TRIMECHE

is a wavelet on G which belongs to C(K\G/K) and we have

2
o—2tloll

g8t

Proof. We deduce the results from the theorem II.2 and the definition IV.1. O
Remark. The properties of the function (; have been studied by R. Gangolli [11].

If G has rank one, the definition IV.1 can be written more simply as follows:
A function ¢ on G measurable, bi-invariant under K, is a wavelet on G if the even
function g¢[t] on R given by

glay) =glt], s € A, t€R

satisfies the condition

(IV.1) 0<C, = /OOO | F(9)(a) 2% < +00

where F is the Jacobi transform defined by the relation (I1.9).

Proposition IV.2

For the rank one case, we consider an even non zero function g, on R in
LQ([O,—l—oo[,A(t)dt) (the space of square integrable functions on [0,+o0| with
respect to the measure A(t)dt) satisfying

(%) Ja >0 such that F(g)(A) — F(g)(0) =0(]A|*), as A —0.
Then the condition (IV.1) is equivalent to
F(9)(0) = 0.

Proof.
We assume that the condition (IV.1) is satisfied. If F(g)(0) # 0, then there are
positive n and M such that

|F(g)(N)| =M, for Xe[0,n]

thus the integral in (IV.1) would be equal to +o0.
We assume that

F(9)(0) =0
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since g # 0, we deduce from the theorem I1.3 that the first inequality in (IV.1) will
hold.
From the condition (*) there are positive 6 and e such that

|F(g)(N)| = ex>, for Ae|0,d]

we deduce from this inequality, relations (II.4),...,(I1.7), and the fact that the func-
tion |c(\)|~2 is increasing on [0, +oo[ that

> 2da * da c(6)]? [T 5
| 1F@@P <e [ [ F @) et

using the theorem II.3 we obtain

thus the integral in (IV.1) is finite. O

Remark. The relation
F(g)(0) =0.
can be equivalently written as

/ " el () A(t)d = 0.

0

Proposition IV.3
For arbitrary rank, we consider for a € 3.7 the function k,(a) defined on
0, o0 by
—2
o) (2
ko(a) = sup %
xea\{0} [e(@)(N)]

where () is the function given by the relation (I1.2).
Then we have
a? Jif a>1
ka(a) =
a=(Mmatmea) if )<g<1

Proof. We deduce the result from relations (I1.4),...,(I1.7). O
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Proposition IV.4
i) The function k(a) defined on ]0, +oo[ by

k(a) _ ‘C(Z)‘i

sup —
rea\{0} |c(A)] 2

where c is the function given by the relation (II.1), satisfies the relation
k(a) = H ko(a)
aEZ;r

and we have
+
a ZCardZO 7110 a>1

k(a) =
q~ dimN ,if 0<axl1
ii) When G has a complex structure we have
+
k(a) = a2 2 , forall a>0.

Proof. i) We deduce the results from relations (I1.1), (IL.4),...,(IL.7) and the propo-
sition IV.3.
ii) We obtain the result from the fact that in this case we have

(IV.2) VA ear, [eN)| 7 = 7N n(p) 2

where

(IV.3) TN = > (\a)
aezx

(See [13] Theorem 5.7, p. 432). O

Theorem IV.1
Let g be a wavelet on G in L?(K\G/K) and a €]0, +oc[. Then
i) The function X — F(g)(aX) belongs to L?(a*, %d)\)w and we have

a2
7@l < (U)ol
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ii) There exists a function g, in L?(K\G/K) such that
VAea’, Flga)(A) = Flg)(ad)

and we have

)\ /2
(1v.4) ool < (22) ™ ol

Proof. i) By change of variables we have

err [ 17 @ @0 ]| ar= ﬁ [ 1F@@F)] i
but we have
/* |-7:(9)(A)}2‘c(%)‘_2d/\ < k(a) /* |‘F(9)(A)}2‘C(A)’_2d/\

we deduce the result from these relations and the theorem I1.3.
ii) The theorem II.3 gives the result. [

