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ABSTRACT
The Hilbert space structure of totally even functions (mod ) which depend
on extended Ramanujan sums is described. The function £; defined as the
quotient of Jordan’s Jj-function and Euler’s ¢-function is introduced as a new
generalization of the Dedekind 1)-function. Using the basic methods of totally
even functions (mod r), we point out that £ has also a purpose to serve in
obtaining the k-dimensional analogue of an identity due to P. Kesava Menon.

1. Introduction

Let 7 be an arbitrary but fixed positive integer, and let Z/rZ denote the cyclic
group of integers (mod r) under addition modulo r. The Euler totient function
¢(r) is defined as the number of integers a (mod r) such that (a,r) = 1. For
k > 1, Z¥/rZF is the group of k-vectors {a;} (mod 7) under pointwise addition
modulo 7. Jordan’s totient Ji(r) is the number of k-vectors {a;} (mod r) such that
((a;),r) = 1, where (a;) is the g.c.d. of ay,as, ..., ar. Jordan’s totient Jj is clearly a
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246 HAUKKANEN AND SIVARAMAKRISHNAN

generalization of Euler’s totient ¢. For properties of Jj, see Eckford Cohen [1, 2, 4],
or Sivaramakrishnan [15].
It is easy to see that

7k 12k =7)r7 ® Z)rT @ - @ Z)rT = (Z/rZ)k

and Z* /rZ* is thus a direct sum of k (> 1) cyclic groups each of order 7. For this
reason, ZF /rZF is a homogeneous finite abelian group of order r*. Jordan’s totient
Ji has a bearing on this aspect of Z*/rZ*, see Eckford Cohen [3].

Ramanujan’s sum C(n,r) is defined by

(1.1) C(n,r) = Z exp(2mina/r),
a (mod 1)
(a,r)=1

where n € Z. The arithmetical representation of C'(n,r) is given [2] by

(12) Cln,r)= Y dplr/d),

d| (n,r)

where p is the Mdbius function.

We could naturally anticipate the k-dimensional analogue of Ramanujan’s sum
C(n,r). This was achieved by Eckford Cohen [2] in the following manner. The
extended Ramanujan sum C'*)(n, ) is defined by

(1.3) C®(n,r) = g exp(2min(ay + -+ -+ ag) /7).
{a;} (mod r)
((aq),m)=1

The evaluation of C*)(n,r) in terms of Ji(r) is

(1.4) C® (g, py = e0m) T

Je(m) 7 (n,r)’

Details are given in [2]. In [5] Eckford Cohen also considers the sum

(1.5) Cny,...omisr) = > exp(2mi(niay + -+ + ngax) /7).
{a;} (mod )
((ag),m)=1

If n = (ny,...,nk), it is shown [5] that

(1.6) C(ny,...,npr) =CH®(n,r).
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In applications we need the following evaluation [2]:

(1.7) CH(n,ry= > d*u(r/d).

d| (n,r)

The main features of this paper are as detailed below:

(i) An arithmetical function f is said to be an even function of n (mod ) if
f(n,r) = f((n,r),r) for all n [2]. Totally even functions (mod r) is a k-vector gener-
alization of even functions (mod r) [5]. We here describe the Hilbert space structure
of the class of totally even functions (mod r) in terms of extended Ramanujan sums.
See Section 2. This is a generalization of a previous result for even functions (mod r)
published in [8].

(ii) The Dedekind v-function is given by

(1.8) o) =r[J0+p"),
plr

and is known to be a totient [11]. Further,

Ja(r)
1.9 Y(r) = —=,
(19) ") =305
where J, is the Jordan totient and ¢ is the Euler totient. In Section 3, we introduce
the function ¢ given by

(1.10) en(r) =

It appears that 5 gives the most-suited generalization of 1.
(iii) Finally, e; has also a purpose to serve in obtaining a k-vector extension of
the following identity due to P. Kesava Menon [9]

(1.11) > (a=1,1)=o(r)7(r),

a (mod r)
(a,r)=1

where 7(r) denotes the number of divisors of r. This is shown in Theorem 9. See
Section 4. The method adopted is on the lines of the generalization of (1.11) given
by Nageswara Rao in [13]. This needs the notion of totally even functions (mod r)
considered in Section 2.
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2. The Hilbert space of totally even functions (mod )

We recall that a complex-valued function f of the integral variable n, written f(n,r),
is called [2] an even function of n (mod r) if f(n,r) = f((n,r),r). Ramanujan’s sum
C(n,r) is an example of an even function (mod r). It is known that the set B,.(C)
of even functions (mod r) forms a finite-dimensional normed linear space with

