Collect. Math. 44 (1993), 327-337
(©) 1994 Universitat dc Barcclona

Bounded variation functions of order £ on sequence spaces

ZHAO LINSHENG

Dept. of Basic Sciences, Heilongjiang Commercial College,

Dao Li District, 150076 Harbin, China

ABSTRACT

In this paper, we generalize some results concerning bounded variation func-
tions on sequence spaces.

Some properties of bounded variation functions on sequence spaces were investigated
by Wu Congxin [1], [2], [3]. Later on, he and Zhao Linsheng in [4], [5], [6] introduced
and discussed bounded variation functions of order 2 on sequence spaces. In this
paper, we generalize these results to bounded variation functions of order k£ on
sequernce spaces.

Let A be a real linear sequence space. The Kéthe dual A* of A is the rcal
linear scquence spacc consisting of all real sequences U = (uy,ug,...) salisfying

o0
3 |ugzk| < oc for all X = (xy,z2,...) € A, When A = A**, we say that A is a
k=1

perfect space.

For a real function z(t) defined on [a,b] and k+1 diflcrent points £, 2y, ...,% €
[a, b], we denote
k

Qu(zito, 1, .- k) = Z—kﬂ)—
=0 1_[ (tl. - t,)

5=0
i
DEFINITION 1 [7, p. 87]. The variation of order & of a function z(#) defined on [a, b]
'8 b A n—k
L/k (z) =sup Z |Qk—1(x;tis - - s tivk—1) — Qk—-1(T5 i1, - tigk)] -
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Where the “sup” is taken over all partitions m:a =ty <t < --- < t, = b of
b
[a,b]. When V (z) < oo, we say that z(t) is a bounded variation function of order
a
k and denote by z(t) € Vi|a, b].

Lemma 1 [7, p. 88].
For any z € Vi[a,b] and k different points ag, @y, ...,ak—1 in [a,b], we have

b
|Qk—1(z;t0, 11, ... tk—1)| £ |Qk-1(z5 00, ..., ak—1)| + 2 L/k (z).

Lemma 2 [7, p. 79].
Q‘r—l(x; t1,t2,..., tr) - Q'l‘—l(z;thtla .. '1t1‘—1) = (tr - tO)QT("E;t01 s ,tr)-

Lemma 3

b b
For any k > 3, we have (k — D!V (z) =V (z(*-2).
ak a2

Lemma 4 [11, p. 179).
Let z: [a,b] — R, y: [a,b] — R, then
Qr(zy;to, 1, ..., ) = y(20) Qr(z; to, t1, ..., k)
+ Q1(yito, t1)Qr—1(z;ta, ..., tk)
+ Q2(y; to, t1, t2)Qr_2(z; ta, t3, . . ., tk)
+ ...+ Qr(y;to, t1, .- -, te)z(tk).

Lemma 5

Suppose z: [a,b] — R and ag, a4, ...,a, € [a,b](a; # a; when i # j), then
|Q1'(1";a01a17 v 7ar)| < —F7 mln]a, — GJIr zz—; I-'L' a.l r= 1,2, ..
j

DEFINITION 2 Let X (t) = (z1(t), z2(t),...) be an abstract function from [a, b] to a
sequence space A. If for each U = (u3,ug,...) € A*, we have

b n—k oo
Yk (X,U) —supz Z lum[Qk Wzt tigp 1)
i=0 m=1

~ Qr-1(Zitiz1, - .-, tign)]| < 00

then X(t) is called a bounded variation function of order k and denoted by X (t) €
Vk([a’? b]1 A)
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Theorem 1
X(t) € Vi([a,b], A) iff
1° z,,(t) € Vile,b], m=1,2,... and
0 b
2° 2 AV (zm)} €A™~
m=1 2k

-1

e N, )
Proof. Necessity. 1° Pick U = (0,0,...,0,1,0,0,...) € X*, then from

n—1 oo
SUPZ Z [uml{tivk — ti] |Qr(zmitis. .., tiv)| =
=0 m=1
n—k
= sup Z [tir = ti] |Qr(Tmitiy ... tizr)] < 00
T i=0

we see z, € Vi[a,b],s=1,2,...

Next we turn to 2. If 20 is not true, then there exist U® = (u{? 4, ...) €
)\*,us,?) #0, m=1,2,...and N, > 1,¢, > 0 such that

Nn b
> DIV (@m)=n+en

m=1

Since ., € Vila,b],m = 1,2,..., N,, there exists a partition m,:a = t(()m) < tgm)
< ... <t™ = p such that

b nm—k £
< £t gm) y(m) S
‘a/k (zm) < ; l itk il le(wm’ i o ’tz+k)| + 2m+1lu$2)|

Let 7 be the partition consisting of all points {t,("‘) i< np,m< Np} mia= sf)N") <

s << sf("l’\;'b = b then by Theorem 3 in [8], we have

U(Nn)—k

b
Z (Na) _ (Nn) . o(Nn) (Na) En

Tm) < : — 8; : Y .

