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ABSTRACT

We provide a necessary and sufficient condition for the existence of bounded
imaginary powers of certain Hilbert space operators and study the growth of
| A"|| when || — oo.

1. Introduction, notations and definitions

In this paper we study Hilbert space operators A of type 6, which admit bounded
imaginary powers. When A% forms a Cy-group, its generator is the operator ilog A.
In Section 2 we estimate the norm of the resolvent of ilog A and show that the
growth bound of the group A coincides with the (minimal possible) type @ of A.
In Section 3 we find an integral representation of Hilbert space Cp-groups, which
we apply to A®. The main results in Section 4 include a necessary and sufficient
condition for the existence of the imaginary powers A* and an explicit estimate of
|A%||. Our technique is based on the vector-valued Plancherel theorem, true only
for Hilbert spaces. The paper, among other things, specifies and complements some
results in [1], [2], [4], [10] and [18].

Let now X be a complex Hilbert space and Sy = {z € C: |Arg(z)| < ¢} be an
open sector.

DEFINITION 1.1 A closed, densely defined operator A on X is called an operator of
type 0, 0 <0 <, if 0(A) C Sy and

IMA+N T <My, VAESy, Vo:0<p<m—0. (1.1)
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Lemma 1.2 (cf. [5])
Let A be an invertible operator of type §. Then A~! and A* are also of type 6.

Proof. In a reflexive Banach space any one-to-one operator of type 0 has dense range
[11, p. 295], therefore A~ is densely defined. Further, for every ¢ < 7 — 6 and every
z €Sy with A=1/z

1 A
= = <1 — | <14+ M
= Il = - sl < v sl < e

since z € Sy if and only if A € S. Thus A™! is of type 6. The part about A* is left
to the reader. OJ

Throughout, A denotes an operator as described in the lemma. Note that in
this case D(A) N D(A™1) is dense in X ([16, p. 431]) and A, A=, A* are entirely
interchangeable in all formulas.

2. Imaginary powers and logarithms of operators

Complex powers of A are usually defined by the formula.

. +o00
Azg = 2BTZ / LA+ A Az dA
0

™

for 0 < Re(z) < 1, = € D(A). Integrating by parts here and setting Re (z) = 0 we

formally get
sinh 7t

Ait —_

/ MNEAA4+N)"2dN (tER) (2.1)
R

7t

It is easy to see that the integral is absolutely convergent on the dense subspace
D(A)ND(A™Y):
Let x € D(A™!). Then x = Ay, y € D(A) and

A A2 A 2 A 2
O+ AR’ ™ (A+i)2 - (/\+A> V= <1’A+—A> Y

which is bounded. For |A\| — oo and x € D(A), we have

Mo|ly|

z=A""y, y € D(A™) so that H A+A H_H >\+A) 2o = =%
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Sometimes, the imaginary powers A% extend to bounded operators on the whole
space X. In this case they constitute a Cy-group of operators [8], [16]. The impor-
tance of A% is demonstrated in [4], [7], [16].

The operator logarithm is defined by the formula (cf. Nollau [13])

dX

Y (x € D(A)ND(A™)).

(log A) z = /OOO(A+)\)1(A95 )

In the same way as in [13, Satz 3], one can show that the linear operator log A is
closable and D(A) N D(A™1!) is a core for it. We shall keep the same notation for
its closure. Nollau proved that

A% —
log Ax = lim 4r-e
a—0+ (7

for v € D(A)ND(A~1Y) [13, Satz 4]. For every such z, the vector function A%z, with
A=?z = (A~1)?x, is holomorphic in the strip |Re(z)| < 1, which yields

Ait _
tlog Ax = lim ST

2.2
t—0+ t ( )

since (d/dz) A*z = (d/d o) A% = (d/dit) Ax.

Proposition 2.1

If the imaginary powers A (t € R) form a Cy-group, then its generator is the
operator ilog A defined above.