(2.1) {(re(d))"1/2C(n,d) = d | 7}

forming an orthonormal basis. See [8].
If f € B, (C), f can be uniquely expressed as

(2.2) fln,r) =" a(d,r)C(n,d),

d|r

where

(2.3) a(d,r)=r=") " f(r/8,1)C(r/d,s).
Slr

For d | r, a(d,r) are referred to as the Fourier coefficients of f. For f,g € B,.(C),
their Cauchy product is defined by

(2'4> (f © g)(nv r) - Z f(CL,T’) g(bv 7’),

a+b=n (mod 7)

where the summation is over residues a,b (mod r) such that a +b = n (mod 7).
Cauchy multiplication is both commutative and associative, and this gives B,.(C)
the structure of a finite-dimensional algebra. We do not go into the details.

If g(n,r) is given by

(2.5) g(n,r) =>_p(d,r)C(n,d),

d|r

it is known [11, 14] that

(2.6) (fog)(n,r) =rY_a(d,r)B(d,r)C(n,d).
d

The generalization of B,.(C) to the space of k-vectors (mod r) has been achieved by
Eckford Cohen in [5], and in the generalized set-up we confine ourselves to the space
of totally even functions (mod r) about which we make a study now.
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DEFINITION. A complex-valued function f(nq,...,ng;r) is said to be totally even
(mod r) if there exists an even function F'(n,r) (mod r) such that
(2.7) fna,...,ng;r) = F((na,...,ng), 7).

DEFINITION. In Z*/rZF*, two k-vectors {a;} and {b;} are called “associates” (or
{a;} is an associate of {b;}), written {a;} ~ {b;}, if and only if

(2.8) ((a1s- -y an),r) = (b1, by), 7).

It is clear that “associate of” is an equivalence relation on Z* /rZ* and it par-
titions Z* /rZ* into mutually disjoint classes [1],...,[t],...,[r], where a class [t] is
uniquely determined by the divisor ¢ of r. Obviously there are 7(r), the number of
divisors of r, associate classes.

It is easy to see that a totally even function (mod r) is completely determined
if for each associate class [t], where ¢ | r, the function value is known in one k-vector

of [t].

DEFINITION. If f and g are totally even functions (mod ) in the variables ny, ..., ng,
then their Cauchy product, written f o g, is defined by
(29) (fog)(nl,...,nk;r): Z f(a’lw"?ak;’r) g(bl"'wbk;r)a
a;+b;=n; (mod r)
(i=1,...,k)

where a;,b; range over residues (mod r) such that a; + b; = n; (mod r) for i =
1,2,... .,k

We write T} -(C) to denote the set of totally even functions (mod r) in the

variables ni,ng,...,ng. It is known [5] that f € T} (C) has the representation
(2.10) f(ni,...,ng;r) = Za(d, r)C(ni,...,ng;d),
d|r
where
(2.11) a(d,r) =r=F> F(r/6,r)CP(r/d,s)
Slr

with F'(n,r) being the even function (mod r) associated with f € T} ,.(C), or

(2.12) ald,r)=r ] > flar,... ki d)Clar,. .. ax;d).
{a;} (mod 7)

In (2.11) or (2.12), a(d,r), for d | r, are called the Fourier coefficients of f.
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If f,g € Ti»(C) have Fourier coefficients a(d,r) and (3(d,r), respectively, then
their Cauchy product (2.9) has the representation

(2.13) (fog)(ny,...,ng;r) = rk Za(d, r)B(d,r)C(ny,...,ng;d).
d|r

It is easy to verify that T} ,(C) has the structure of a finite-dimensional algebra
using Cauchy multiplication. Just as B,.(C) is a normed linear space, we can make
Ty »(C) a normed linear space. This is shown by obtaining an inner product for
pairs of elements in T}, ,(C).

Theorem 1

For f,g € T} ,(C), let F' and G be the respective associated even functions
(mod 7). Further, let f (resp. F) denote the complex conjugate of f (resp. F).
Then

(2.14) = Ji(r/d) F(d,r) G(d,r)

d|r

defines an inner product in T}, -(C), and

(2.15) = rkz (d,7)B3(d,r)Jp(d),

where o« and 3 are respectively the Fourier coefficients of f and g.