Theorem IV.2

i) Let a €]0,+o0[ and g a wavelet on G in D(K\G/K) with support in the ball
{z € G/|z| < R}. There exists a function g, in D(K\G/K) with support in the ball
{z € G/|z| < aR) such that

VA€ a®, Flga)(N) = Flg)(ad) .

ii) Let a €]0, 400 and g a wavelet on G in C(K\G/K). Then there exists a function
9o in C(K\G/K) such that

VA€a’, Flga)(A) = F(g)(a).
Proof. We deduce these results from theorems II1.1, I1.2. [J

Theorem IV.3

Let g be a wavelet on G in D(K\G/K) (resp. C(K\G/K)) and g, a €]0,+0o0],
the function given by the theorem IV.2. Then

(IV.5) Ve e@, golx) = A oH, 0 Alg)(z)
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where A is the Abel transform and H, the operator defined by
(IV.6) VHea, Ma(f)(H)= %f(%)
Proof. From the proposition II.1 and the theorem II.5 we have
VAea®, FopoA(ga)(A) = FooA(g)(al).
By change of variables we obtain
VAEa, FooA(ga)(A) = Fo[Hao Alg)] (V)

we deduce the result from the injectivity of the Fourier transform Fy and
theorems I1.4, I1.5. OJ
Remark. Let g° be a function defined on R*. We put for a €]0, +ool[:
¢ 0 L o(Hd 0
(Iv.7) VHER', g0(H) = —g°(=) = Halg")(H).

Using this notation, the relation (IV.5) can also be written in the form

(IV.8) VH ea, Alga)(H) = (Alg)), (H).

Theorem IV.4

We suppose that G has complex structure. If g is a wavelet on G in D(K\G/K)
we have for all a > 0:

H
_(treara ) 00 () H
VH €a, golexpH) =a 6O(H)g<exp a)
where
(IV.9) VHea, 6(H)= ] 2sha(H).

aEZ;;

Proof. When G has complex structure and considered as a real Lie group, we have
me = 2 and mo, = 0 for o € Z+. In this case the spherical function ¢, has the
following form

pa(exp H) = m(p)m(i\) " 8o(H) ™ D (dets)e™ ™) Neat, Hea
seW
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where 6g(-) and () the functions given by relations (IV.9), (IV.3).
(See [23] p. 287289 and [13] Theorem 5.7, p. 432).
Using these relations and (IV.2) we obtain for all a > 0, A € a* and H € a:

(IV.10) @2 /a(ExD H)’Ce) ‘72 _eara 07 80(F)

50 (H) ‘C(/\)‘_Qﬁpk(exp g) .

Let g be a wavelet on G in D(K\G/K). From the Theorem II.1, the function
Ja, a €]0,+00], is given by

VH €. g, (esp ) = o | Fla)angaexp B]e)| i

making a change of variables and using the relation (IV.10) we obtain

— car: + 5 E H
VH € a, ga(exp H) =a™ dz“azgf}zg(exp;)- =

Remark. From the Theorem II.3. i) and the relation (IV.2) we deduce
—(£+car +
lgale = = (Ereoma ) g

then the inequality (IV.4) is an equality in this case.

EXAMPLE: Let G denote the group SOq(1, 3). For this group we have the following
results.

— The spherical function ¢, and the function |c(\)|~2 are

oA = 00z € RO}, A€ C\{0)

e\ "2 = A%, A€R.

(See [15] p. 14-16 and p. 27).
— The spherical Fourier transform and its inverse are

F(N) = 4 / " f@)pa(@)she de, f € DL(R)
0
1

T or

FL(h) () /O T hN)ga () A2d.

(See [15] p. 27).
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For this group we have
1
k(a) = —, a€]0,+o0].