Proof. According to (2.2), the generator, say, B of A% coincides with ilog A on the
dense set D(A) N D(A~1). This set is invariant for A* and therefore a core for B [6,
Theorem 1.9]. Since both operators are closed, they coincide. [J

Conversely, we have also the following.

Proposition 2.2

If ilog A is a generator of a Cy-group, then this group is the extension of A"
from D(A)N D(A™1) to X.

The proof is given in Section 5.

We remind some definitions. Given a Cy-semigroup e *B, t > 0, then

w(B) = lim (log|le™"||/t)
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is the exponential type (or growth bound) of that semigroup. If e!Z t € R, is a
group, then its exponential type is the number

wg(B) = max {w(B), w(-B)} = |tl\i_r)]noo sup (log [le 2|/ |t]) -

When A% is a Cp-group, an interesting question is how the growth bound wy (i log A)
of that group is related to the type 6 of the operator A. We shall prove here that
wg < 0.

First, we need a result that can be found in [15] or [12, p. 96].

Lemma 2.3

For any Hilbert space semigroup e *2, t > 0, we have
w(B) =inf {A € R: A+ iR C p(—B) and ||(A +ip+b)""| is bounded ¥V i € R} .

We combine this now with the following lemma, which is needed also for the
proof of the main theorem in Section 4.

Lemma 2.4

Suppose that A is an operator of type 6, 0 < 8 < w. Then for every 1, 0 <
1 < 7, the following estimate holds

(Re(u) > 0) (2.3)

Hzpiilo];gA—F,uH = Rfe(&) ’

where Ky = nMy_y, (M as in (1.1)), depends only on 1. The operators 1 £ ilog A
are of type m/2 and the spectrum of ilog A lies in the strip |Re(z)| < 6.

Note that the lemma is true for general Banach spaces. Its proof, for conve-
nience, is given in Section 5.

Corollary 2.5

Given the operator A of type 6, suppose that A" forms a Cy-group. Then
wg < 0, where wy is the growth bound of that group. More precisely, w, = inf {0 :
A is of type 9}.
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Proof. The inequality (2.3) implies, according to Lemma 2.3, that for every ¢ : 0 <
e < m— 0 we have w(+ilog A) < 0 + ¢ (take ¥ = 0 + £/2, then ||[(X £ ilog A)7!] is
uniformly bounded for Re(\) > 6 + ¢).

Therefore w, < #. Pruss and Sohr [16, Theorem 2] proved that if A® is a Co-
group of growth order w, then A is of type at most w. This completes the last part
of the statement. [

We note that this corollary can also be derived from [10].

3. Representation of groups of operators on a Hilbert space

For our main result we need an integral representation of A%, which is a particular
case of the following general theorem.

Theorem 3.1

Let iB be the generator of the Cy-group e**P, t € R, on X with growth ||e!'Z|| <
Me*t q > 0. Then o(B) C {z : [Im(2)| < a} and for every ¢ > a we have the
representation

) 1 : c
—itB _ clt| = its d teR 1
e e 71_/Re Z (B2 s (VteR) (3.1)

which is absolutely convergent in the weak operator topology.

Proof. For every ¢ > a we can write:

(iB+c+is)”" —/

0

+ oo

+ oo
o t(iBtctis) gy — / e iste—cto—itB gy (3.2)
0

By the Fourier (or Laplace) inversion we have

. 1 , _
e Bt — / e (iB + c+is) Yds (t>0), (3.3)
2w R
0=— [ " (iB+c+is) 'ds (t<0)
2w R

(the convergence we shall specify later). In the same way

+m . . +w . .
(—iB+c—is) ' = / e~ tmiBre—is) gy — / elstecteB gy (3.4)
0 0
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which implies

. 1 . _
etBect = — / e (- iB+c—is) " ds (t>0) (3.5)
2w R
1 —ist . s\ L
0=— [ e ™ (—iB+c—is) ds (t<0).
2w R

The second integral can be rewritten as

1 ) —
—/e’St(—iB+c—is) Yat (t>0).
R

:27'('