Proof. 1t is easy to check that for fi, fa,9 € T} ,(C) and z € C
(1) (f1 + f2,9) = (f1,9) + (f2, 9)s
(ii) (2 f1,9) = 2 {(f1,9),
(i) (g, f1) = (f1,9),
(iV) <f1,f1> > 0if f1 ;é 0.
Now, by (2.11), the right side of (2.15) is equal to

et Z{ > F(r/er,r)CH (r/d,ex) Y G(r/ez,r)C®(r/d, @)}Jk(d)

dlr “ei|r ex|r

or

(216)  rFY " > F(r/en,r)G(r/ea,r) > CP(r/d,er)CM (r/d, e2) Ji(d).

er|r ex|r dlr



On certain trigonometric sums in several variables 251

Since
C®)(r/d, ex)Ji(d) = Ji(e1)CM (r/e1, d),

the inner sum in (2.16) can be written as

Tr(e1) Y CH(r/er,d)C¥(r/d, ey).
d|r

Further, by the orthogonal property [11] of C*)(n, ),

Tk if €1 = €9,

S C® (rfer, d)CP (r/d, e2) = {
d|r 0 ife; # eo.

Thus, (2.16), or the right side of (2.15), is equal to

> F(r/er,r)G(r/er,r)Ji(er).

er|r

Therefore (2.15) is a consequence of (2.14).  This completes the proof of
Theorem 1. U

Remark. By (2.13) and (2.15), for f,g € T (C),

(2.17) (f,9) = (feog)(0,...,0;7)
as C(0,...,0;d) = Ji(d).

Theorem 2

Ty »(C) forms a Hilbert space under the inner product defined in (2.14).

Proof. As in the case of the Hilbert space of even functions (mod r) [8], we make
use of a measure-theoretic approach to get at the structure of Ty ,.(C).

Let X denote the set of associate classes [t] considered in (2.8). If B denotes
the power set of X, then (X, B) is a measurable space. We define a measure m on
B by writing

m([t]) = Jx(r/t) for all ¢ | r.

This yields a measure space (X, B,m). For a complex-valued function f on X, the
integral of f over X is given by

/X fdm =3 £ Julr /).

tir
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The vector space L?(X, B, m) of all measurable functions f : X — C such that |f \2
is integrable over X forms a Hilbert space under the inner product

(f,g>—/Xf§ dm.

It is clear that L?(X, B,m) consists of all complex-valued functions on X. Since
every totally even function f (mod r) is completely determined by its values on
X, the vector-spaces L?*(X,B,m) and Ty ,(C) are identical. We thus arrive at
Theorem 2. [J

Analogous to the case B,.(C) of even functions (mod r) [8], an orthonormal
basis for T} ,(C) could be given in terms of C'(nq,...,ng;r).

Theorem 3
The set

(2.18) {Cny,...,ne; d)(r* T (d)) ™2 2 d | 7}

forms an orthonormal basis of the vector space Ty ,(C) under the inner product
(2.14).

Proof. It is easy to see that the dimension of the vector space of complex-valued
functions on X is 7(r), the number of divisors of r. That is, the dimension of T ,.(C)
is 7(r). Further, it can be proved that the set (2.18) is orthonormal (cf. [8]). We
thus obtain Theorem 3. U

Remark. The finite Fourier series representation of f € Ty (C) with respect to the
orthonormal basis (2.18) leads to (2.10) and the application of the inner product
expressions (2.14) and (2.15) gives the Fourier coefficient expressions (2.11) and
(2.12), respectively.

3. An analogue of the Dedekind -function

In (1.10), we gave the expression for ¢; which reduces to the Dedekind -function
when k£ = 2. We note that ¢ is the quotient of two totients for £ > 2 and is itself a
totient only for k = 2.

It is known [3] that Jordan’s totient Ji(r) gives the number of elements of
order r in a homogeneous finite abelian group G&k) = Cﬁl) D 0722) DD Cﬁk),
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where Cﬁi) is a cyclic group of order r (i = 1,2,...,k), see [12] also. In fact,
G is isomorphic to (Z/rZ)*, and {a;} € (Z/rZ)¥ is of order r if and only if the
l.cm.[o(a1),0(az),...,o(ax)] = r, where o(a;), i = 1,2,...,k, is the order of a; in

Z]rZ. Since o(a;) = r/(r, a;), we see that
[0(@1),0(@2), .. ,o(ak)] =r < ((a;),r) =1.
This proves the group-theoretic interpretation of Ji(r). Analogously, we have

Theorem 4

e (r) counts the number of cyclic subgroups of order r in G,

In [2], Eckford Cohen has proved among other things the following identity (see
(41) of Section 5)

Jre((n,r) _ Jipa(r) p(d)

(n,r)k— pktl leJkH(d)

(3.1) C(n,d),

where p is the Mobius function. Taking n = 0in (3.1) and noting that C(0,7) = ¢(r),
we obtain

epy1(r) “ ehpa B

(3.2) rex(r) 3 “(d>d) (k>1).
al

Next, for & > 2, let Dy, denote the set of positive integers which are k-free in the
sense that the highest power of a prime occurring as a factor of an integer ¢ (> 1)
in Dy is < (k —1). Let Ly denote the set of positive integers which are k-full, that
is, every integer s € Ly has the property that all its prime factors occur to a power
> k. By convention, we take Dy N Ly = {1}.