Let g be a wavelet on G = SOy (1,3) in D, (R). The function g,, a €]0, +oc], is
given for x € R\{0} by

1 sh? /z
(V1D 9a(2) = o g9(3)

we see that g, is in D, (R) and in S.(R) (the space of C*°-functions on R, even and
such that for all p,k € N, sup,ep (14 2% 5! (z) [ f®) (2)] < 400).
We have the relation

1
l9allz = —575l9ll2
then the inequality (IV.4) is also an equality in this case.
We remark that when g is in L'([0, +oo[, 4sh®*zdz) (the space of integrable

functions on [0, +oc[ with respect to the measure 4sh?zdz) the function g,, a €
]1, +-00|, given by the relation (IV.11) does not belong to L*([0, +ocl, 4sh®zdz).

Proposition IV.5

Let g be a wavelet on G in D(K\G/K)(resp. C(K\G/K))(resp. L*(K\G/K))
and g,, a €]0,+o00|, the function given by theorems IV.1, IV.2. Then the map a — g,
is continuous from |0, +oo[ into D(K\G/K)(resp. C(K\G/K))(resp. L*(K\G/K)).

Proof. For g in D(K\G/K) (resp. C(K\G/K)) we deduce the result from the
theorem IV.3.
Let g be in L?(K\G/K). For all € > 0, there exists ¢° in C(K\G/K) such that

lg—g°ll2 <e.

Let a, ag €]0,+00[. From the theorem I1.3 we have

2 1 2 -2
[ la8te) =gt @) = i [ 1F) @) = Al o Flen]
we deduce from this relation and the dominated convergence theorem that the map
a — ¢2 is continuous from 0, +oo[ into L*(K\G/K).
We have

190 = Gaollz < 190 — goll2 + llge — g% 2 + 1190, — Gaoll2
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but from the relation (IV.2) we have

oo = a8l < (52) g - o7l

then
k(a 1/2 k(a 1/2
190 — Gaoll2 < [(%) + (%) } lg — g°ll2 + llgg — g0, 12
0

we deduce the result from this inequality, the first result and the continuity of the
function k(a) on ]0, +oo[. O

EXAMPLE: Let g be a wavelet on G = SOq(1,3) in D,(R) (resp. S?(R)) (resp.
L2([0, +00], 4sh®zdzx)) and g,, a €]0, +o0[, the function given by the relation (IV.11).
Then the map a — g, is continuous from ]0, +-oo[ into D, (R) (resp. SZ(R)) (resp.
L([0, +o00[, 4sh®zdz)).

DEFINITION IV.2. Let g be a wavelet on G in D(K\G/K) (resp. C(K\G/K)) (resp.
L?*(K\G/K)) and g,,a €]0,+oc[, the function given by theorems IV.1, IV.2. We
define the family of wavelets g, », (a,z) €]0, +00[xG, on G by

a 1/2
"6 aua) = () Tlaw

where T,,x € (G, are generalized translation operators on G given by the defini-
tion III.1.

Proposition IV.6

Let g be a wavelet on G in L>(K\G/K). Then the map (a,z) — ga. is
continuous from )0, +o00[xG into L?*(K\G/K).

Proof. Let (a,x), (ap, o) be in |0, +00[xG. From the theorem IIL.1. ii) we deduce

HTr(ga) — Ty, (9@0)”2 < Hga - gaoH2 + HTm(gao) — Ty, (gao)HQ

we obtain the result from the proposition IV.5, the theorem III1.2. ii) and the conti-
nuity of k(a). O

ExaMpPLE: The generalized translation operators associated with the group G =
SOy(1,3) are given for z,y € R\{0}, by
1 oty sht

T.(f)y) = N o shzshy

dt, feD.(R).

(See [15] p. 56-60).
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Let g be a wavelet on G = SOy(1,3) and g,,a €]0, +00[, the function given by
the relation (IV.11). We have

VyeR, gouly) = a*?Tu(9a)(y)

and the map (a,z) — gq., is continuous from ]0, +oo[xR into L([0, +-00[, 4sh®zdz).