Combining this with (3.3) we get

, 1 [,
oitB et _ L / ¢ [(c+iB+is)~" + (c—iB —is)~']ds
2 R

:E/eiSt(cz—F(B—Fs)z)_lds, or
T JR

1 - c
ct — ist d t .
7r/Re 2+ (B +s)? s (t>0) (3.6)

In the same way, starting with the resolvents (iB + ¢ —is) ™! and (—iB + ¢ +1is) 1,
we come to the representation

—itB _

e e

) 1 : c
iuB cu ius
=e™— —d >0).
c ¢ 7T/Re 2+ (B —s)? s (>0
Substituting here s by —s and u by —t we get
, 1 : c
—itB —ct its
= — ——=d t<0
¢ ¢ 7T/Re 2+ (B+s)? s | )

which in combination with (3.6) gives the representation (3.1).

Now convergence. Because of the estimate ||e™%t e~ e~ 8| < M e~ (¢~ the
integral in (3.2) is absolutely convergent in the uniform topology. The same is true
for the integral in (3.4). At the same time, we have for any Banach space.

Lemma 3.2

Suppose —T is the generator of the Cy-semigroup e~ T with growth |le~*T|| <
M e, (t >0). Then for every ¢ > a
1 c+1 00
e Ty = e (T+2)"tadz (t>0)

2mi c—1 00

the integral being absolutely convergent for Va € D(T?).
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(This is Corollary 7.5 in [14, Chapter 1]). Therefore, the integrals above, in (3.3)
and further, are convergent for all z € D(B?). As we shall see now, in Hilbert spaces
the integral (3.1) is absolutely weakly convergent everywhere. First, formula (3.2)
says that for every x € X the function (¢ +i(B + s)) ™'z is the Fourier transform of
the function defined to be e~ t(¢+iB)g for ¢ > 0, and zero for ¢t < 0. By the vector
valued Plancherel theorem (which holds in Hilbert spaces — see [17, p. 139]) we have
the estimate

[l B+ 5) af*ds = 2 /°° le—te= "Bt (3.7)
R 0

M2

P
c—a

oo oo
< 277/ (M et oMl )2 dt:2M27r||x||2/ e—2e=a)t gy —
0 0

In the same way fooo H(C+ i(B* +s)) 1:c||2¢1ls < 7;{/[; ||x||2, since B* generates the

Co-group €*B" and ||e!*B|| = ||(®*B)*|| = |le~"F"|| (Yt € R). For every z,y € X we
can write

(o) =< [
~f
.

< L . L T > ds
c—i(B+s) ctriB+1 Y

< ! x ! ‘ds
c+i(B+s) c+i(B*+s)y

1
c+i(B+s)

IN

-
_ s
c-l—i(B*—i—s)y

2

1 2d 1/2 1 2d 1/
< - R
_C|:/RHC+Z(B+S) IH S:| |:/RHC—|—Z(B*+5):UH S:|
cmM?
< 2 el gl
That is:

c cmM?

/]R<02+(B+5)2 ‘T’y>‘ s < ——— ]yl (Vz, y € X) (3.8)

and the proof is completed. [J

Remark . For bounded groups of operators, the absolute convergence of the inte-
gral in (3.8), based on Plancherel’s theorem, was shown by Van Casteren [17]. He
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obtained this way a very nice characterization of operators, similar to self-adjoint.
The representation (3.1) seems to be new.

Suppose now that w(iB) = limsup,_ (log|le="B|| / |t|) is the growth order
of the group. We see that for every b > w(iB) there exists a constant L;, depending
on b, such that

sup/
c>b JR

(simply take a = (b+ w(iB))/2 in (3.8)).
The representation (3.1) suggests the following.

(erET

v ds < Lalll ol (Vo veX) (9

Theorem 3.3

Let B be a closed, densely defined linear operator on X. Let w > 0 be a number
such that o(B) C {z : |Im(z)| < w} and for every b > w there exists a constant Ly
for which the inequality (3.9) holds. Then iB generates (via (3.1)) a Cy-group e*B
of growth order w.