Theorem 5

€k has the arithmetical representation

(3.3) ee(r)= Y da(é) (k>2),

dé=rk—1

where qy, is the characteristic function of Dy,.
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Proof. We write Fj(r) = Z d qi (), the right side of (3.3). It is easy to see that

dé=rk—1
F}. is multiplicative, that is,

Fy(r)Fx(s) = Fi(rs) whenever (r,s)=1.

Therefore it suffices to verify the truth of (3.3) when r = p™, p a prime, m > 1. We
have

Fp(p™) = pmF Vg (1) + pmF D7 g (p) + -+ - + pmE D=l gy (pF 1,
since g (p™) = 0 for n > k. Then
Fe@™) =pm " VA 4+p +p 2+ 4 p * D) =g (p™).

This completes the proof of Theorem 5. [

Remark. The case k = 2 of (3.3) reads

(3.4) d(r) = dg(s),

dé=r

where o is the characteristic function of the set of positive square-free integers.
Equation (3.4) is due to Eckford Cohen [6].

The following theorem gives inequalities connected with Jj and .

Theorem 6

There exists a positive constant C such that, for k > 2,

(3.5) %k) < Jer) < (r> 1),
(3.6) ﬁ k=l < ep(r) < C~ Wk oglogr (1 > 3),

where ( is the Riemann (-function.
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Proof. Jordan’s totient .Jj has the arithmetical representation [1]

Ji(r) =r* [J(=p™) > * [ =p7") = =",

plr

as ((k) =], (1 - p~*)~L. This proves (3.5). It is known [10, Chapter 6] that there
exists a positive constant C' such that

Cr
loglogr

<o(r)y<r (r>3).
As e, = Ji /¢, (3.6) follows from (3.5). This completes the proof of Theorem 6. [J

Corollary

oo
The series Zﬁ diverges for k < 2, and converges for k > 3.

r=1

We now come to the expression for ((k) in terms of £i. In [6], Eckford Cohen
has shown that

(3.7) Z Qp(lr) =((2),

where the summation on the left is over the positive integers r whose prime factors

occur to a power > 2, that is, r is square-full. We give a generalization of (3.7) in

Theorem 7

For k > 2,

(3.8) Z: ; = ¢,

where r runs through k-full positive integers.
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Proof. If a; denotes the characteristic function of Ly, we have

i rk—2 B i ag(r) rk—2
r=1 8]{;(7‘) r=1 8k:(,r‘)
reLly

By (3.6) we note that for r > 3,k > 2

a(r)r* 2 _ ax(r) ¢(k)
er(r) r i

IN

As ag(r) =0 for r & Ly, Za’“T(r) is comparable with Z #, which is convergent

r=1 m=1

for k > 2. Thus the series on the left side of (3.8) converges for £ > 2. We shall
denote its sum by Si. As ¢, is multiplicative, we have

m pm(k—Z)

Sk = H Z ak(pek)(pm)

p m=0

which is the Euler product form for {(k). This proves Theorem 7. [J

DEFINITION. Liouville’s function X is defined by A(r) = (=1)%("), where Q(r) de-
notes the total number of prime factors of r, each being counted according to its
multiplicity. Further, (1) = 0.
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Theorem 8
For k > 2,

S _ Gk A+ 1)C(2F)
(3.9) Z:: C(2k + 1)¢ (k)

Proof. As X and ¢x,1 are multiplicative and as Z j converges for k > 2, we

7"

obtain the Euler product form of the left side of (3 9) as
- )‘(T) _ = m , —mk 1 _p_l
2o " H{l i Z_f—” P
— H{ _1 —k i m mk}
- T ?
H 1) pfk
ey
P

(2k+1)

—p” ““*” )L +p7F)

or

=0 A _pp (- ) - p )
2o - la=rmma =

The right side simplifies into the right side of (3.9), by virtue of the Euler product
form of the (-function. This proves Theorem 8. [

More identities of the type (3.9) could be derived. We mention without proof
the following identities valid for k& > 2.