V. Continuous wavelet transform on G

DEFINITION V.1. Let g be a wavelet on G in D(K\G/K). We define the continuous
wavelet transform on G for f in D(K\G/K) by

B, () (ay) = /G F(@)uy (@) dz, forall yeg.

This relation can also be written in the form

E(a)\—1/2, _
@y(f)(a,y) = (%) F*gay7")
where * is the convolution given by the definition III.2.

Proposition V.1

i) Let g be a wavelet on G in D(K\G/K)(resp. C(K\G/K)). Then for all a €]0, +o0]
and for all f in D(K\G/K)(resp. C(K\G/K)), the map y — ®4(f)(a,y) belongs to
D(K\G/K)(resp. C(K\G/K)).

ii) Let g be a wavelet on G in (LP N L?)(K\G/K), p € [1,2[, such that for all
a €]0,+oc[, the function g, belongs to LP(K\G/K), p € [1,2[. Then for all f in
LY (K\G/K), q € [1,+00], the map y — ®,(f)(a,y) belongs to L"(K\G/K) with
r € [1, +o0] satisfying ]l? + % —1=1.

Proof. We deduce the result from theorems IV.2, II1.1. i), I11.3. O

Proposition V.2

Let g be a wavelet on G in L?*(K\G/K) and let f be a function in L*(K\G/K).
Then
i) We have

¥ (a,y) €]0,+00[xG, |y(f)(a,y)| < || fll2llgll2

ii) The map (a,y) — ®4(f)(a,y) is continuous on |0, +oo[xG.
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iii) For all a €0, +o00[ we have

lim ®,(f)(a,y)=0.

ly[—+o00

Proof. i) From the definition V.1 we have

¥(a,9) €0, +o0<C, (251 )] < (D)) 1l gl

but from the relation (IV.3) we have

faall < (E2) g1

thus
¥ (a,y) €]0, +00[x G, |@4(f)(a,y)| < fll2llgll2

ii) We deduce the result from the definition V.1 and the proposition IV.6.

iii) ) Let ¢° be in C(K\G/K) and let f° be a function of D(K\G/K) which
has its support in the ball B = {z € G/|z| < R}.

We have

2 (7)) = (S50 [ @it s

then

(o] < ()1 ([l o) .

(B e (f \gfz(t)»%t)l/z

but from the theorem IV.2 ii) the function g2, a €]0,+oo[, belongs to C(K\G/K),
then from the dominated convergence theorem

IN

lim {gg(t)fdt =0

lyl=+oc Jy-1p

thus for all a €]0, +o0
lim @ y0(f%)(a,y) = 0.

ly|—+o0
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) We suppose that g and f belong to L?(K\G/K). From the density of the
spaces D(K\G/K) and C(K\G/K) in L?>(K\G/K), for all € > 0 there are a function
g" in D(K\G/K) and a function f9 in C(K\G/K) such that

lg—9¢°ll2<e and |[f—fla<e.

We have

|24 (f)(a,y)| < |Dgo (fO)(a )| + | P4 (f)(a,y) — Rgo(f)(a,y)|

using the i) we obtain

@4 (f)(a,y) = Pgo (f)(a,p)| < llgll2llf = fOllz + fll2llg = 9"z +11f = £2ll2llg — ¢°112

hence we deduce the result. OJ

Proposition V.3

Let g be a wavelet on G in L*(K\G/K). Then
i) For all a €]0, +oo[ and for all f in LP(K\G/K), p € [1,2], themapy — ®4(f)(a,y)
belongs to L2(K\G/K).
i) For all a €]0,+oo| and for all f in L>(K\G/K) the map y — ®,(f)(a,y) belongs
to L1(K\G/K), q €]2,+oc0][.

