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ABSTRACT
In this paper we relate the Bade property with some new geometric properties,
similar to the A—property (but certainly different), on C'(K, X ) spaces. We
also study the Bade property and the A—property in the C'(K, X)* spaces.

1. Introduction

Given a normed space X, Bx denotes its closed unit ball, Sy the unit sphere of
X, and ExtBx the set of extreme points of Bx. The space X is said to have the
Bade—property (B.P.) if Co(ExtBx) = Bx. The following concepts were introduced
by R.M. Aron and R.H. Lohman [2]: if z € Bx, atriple (e, y, A) is said to be amenable
tozife € ExtBx,y € Bx,0< A< 1andz = Ae+ (1—\)y. In this case, we define
Az) =sup{A: (e,y, ) is amenable to x}. X is said to have the A—property if each
x € Bx admits an amenable triple. If, in addition, A(X) = inf {\(z) : = € Bx} > 0,
then X is said to have the uniform \—property.

Let K be a compact Hausdorff space and let X be a normed space. By C'(K, X)
we denote the Banach space of all continuous X—valued functions f on K, endowed
with the uniform norm. The space C(K,R) will be denoted by C(K). Bade’s theo-
rem ([4]) states that C'(K) has the Bade property if and only if K is 0—dimensional.
In [2], it is shown that if X has the A—property then X has the Bade property, but
it’s also shown that the converse assertion is false by means of C'(K,C) where K is
the unit ball of C. In [5], it’s shown that if K is a compact Hausdorff space, then
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C(K) has the Aproperty if and only if K is O—dimensional and, in this particular
case, C(K) has the uniform A-property and A (C(K)) = 2. The A-property on the
sum of normed spaces is studied in [8] and [9]. In [3], it is shown that X has the
A—property if and only if Bx is the sequentially—convex hull of its extreme points;
that is to say, for every x € By, there exist sequences (a,), of positive reals and
(en)n C ExtBx with z = 37, ae; and ) . o = 1. As a consequence, if K is a
compact Hausdorfl space, then B¢k is the sequentially—convex hull of its extreme
points if and only if K is 0-dimensional. This result also appears in [12].

Given a normed space X, the space of convergent sequences in X, endowed with
the supreme norm, will be denoted by ¢(X).

2. The \—property in C(K, X) spaces

It is well known that if K is a compact Hausdorff space and X is a Banach space,
then for every closed subset M of K and every continuous function g : M — X
there exists a continuous function f : K — X such that f|y = ¢ ([10]). From this
result, we obtain:

Lemma 2.1

Let K be a 0-dimensional compact Hausdorff space and let X be a Banach
space. For every closed subset M of K and every continuous function g : M — Sx
there exists a continuous function f : K — S such that f|y = g.

Proof. By the previous remark, there exists a continuous function h : K — X such
that h|ps = g. Let A be a clopen set in K such that {t € K : h(t) =0} C A and
M C A°. Let y € X be such that ||y|| > ||h]|. The function f: K — X defined by
f(t) = pPauat, verifies that f(K) C Sx and fly = g. O
Remark 2.2. A similar result, when K is a compact metric space and X an infini-
te—dimensional normed space, appears in [7].

The following results, when K is a compact metric space instead of a
0-dimensional compact space, are essentially, proved in [2], and can be proved by
using similar techniques.

Proposition 2.3

Let K be a compact Hausdorff space and let X be a strictly convex Banach
space.
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1. If f € Bek,x) has an amenable triple, then A(f) < H%, where my =
inf{[I£(1)] : t € K},

2. If f € Be(k,x) and my > 0, then f has an amenable triple, A\(f) =
A(f) is attained.

3. If K is O—dimensional, then C (K, X) has the uniform A—property and A(f) <

1+2mf, for every f € Be(k,x)-

1+mf

5 and

Remark 2.4. From proposition 2.3.3 we deduce that ¢(X) has the uniform A—pro-
perty when X is a strictly convex Banach space, since ¢(X) is isometric to C'(yw, X),
where yw is the Alexandroff compactification of the discrete space w. In [1], it is
proved that ¢(X) has the Bade property if and only if X has it. We shall see, in 3.8,
that this result does not hold for the A—property.