(3.10) i_oj +1 =5 = Wtk + ) [J(1 = 274 4 5o
= u(r) (bt 1)

G 2 TS T
1 1 C(R)C(2R)C(3K)

(3.12) Z; S —Tzl AR

(3.13) i p3(r) :i;ﬂ(r) -
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4. An identity involving ¢y,
In (1.11), (a—1,7) for (a,r) = 1 occurs as the number of solutions of the congruence
(a—1)z =0 (mod r)

as pointed out in [9]. To seek a generalization in terms of k-vectors, we look at the
number of solutions of the congruence

(4.1) a121 + asxs + - -+ + agxrr = b (mod 7).
A necessary and sufficient condition for (4.1) to have a solution {x1,xs,...,zx} is
that (a1, az,...,ag,r) | b. If this condition is satisfied, the number of incongru-

ent (mod r) solutions is 771 (a1, as,...,ax,r), see P.J. McCarthy [11, Chapter 3].
Therefore the number of solutions of

(ar —1)xy + (a2 = )zg + - + (ax — 1)zx =0 (mod r)

is 7*=1(ay — 1,a2 — 1,...,ap — 1,7). This motivates the generalization of (1.11)
we are attempting. Our aim is to evaluate > (a; — 1,a2 — 1,...,a; — 1,r), where
the summation is over {a;} (mod r) with ((a;),r) = 1. The method is to make use
of totally even functions (mod r). We need two particular totally even functions
(mod ) (see (2.7)). They are

(4.2) nna,...,ng;r) = ((n1,...,ng),r)
and

1 if (nq,...,ng),r) =1,
(4.3) p(nl,...,nk;r)—{ ((m £h7)

0 otherwise.

The lemmas given below furnish the representation of n and p in terms of
C(nq,...,ng;r) on the basis of (2.10).

Lemma 1

n given by (4.2) has the representation
(4.4) n(nl,...,nk;r):Za(d,T)C(nl,...,nk;d),
d|r

where

a(d,r)=r=% > o(r/6)s".

6|lr/d
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Proof. Using (2.10), (2.11) and (1.7), we note that the Fourier coefficients of n are
given by

ald,r)y=r"F Z(T/é)c(k)(r/d, 8)

§lr
— S /8) S e
§lr t|r/d

t]s

=rFY "6 > tFur/(61)

§lr tlr/d
t|r/é

— ST S bur/ (1))

tir/d &|r/t

=rFk Z tho(r/t).

t|r/d
This proves Lemma 1. [

Lemma 2

p given by (4.3) has the representation

(4.5) p(ny,...,ngr) =1r"" Z C® (r/d,r)C(na, ... ,ng;d).
Slr

Proof. Using (2.10) and (2.11), we obtain the Fourier coefficients (3(d, r) of p as

Bd,r) =" p(r/8;r)CP (r/d, 5),

s|r
where p(r/é;7) =0 for § # r, and = 1 for § = r. Therefore
Bld,r) = r*kC(k)(r/d, r)
and this gives (4.5), proving Lemma 2. [J

Theorem 9
If Jy, is Jordan’s totient and ¢y, as defined in (1.10), then

1
(4.6) g (a1 —1l,a2 —1,... a0k — 1,7) = Ji(r) g .
{a;} (mod r) d Ek(d)

(ap).m=1 I
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Proof. Let {s;} be a k-vector with ((s;),r) = 1. In the notation of (2.9), taking
f =mnand g = p, one obtains

(4.7) Z (81 —a1,82 —ag, ..., 8 —ak,7) = (nop)(s1,..., k7).
{a;} (mod r)
((ag),m)=1

Denoting the left side of (4.7) by S, we have using (2.13) and Lemmas 1 and 2,

S=r*Y { > ¢<r/6>6’“} CW(r/d,r)Csr,..., 53 d).
d|

§lr/d

By virtue of the equations (1.4) and (1.6), since ((s;),r) =1, C(s1,...,8k;7) = u(r).
Therefore, from (1.4) again, we get

5=+ S ot ot/ nta)

dlr “6|r/d
=r R J(r) > ¢(r/8)6% > P (d)/ Tk (d).
6lr d|r/é

But
> i (d)/Te(d) = r* [Tk (r),
d|r

(see [13, Lemma 2]). Therefore

S =17 I(r) Y o(r/8)8" (r/6)* [ Ju(r/6)

§lr

= Jk(T)Z €k(71"/(5) as e = Ji/o.

Thus, when {s;} = {1,1,...,1}, we arrive at (4.6). This completes the proof of
Theorem 9. [

Remarks. (i) When k =1, ex(r) = 1 for all 7, and so (1.11) is a special case of (4.6).
(ii) In [7], Haukkanen and McCarthy have studied (1.11) in greater detail.
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