Proof. We obtain these results from theorems IV.1, II1.4, II1.5. [J

Proposition V.4

Let p € [1,2[ and let g be a wavelet on G in (L? N L?)(K\G/K), such that for
all a €]0,+o0], the function g, is in LP(K\G/K), then for all f in L*(K\G/K) the
map y — ®,(f)(a,y) belongs to L*(K\G/K).

Proof. The theorems IV.1, II1.4 give the result. [J

The following theorems are Plancherel and Parseval formulas for the continuous
wavelet transform on G.

Theorem V.1

Let p € [1,2[ and let g be a wavelet on G in (L N L?)(K\G/K), such that for
all a €]0,4o0], the function g, is in LP(K\G/K).
i) Plancherel formula for @,
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For all f in L*(K\G/K) we have

I3 = & = leata s Etdaay

ii) Parseval formula for ®,
For all f1, fo in L*(K\G/K) we have

@) ) () . ), () 9) ) dady
[rwnw=g [ [ o

Proof. i) From the definition V.1 and Fubini-Tonelli’s theorem we have

o | LRt S dady —C/ ([ 15 +at Py %

da
(] 1w Pa)
& [ (L awem)s
we deduce from theorems II1.3, I11.4

[ L oatoto
ol <rww/ FAWPIFGI WP )
then from Fubini-Tonelli’s theorem we have
AL ;zdady
(IWI/ FHN Pl %u) (C{ /0“ y;qga)(w%)

the result follows from theorems I1.3, IV.1 and definition IV.1.
ii) We deduce the result from the i). O

The same proof as for theorem V.1 gives the following results.

Theorem V.2

Let p € [1,2[ and let g be a wavelet on G in L?*(K\G/K).
i) Plancherel formula for @,
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For all f in (L? N L?)(K\G/K), we have

5= [ [ 1P S dady

ii) Parseval formula for ®,

For all f1, fo in (LP N L?)(K\G/K), we have

| r@T

Corollary V.1

Let p € [1,2[ and let g be a wavelet on G in (LP N L?)(K\G/K), such that
for all a €]0,+o0l, the function g, is in LP(K\G/K) and positive, then for all f in
L*(K\G/K) we have the inversion formula for the transform ®,,:

=L a0

oo = 2 [ [ e, (e oy dad

weakly in L*(K\G/K).

Proof. From the theorem V.1. ii) and the definition V.1 we have for all h in
L?*(K\G/K):

[ s@mte = o [7 [ a0 ([ Fw @) Sy

but from Fubini-Tonelli’s theorem and the theorem V.2. ii) we have

> k(a
/ / / ‘(I)g( a,y Hh |9ay EJFZ dadydx
0 GJG

h T k(a
g/o /Gq>g(|f|)(a,y)<1>g(yh|)(a,y)a§+zdady<+OO.

Then from Fubini’s theorem we deduce

/ f(z)h(x)dx —/ ( / / (a,Y)gay(x )kgfz dady> h(z)dx

and the result follows. OJ



Continuous wavelet transform on semisimple Lie groups 259

By theorem V.1 the continuous wavelet transform ®, on G is an isometry of
the Hilbert space L?(K\G/K) into the Hilbert space L?(]0,+o0o[xG, %dady)
(the space of functions on ]0,+00[xG, bi-invariant under K with respect to the
second variable, and square integrable on |0, 4+00[xG with respect to the measure
a,ﬁ(f éq dady). For the characterization of the image of ®, we interpret the vectors
Ja,z (a,z) €]0,+00[x G, as a set of coherent states in the Hilbert space L2(K\G/K).
(See [14] section 1.2; [16] p. 37-38).

DEFINITION V.2. A set of coherent states in a Hilbert space H is a subset {gs}ser
of H such that

i) £ is a locally compact topological space and the mapping ¢ — g, : L — H is
continuous.

ii) There is a positive Borel measure d¢ on £ such that, for f in H,

WW:AWMWM

Theorem V.3

Let {g¢}ecr be a set of coherent states in a Hilbert space H. Define the isometry
® of H into L?(L,dl) by

()0 =(f90), [feH.