Remark 2.5. Let K be a compact Hausdorff space and let X be a normed space.
Let S be the subspace of C(K, X) of the finite-valued functions. A function f € S
can be written as f = > | x;xa, where {z1,...,2z,} C X and {A4;,...,4,} is a
family of disjoint clopen sets in K whose union is K. It is well known that when
X =R, K is 0-dimensional if and only if S is dense in C'(K,R). From this result it
follows that, for an arbitrary normed space X, K is 0-dimensional if and only if .S
is dense in C(K, X). In this case we also have that SN Sk, x) is dense in S¢(x, x).

3. Definition and study of a new geometric property

Let X be a normed linear space such that ExtByx # (). We denote by T'x, or when
no doubt exists by 7', the subset of Bx of the points that have an amenable triple.
For every a € (0,1], we denote by T, the set of points x € T such that A(z) > a.
Since Bx \ Sx C T, T is dense in By.

DEerFINITION 3.1. Let X be a normed space. We shall say that:
1. X has the dense A—property (DAP) if TN Sx is dense in Sx.
2. X has the uniform dense A—property (UDAP) if, for some « € (0,1}, T, N Sx is
dense in Sx.
3. X has the weak uniform dense \—property (WUDMP) if for some o > 0
T, is dense in Bx. In this case we shall denote AW = sup{a > 0 :
T, is dense in Bx}.

It is straightforward to prove that if X has the UDAP, then X has the WUDMP.
We don’t know if the WUDAP implies the UDAP.

Proposition 3.2
If X is a normed space with the WUDAP then X has the Bade property.
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Proof. Let f : X — R a continuous linear form and let ¢ > 0. We know that,
for some 8 > 0, Tz is dense in Bx and hence there exist a z € Tz such that
SUp,epy f(2) — Be < f(z) where z = Be+ (1 — )y, e € ExtBx and y € Bx. Hence
sup,c, f(x) = Be < f(2) < Bf(e) + (1 — B)sup,ep, f(x) and sup,cp, f(x) —€ <
f(e). This result clearly implies that sup,cp, f(2) = sup,cp.p, f(z). O

The Bade property is not equivalent to the WUDAP (see 3.7) the following
result does display the difference.

Proposition 3.3

The following properties on a normed space X are equivalent:

(i) X has the WUDAP.

(ii) There exists o > 0 such that for every x € Bx and € > 0 there exists an element
S, ae; € Co(ExtBy) such that || Y. | a;e; — x| < € and a; > « for some
i€{l,2,...,n}.

Proof. Suppose i), let @ > 0 be such that T, is dense in Bx = Co (ExtBx). For
every x € Bx and € > 0 there exists a y € T,, such that ||z —y[| < §. We can write
y = ae+ (1 — a)z for some e € ExtBx and z € By.

Choose };", bie; € Co (ExtBx) such that [z — 3710, bies|| < 5555 If we take
a1 = a, e = e and a; = (1 — a)b;, for ¢ > 1, then >, a;e; € Co(ExtBx) and
o= S0, ased]l < e

Conversely, suppose ii). For a given z € Bx and € > 0, choose > ., a;e; €
Co (ExtBx) such that a; > avand ||lz—>_""_; a;e;|| < €, then (eq, 2z, @) is an amenable
triple for 37" | a;e; where z = 2= (a1 — a)er + = (i aie;). O

Proposition 3.4

Let K be a compact Hausdorff space and let X be a normed space.

(a) If X has the A—property, then there exists an amenable triple for every finite—
valued function f € Be(k x). If \(X) > 3 then A(f) > (.

(b) If K is O—dimensional and X has the A—property (resp. the uniform A—property),
then C(K, X) has the DAP (resp. the UDAP).

Proof. a) Let f = Y ", wx;xa, where A;,..., A, are disjoint clopen sets with
AiU...UA, = K and {xl,...,xn} C Bx. Let 0 < A < minlgign)\(a:i). For
every ¢ € {1,...,n} there exists an amenable triple (e;,y;, \) for z;. Hence (e, g, \)
is an amenable triple for f, where e = Y"1 ; e;xa, and g = Y ;| yixa,. The proof
of b) is obvious. (J
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Remark 3.5. If X has the DAP (resp. the UDAP), it is straightforward to prove
that C'(K, X) has the DAP (resp. UDAP), for any 0—dimensional compact Hausdorff
space K.