We omit the proof, which is similar to that of [17, Theorem 7.9]. Apply now
the representation (3.1) to A®. In this case, B = log A and in view of theorems 3.1
and 3.3 we have the following.

Corollary 3.4

The imaginary powers A exist as a Cy-group if and only if

J

in which case

c
<02 + (log A + 5)?

x,y>‘ ds < Collel Iyl (Ve >0, 2,y € X)

clt]
it _ € ist ¢
A" = - /Re 27 (og A1 5)? ds, (Ve>0) (3.10)

4. Main Results

Setting A = e" in the representation (2.1) we get

it — sinh 7t

/ et Aet(A+e*) %du (tER).
Tt R
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Under the condition

A u
<(A +€eu)2 x,y>’ du < L[| [y (Vz,y € X; L a constant) (4.1)

the purely imaginary powers extend to a Cy-group (e.g. [1]) with

sinh 7t

|A%|| < L < Lemltl (4.2)

Therefore, (4.1) appears in a natural manner. The estimate (4.2) however, is very
rough. Since A is of type 6, the growth order of A% is at most § (Corollary 2.5). We
shall obtain now a better estimate of ||A"|| in terms of the original constants.

Theorem 4.1
Condition (4.1) implies that A (t € R) constitutes a Cy-group of operators with

|A"| < K(0,) et (Ve, 0 < e <7 —0) (4.3)

where K (0,¢) = &= {1 4+ 22 — 0 — &) My . }* L2 < (14+ 42 M, 4 .)* L? and
My_g_c is the constant appearmg in (1.1).

Proof. Takee : 0 < e < m—0 and set ¢ = 0+, = 0+ ¢/2, p = /2, so that
c =1+ pu. For every x € X we have

2m +is+ilog A

. . -1 J—
(e +is +ilog A) af| = c+is+ilogA

(2m +is + ilogA)_le

2r — ¢

<1+ —-
_H +c+is+ilogA

’ | (27 + is —i—z'logA)_la:H

and since Hﬂ‘z}gg/" = H%H <
0 (2.3), we get

%(277 -0 — 6) M, _g_. according

|(c+is+ilog A~ z|| < C(6,¢)||(2m +is +ilog A)~' z|

where C'(0,e) =1+ 22 — 0 — &) Mr_g_ .
The same holds with (log A)* in the place of log A, since

( c— fsﬂ-—_z Tog A )

2r —c

H 2m —c¢
c+is+i(log A)*

< .
c—is—ilog A ) < C0,¢)
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In view of (3.10), with the above choice of ¢ and Vz, y € X,

_ clt| 1
ce
At < < ; > d
‘< m,y>‘_ s /IR cQ—i-(logA—i-s)Qxy ‘ s
clt] 1 1
ce
= d
T /]R <c+z‘s+ilogA$’ c+is+i(log A)* y>‘ ’
| el b
z
7w Jrllc+is+ilogA c+is—+i(log A)* Y
cec|t|/ 1 1
| o H o] e
T rllc+is+ilog A c+is+i(log A)*
cecltl 1 2 L /
<o | ™ { ] K
<6, ) {/ 21 +is+ilog A i 27 +is + i(log A)* U
L celtl
< C*(0,¢) L= || |yl

For the last inequality we use (3.7) with ¢ = 27, a = 7, B =

log A, (log A*) and

also (4.2). This brings to (4.3). The proof is completed. O

In a sense, the converse is also true.

Proposition 4.2

Suppose that the imaginary powers of A constitute a Cy-group with growth
| A% < M el for some a < 7. Then (4.1) holds with L = 2rM?/(m — a).