Let F be in L?>(L,dl). Then F belongs to ®(H) if and only if
F(O) = [ F@)(g0.90)de
c

Let now H = L?*(K\G/K), L =]0, +00[xG. Choose a wavelet g on G satisfying
the assumptions of the theorem V.1, and let g, = g, » be given by the definition IV.2
if £ = (a,z) € L. Then we have a set of coherent states. Indeed, the i) of the
definition V.2 is satisfied because of proposition IV.6 and the ii) of definition V.2 is
satisfied for the measure -2 dady on ]0, +00[xG(See theorem V.1. i)).

at+1Cy

Theorem V.4

Let ®, be the continuous wavelet transform on G, with g a wavelet on G satis-

fying the assumptions of the theorem V.1. Let F be in L*(]0, +oo[x G, azli(fé dady).
g

Then there exists a function f in L?>(K\G/K) such that

F=2oy(f)
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if and only if

Flaa) =g [ [ @) ([ avwaaar) S aas

Proof. Apply theorem V.3 with H = L?(K\G/K), L =)0, +00[xG, coherent states
Ja,« and measure d¢ given by a,ﬁ(f é dadz. O
I give now an other inversion formula for the continuous wavelet transform @,

on G.

Theorem V.5
Let g be a wavelet on G in L>(K\G/K). If f is a function defined on G satisfying

— f is continuous and bounded
— f belongs to L' (K\G/K)
~ F(f) belongs to L*(a*, Icl%)ll d\

then we have

)W

(v.1) 1@ =g [ ([ et wir) S

Where, for each x € G, both the inner integral and the outer integral are absolutely
convergent, but possible not the double integral.

Proof. Fix z € G. From the definition IV.1 and the inversion formula for the
spherical Fourier transform (Corollary I1.1), together with Fubini’s theorem we get

IERLIaY : ey 2an) %
1@ =g [ (57 [ IF@0 P OMe@] )

Cy a
where the inner integral on the right hand side is absolutely convergent for all
2
a €]0,+o0l, since from the theorem IV.1, F(g,) is in L?(a*, %dk)w, F(f) is
bounded, and
vxeG? \v/)‘ea*v |90>\(l‘)|§§00(m)

What remains to be proved is that, for all a €]0, +oco[, and = € G,

V) i1 [ IF@WPANWe @I 2= 52 [ ()0 a0 @)y

with absolutely convergent integral on the right hand side. This absolute conver-
gence follows because from the proposition V.3. ii) the function y — ®4(f)(a,y)
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is in L?(K\G/K), while from the definition IV.2 the function y — g4, is also in
L?*(K\G/K).
We can write (V.2) as

V) L P @I NFG Ve @le)| 2N = o (1 +3,)(a).
Now this relation follows because both of its sides are equal to

o [ FaNF £ 2)Wea@le(h] 2

W] Joe a

for the left hand side of (V.3) this is clear from the fact that g, belongs to
L?(K\G/K), while this follows for the right hand side of (V.3) by an application of

the Parseval formula for the spherical Fourier transform. [J
The same proof as for the theorem V.5 gives the following result.

Theorem V.6

Let g be a wavelet on G in (L' N L?)(K\G/K) such that for all a €]0, +o0|, the
function g, belongs to L*(K\G/K). If f is a function in C(K\G/K), then we have
the inversion formula (V.1).

Remark. i) We can also obtain the inversion formula (V.1) if we take in the
theorem V.5 the function f in D(K\G/K).
ii) The inversion formula (V.1) is also true for g and f in C(K\G/K).