EXAMPLES 3.6: There exists a normed space X with the DAP which lacks the

A—property:

Let X7 (resp. X2) be a normed space without (resp. with) the A—property. Let

X = Xi x X2 endowed with the norm |[(z1,z2)| = ||1]| + [|z2||. It is clear that

ExtBx = {(e1,0) : e1 € ExtBx, } U{(0,e2) : e2 € ExtBx,}. Since X; does not

have the A—property, X does not have it either. Nevertheless, we are going to prove

that X has the DAP. Let z = (z1,22) € Sx and € > 0.

(a) If |z1]| = 1, then @5 = 0. Let ez € ExtBx, and let y = ((1 — &)z, S22). We
have that ||z —y|| = % <, ly]| =1 and y = §(0,e2) + (1 — §)(21,0).

(b) If ||z1]] < 1 then zp # 0 and if zo € ExtBx, then z € ExtBx. When
ro ¢ ExtBx, it is straightforward to prove that there exists an amenable
triple (e2,y2,A) for xy such that ||z2|| = A+ (1 — A)||y2||. Hence (x1,x2) =
A(0,e2) + (1 — A) (12521, y2) and & has an amenable triple.

Let us observe that, in this case, if Bx, does not have extreme points then X
does not have the Bade property since Co (ExtByx) C {0} x X3. Hence the DAP
does not imply the Bade property.

ExamMpLES 3.7: It is well know that ¢; has the A—property (hence, the Bade
property) but lacks the uniform A-property (Cf. [2]). We now prove that ¢; lacks
the WUDAP.

If there exists an «a € (0, 1) such that T, is dense in By,, then we can choose
n € N such that 22;1 < a. Let X = (z;);en be the sequence defined by

1
— if i<n

Ty = n
0 if i>n.

Let z € T, be such that ||z — 2|| < % and let (e,y,a) be an amenable triple

n2

for z. Since e = (¢;)ien € ExtBy,, there exists p € N such that

o if i=p
€, =
0 if ¢#np.
where 6 is either +1 or —1.

Since ||z — z| < &, D idtp |1 —(1-a)yi| < 5 and hence y; > #ﬂa), for
every ¢ # p. This contradiction proves our assertion.
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ExAMPLES 3.8: There exists a normed space with the WUDAP which lacks the
A—property.

The normed space that we use is considered in [2]. Let C'! denote the convex hull
of the union of the sets {(x,4,0) : |z|,|y| <1} and {(,0,2) : 22+ 22 =1, z > 0}
in R3. Let C = (0,0,1) + C* and let || - || denote the norm on R? whose unit ball
is B=Co(CU-C). Let X = (R3,| - ||). The space X has the uniform A\—property
since X is finite dimensional. Nevertheless, Navarro [11] proved that ¢(X) does not
have the A-property (the sequence (z,)nen, where zg, = (cos = .0,1+ sin %) and

2n?
Ton—1 = (1, %, 1), does not have an amenable triple). As a consequence of 3.4 we

can say that ¢(X) has the UDAP and hence, the WUDAP.

4. The Bade and the \—property in C(K, X)* spaces

In [5], it is shown that the following properties on a compact Hausdorff space are
equivalent:

a) K is dispersed; b) C'(K)* has the A-property; ¢) C(K)* has the Bade pro-
perty.

Now we investigate the Banach spaces X such that a similar result holds by
considering the spaces C'(K, X) instead of the spaces C(K).

Let T be a set and let X be a normed space. We consider the space ¢1(T, X) =
{(@)eer + Doier |zl < oo} endowed with the norm |[(z¢)ier|| = > ,cp |zl If
T = N we write ¢1(X) instead of ¢; (N, X).

The following result, in the case T'= N, appears in [2] and [8]. It can be proved
by the same techniques.

Lemma 4.1

(a) (xt)ter € ExtBy (7 x) if and only if there exists a tg € T such that x;, €
ExtBx and xy = 0 for t € T'\ to; (b) ¢+(T, X) has the A—property if and only if X
has it; (¢) If T' is an infinite set (1 (7T, X ) does not have the uniform A\—property.