Proof. For every x € X we have ([3, Corollary 3.5])

Al/207/2
A+ter

By Plancherel’s theorem

[

Al/27/2
A+er

s [ 50

$:A1/26T/2(A+6r)_1$:/

AlTS

cosh(ms)

‘ ds < 27rM2Hx||2/

oo
< 27rM2H1:||2/ e~ (mma)s g =
0

Airs$
r 2cosh(7s)

e—’L’l"S ds

6&8

2 cosh(ms) i

2mM?||x||?
T—a
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The same is true if we replace A by A*. For every z,y € X

< Ae . > o — <A1/2€r/2 (A*)1/2er/2 > 0
r|\N(A+er)? Y N A+er 77 A*+er
B / HA1/2€r/2 H H (A*) 1/2,r/2 Hd
A+em A* +e” g

/HA1/2 er/? 2 /H (A*)1/2¢r/2 sz V2 amar ol ol
T x
A+er A yer Y T om— Y

This way, (4.1) is a necessary and sufficient condition for the existence of boundary

imaginary powers. [J

5. Appendix

Proof of Lemma 2.4. The following representation is convergent in the uniform
topology [13, Satz 7, p. 170]:

dt

(log A —2)~! = /O A7 o () >
We replace here z by —¢A and set ¢t = e to get
1 too eu du
A et I e e NCVEE S

Now take ¢ : |¢| < m — 6. The operator Ae’® is of type 6 + |¢| and we have
log(Ae'?) =log A +i¢ ([13]). Substituting Ae’® for A we get

1 B e* du
ilogA—¢— X\ JpAe +ev 12 — (X —iu)?’

|Re(N\)| > .
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Setting A = a + i3 we have the estimate

e 1 1
, d H<M /‘ d
H/RAeW—i—e“ w2 — (N —iu)? U= e rIT2 — (a+1if —iu)? "

_M¢/‘7T2 (a—1i ‘dS (s=u—p), and since
ol et
72— (a —is)2| ’w—(a—is)‘ }w+(a—is)’
_ 1
e T R W Y e
1

:m (here use |a 7| > |a| —7), we finally get
s*+ (o —m

1 M,
ol e e
ilogA—¢— A R52—|—(|a|—7r) laf =

1 M¢7T
< A .
ilogA—qﬁ—)\H_\ReM—w’ (152e Al > )
Since this is true for + ¢, it can be rewritten as
1 ﬂ'Mﬂ-_w
R 0
HQ/):I:ilogA—l—,uH_ Re(p) ’ (Re(z) > 0)

Vi :0 < <7 with +¢p =7 — ¢, p = £(\ — ), which shows that the operators
1 £+ ilog A are of type m/2 and also implies (2.3). O

Proof of Proposition 2.2. We start with the representation (5.1) above. In view of
the formula [9; 4.9. (1)]

1 -1 [ 4
-z = — inh(rt)e Me™dt, A 2
oy prars v R sinh(mt)e e , >, (5.2)
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we can write for every A >

i e  sinh(7t)  _y; s
— = — hdt v d
A —ilog A /R/H-e“ {/0 € "

:1/ e i /mwe—kt(ziutdt du
1 RA+€u du 0 Tt

or, after integration by parts, in weak sense,

1 B Ae" *sinh(mt) ;e
)\—ilogA_/R(A+e“)2 {/0 - C du

(note that the intermediate term is zero by the Riemann-Lebesgue lemma, since

e“(A + e*)~! is bounded). Changing the order of integration, we get for every
r € D(A)ND(A™Y)

- * inh (7t - Ae®
()\—ilogA) 1x:/ e_)‘t{M / e“‘t%m du} dt
0 mt R (A+ev)
:/ e M AT gt (5.3)
0

Suppose now that ilog A generates a Cy-group of operators, say T'(t), of exponential

type w. Then we have the standard Laplace representation
(A—ilogA)lx:/ e MT(t)zdt (VA>w, Vo e X).
0

Comparing this to (5.3) we find that T'(t)z = A%x for all t > 0 and all x € D(A) N
D(A71). In a similar manner the equality is proved for all t < 0. We see that T'(t)
extends A% from D(A)N A(A™!) to X. O

Acknowledgment. We want to thank the referee for several competent and helpful

remarks.
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