VI. Inversion of the Abel transform and its dual using wavelets on GG

1. Classical wavelets on R

We define for regular functions on R?, the classical continuous wavelet transform
S on R¢ by

Sgo(f)(a,y) = 8 f(a;)ggw(a:)dx, for all y e R’

where ggyy, a €]0, +oof, y € R, is given by

90, (@) = a7 (gd)(—y)
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with 7, is the translation operator defined by

72 (h)(y) = h(z +y)

and
1 T
0/.) — 0
9a(2) = 79 (5)
the function ¢° is a classical wavelet on R, i.e. a function on Rf, satisfying the
condition: there exists a constant Cyo such that
~0<Cy < +o00.

— For A almost everywhere on R? we have

a2da

cgo:/:o Folg®) a2

a

The results obtained for the transform S are proved in [16]. In particular we
have the following inversion formula:

For ¢° square integrable on R’ with respect to the Lebesgue measure dr we
have

(VL) fz) =

! - 0 da
Cyo /O ( s Sgo(f)(a,y)ga,x(y)dy> pres iR

when f and Fy(f) are integrable on R’ with respect to the Lebesgue measure dz.
We remark that in this formula, for each € R, both the inner integral and
the outer integral are absolutely convergent, but possible not the double integral.

Proposition VI.1

Let g be a wavelet on G in D(K\G/K)(resp. C(K\G/K)) and g, a €]0,+0o0],
the function given by the theorem IV.2. Then
i) We have the relation

VH € a, Alga)(H) = 5 A)( D).

a

ii) The function A(g) is a classical wavelet on RY.
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Proof. We deduce these results from the theorem IV.3. O

2. The dual Abel transform

Notations. We denote by

— &(a) the space of C*°-functions on a. We topologize this space with the
classical topology.

~ 8% a*)" the subspace of S(a*) consisting of functions f such that

ol
' mf()\)/,\:o =0.

— So(a)" (resp. Co(K\G/K)) the subspace of S(a)V (resp. C(K\G/K)) con-
sisting of functions f such that the function Fo(f) (resp. F(f)) belongs to S°(a*)W.

DEFINITION VI.1. The dual Abel transform 4* is defined on £(a) by

Va e N

Vreq, A (f)(z) = /K FOH (k) )e=rHER) g

Proposition VI.2

i) The operator A* is linear and continuous from £(a) into C*(K\G/K) .
ii) We have ,
Vo €@, V€ ak, pa(a) = A (?0)(2).

Proposition VI.3

i) The Fourier transform Fy is a topological isomorphism from Sy(a)V onto S°(a*)W.
ii) The spherical Fourier transform F is a topological isomorphism from Co(K\G/K)
onto S%(a*)W.

iii) The Abel transform A is a topological isomorphism from Cy(K\G/K) onto
80 (Cl* ) W.

Proof. We deduce the results from the properties of the Fourier transform Fy and
the theorems I1.2, I1.5. OJ

Proposition VI.4
The operator Ko(resp. K1) defined on Sy(a)" (resp. Co(K\G/K)) by
-2

<) fo<f>} (1)

W
<resp.V:E € G, Ki(f)(z)=F! [’c%/)“_zf (f)] (:z:)>

VH €a, Ko(f)(H)=Fy" [

is a topological isomorphism from Sy(a)"V (resp. Co(K\G/K)) onto itself.
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Proof. The relations (I1.4),...,(IL.7) and the proposition VI.3 give the results. OJ

Theorem VI.1

The operator A* is a topological isomorphism from So(a)V' onto Co(K\G/K)
and we have the inversion formulas.

~ For f in Co(K\G/K), f=AKoA(f), [f=KIA"A(f).
~For f in So(a)W, f=AKIAf), f=KoAA*(f).