Theorem 4.2

The space ¢1(T, X) has the Bade property if and only if X has the Bade pro-
perty.
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Proof. X has the Bade property if and only if for every continuous linear form
h:X —>R

sup h(x) = sup h(z).
x€Bx TE€ExtBx
Suppose X has the Bade property. For every f € ¢1(T,X)* let fi, : X — R
denote the continuous linear form defined by f;, (z) = f(z'), where 2% € ¢1(T, X)
is given by }° = 0if t # to and 2}° = z if t = to. We have f ((z)er) = > ser fr(z1)
for every (z¢)ier € (1(t, X). Let M = sup {f ((xe)ter) : (@t)ter € Bgl(T7x)} and,
for every t € T, let M; = sup{fi(x): = € Bx}. Clearly M =sup{M;: t € T}. For
a given € > 0, there exists a p € T' such that M, +$ > M and, since X has the Bade
property, there exists an e € By such that f,(e) 4+ § > M,. We have f(e?)+e > M
and e? € ExtBy, (r x). This proves that ¢, (7, X) has the Bade property.
Suppose /1 (T, X ) has the Bade property. Let g : X — R be a continuous linear
form. We choose tg € T and we define f: £1(T, X) — R by f ((z¢)ier) = g(xt,)-
It can be proved that

sup {g(x) : « € Bx} =sup{f ((x:)ier) : (z:)ier € ExtBy,(1,x)}

and sup{g(z) : @ € ExtBx} = sup{f ((x1)ter): (z1)ter € ExtBy (1,x)}. Since
01(T, X) has the Bade property we deduce that

sup{g(z): v € Bx} =sup{g(z): x € ExtBx} O

Remark 4.3. If X is a Banach space and K a compact Hausdorff space, it is well
known ([6]) that C(K, X)* ~ rcabv (X, X*) where ¥ is the o—field of Borel subsets of
K and rcabv (X, X*) is the Banach space of all regular countably additive measures
F on X with values in X™* and of finite variation on K, endowed with the total
variation norm (|| F'[| = [F'[(K)). It can be proved that ExtB,cabv(s,x) = {26 : = €
ExtBx,t € K}, where x6; denote the measure z6; : S — X defined for A € ¥ by
x6(A) =z ift € Aand z6:(A) =0if t € A.

Theorem 4.4

Let X be a Banach space and K a compact Hausdorff space. The following
properties are equivalent: a) C(K)* and X* have the Bade property; b) C(K, X)*
has the Bade property.
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Proof. That a) implies b) is a consequence of the fact that if K is dispersed then
rcabv (X, X*)" ~ ¢1(K,X*). In order to prove that b) implies a) we note that if
K is not dispersed then there exist an atomless measure p : ¥ — [0, 1] such that
u(K) = 1. We choose an z* € Sx« and let F' : ¥ — X* be the measure defined
for A € ¥ by F(A) = p(A)z*. We have that |F| = p. If € € (0, 3), there ex-
ists Y71 iz} 6y, € Co (ExtBreaby(s,x+)) such that |F — 37" | a;a}é;,| < e. Hence
(K \{t1,...,tn}) < €, which implies that pu(K) < e. This contradiction proves
that K must be dispersed. Let * € Bx~ and € > 0. Let ty € K be arbitrary. Since
C(K, X*) has the Bade property there exists Y ., a;z;6;, € Co (EXtBrcabv(z,X*))
such that ||z*6;, — Y i ; cixféy, || < e. Therefore ||z*6y, (K) — > iy iz}, (K)|| =
lo* =305 quxil| < e O

Corollary 4.5

Let K be a compact Hausdorff space and X a Banach space such that X* has
the A—property. Then the following properties are equivalent: a) K is dispersed; b)
C(K, X)* has the Bade property; c¢) C(K, X)* has the A—property.

Remark 4.6. 1If K is an infinite set C(K, X)* does not have the uniform A—property.

Corollary 4.7

Let K be a compact Hausdorff space and X an arbitrary Banach space. The
following properties are equivalent: a) C' (K, X)* has the A—property; b) C(K)* and
X* have the A\—property.

Remark 4.8. By means of the former results we can conclude that the Banach
space X = C(yw,Y), where Y is the space of the example 3.8. is such that X has
the Bade property, X* has the A—property but X fails to have the A—property. In
the bibliography we have not found any Banach space with these characteristics
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