Proof. We obtain the relation
(V1.2) f=AKoA(f), feC(K\G/K)

from the inversion formula (II.10) of the spherical Fourier transform F and the
propositions VI.2. ii), VI.3 and VI.4.
We deduce the relation

f=AKLA(f), feSo(a)VV

from the relations (VI.3) and (I1.14).
The other relations and results are clear. [J

Theorem VI1.2

Let g be a wavelet on G in Co(K\G/K).
i) For all f in Co(K\G/K) we have for y € G.

B, (f)(ay) = (k(a) 2 A [Sarg) (A)) (@, )] ()

i) For all f in So(a)V we have for H € a

Sty (F)a, H) = (k)2 (A7) [®y (A" (1)) (a,)] (H) .
Proof. i) We have for all a €]0, +o0|

k(a)

vwed of@y = (") g

then
vaea, Flona)o = (M) mFE o).

al
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From propositions 1.1, V.1. i) and theorems II.4, II.5, II1.6 we deduce

vH 0, AlRy(7)(a )] () = (N () 0@ ()

but from the relation (IV.8) we have

VH ea, A@g,)(H) = (A9))

(H)

a
then

v ea Al H) = (N0 Al 0 (), ()

(k(a)) ™" [a*2A(£) %0 (A(9)) ] (H)
(k(a)) ™" [Satq) (AU (a, H)]
where S is the classical continuous wavelet transform on Rf. Thus

Yy e G, 0y(f)(ay) = (k@) AT [Sag) (AU, )] ()

ii) We deduce the result from the i) and the theorem VI.1. O

T

Theorem VI1.3

Let g be a wavelet on G in Co(K\G/K).
i) For all f in Co(K\G/K) we have fory € G

B, (f)(a,y) = (k@) A [Sico acer) (A)] (v)

i) For all f in Sp(a)"V we have for H € a

Sa) (N)a, H) = (k) " A[®x, (g,) (A" ()] (H)

where SKO(GG) and éKl(GG) are the operators defined by

1/2

VH € a, Sk, (F)(H) = a"/?F % Ko(Go)(H)
- k(a)\-1/2 —
Ve b @) = (M) raa@e .
Proof. i) From theorems VI.1, V1.2, i) we have for y € G-

2, (1)) = (M) 4 LAl 0 A )

_ (%j)) T 4K [AGF) %0 ATg)a | ()

265
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but the definition of the operator Iy gives
Ko[A(f) %0 A(g)a ] = A(f) *0 Ko(A(9)a)
thus _1/2 3
Dy (f)(a,y) = (k(a)) A" [Sko(ag).) (A))] (¥) -
ii) Using theorems VI.1, VI.2. ii) we obtain for H € a:
Sagg)(f)(a, H) = a"2(A") 7 [A(f) + g, (H)
= a"PAK[A*(f) * 9,) (H)
but from the definition of the operators Xy we obtain
K [A*(f) *Ga) = A*(f) * K1(9a)
thus 12
Sat)()(a, H) = (k(a)) " A[®x, (g (A (F)](H). O

Remark.  The transform glCo(Ga) (resp. @Kl(ga)) is not necessarily a classical
continuous wavelet transform on R (resp. a continuous wavelet transform on G),
because in general we have not

Ko(Ga) = ho(a)Ko(G)a
(resp. K1(Ga) = hi(a)K1(G)a)
where hg (resp. hq) is a function on |0, 00| .

Theorem VI.4

Let g be a wavelet on G in Co(K\G/K). Then for all f in So(a)"V we have the
following relation which gives the inverse operator of the operator A: For all x € G

AT -c, / ( / A [Skoao )(f)](y)ga,w(y)dy)%da

Proof. The theorem VI.3 i) and the last remark of the section V give the result. [J

Theorem V1.5

Let g be a wavelet on G in Co(K\G/K). Then for all f in Co(K\G/K) we have
the following relation which gives the inverse operator of the operator A*: For all

H ca
YR (k(a)
) ) = o [ ([ Al 0] a0t ) S

Proof. We deduce the result from the theorem VI.3 ii) and the relation (VI.1). O
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