Yk ( m) < 2 ISH_k 5, l IQk(xmﬂsz ’ 1sz+k |+ 2m+1|u$,2)|
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Hence

Nn)_'k o0
o3 1O 18 — s 1Qu(@mi s, iR
i=0 m=l

U(Nn)—k Nn

Nn Nn, Nn Nﬂ
> 3 3 @ 1s8R - ] Qu(@mist™™, sG]
i=0 m=1
N, UNn)-k
Nn Nn n Nﬂ.
3 Z @] 1582 — s Qe (@mi s, .., s
m=1
N, b Nn e
n
2 Z |u$2)| Y (Zm) = Z om+1 2n
m=1 m=1

contradicting that X () € Vi([a,b], )).
Sufficiency. Notice that

n—k oo

eupZ 3 fum| tisk — til |Qk(@mitis .- - tign)]
i=0 m=1
< z SupZ luml |t1.+k -t l le(xma iy 1ti+k)|

i=0

= Z [tn] V (zm) < 00
m=1 ek

we find that X (¢) is bounded variation of order k. O

Theorem 2
Vi(la, b], M) C Vi([a,b], A) for all 1 < r < k.

Proof. 1t is sufficient to consider the case r = k£ — 1. By Theorem 1, X(t) =

{zm (1)}, € Vi([a,b], A) implies
b
Tm(t) € Vikla,b] and {V (zm)} €A™
ak
For k different points ap < a3 < -+ < ak—; in [a, b], by Lemma 1, we have

b
|Qk—1(Zmitiy . .. tivk—1)| < |Qk-1(Zm;a0,...,ak-1)] +2 Vk (Tm) -
a
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Hence

n-k+1 oc

sup Z Z luml [tz+k l_tzl le l(rm Ui e lJ-Ic 1)(

i=0 m=1
n—k+1 oc

<sup D Y [uml Mtivk—1 — il (|Qk-1(Tmia0, a1, ..., a5-1)]

T =0 m=1
b
+2V (zm))

n—k+1

< sup Z |£i+s— l—tIZIUmI (1Qk—1(zm; a0, a1, - . ., ak-1)|
T

=0 m=1

+ 2 V (xm.))
ak

-1
< k(b a,\( min a1 Z fum| Z |2m {a:)
=0

i#4,i,5-0,1,r,... .k m=1

+2 Z lum V (-'L'm)l)

m=1

It follows that X (¢) € Vi—~1([a,b],A). O

Corollary 1

b b
IfF{V (zm)} € X**, then {V (zm)} € X* foralll <r <k.
ak ar

Theorem 3

331

Suppose k > 3, then X(t) € Vi([a, b], A) iff X'(t) = {z,,(t)} € Vi-1{[a, b], A).

Proof. Ne(,essify By Theorem 1, x],(t) E Vk—1[a, b]. Moreover, by Lemma 3, when
k =3, from {V (zm)} € A**, we have {V (z7,)} € A**, and when k > 3, we have

b b
=2V (z,) =V (zlx™?).
2 k-1 a2

b
Hence, {V  (z],)} € A** and the conclusion follows from Theorem 1.
a k-1
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Sufficiency. By Theorem 1 in [9], we have z,,(t) € Vi[a,b]. Observing that
b b
k = 3 implies 2! V (zp,) =V (z,) and k > 3 implies
a3 a2

k=21V  (zh) =V (@ D)=(k=1)V (2m)
a k-1 a2 ag

b
we find that {V (z,,)} € M*(k > 3) and that Theorem 1 implics X (t) € Vi[a,b],A). O
ak

Theorem 1 and Theorem 3 imply

Corollary 2

Let k > 3 then the following are equivalent
1° X(t) € Vi(la, 8], N);
20 V2 < r < k, X*=1) (1) — X*-7)(a) € Vp([a, b], \);
3° 32 < r < k, such that X*=7)(t) — X-")(a) € V;([a, b], \);
4% ¥2 < r < k, we have
() 2% @) e Vifa,bl,m=1,2,...

b -r
(i) {Vv (=% ™)} ere
5% 32 < r < k such that
() =57 € Vifa, b, m=1,2,...

b Y
(i) {V (%7} e .

Theorem 4

Assume that X is a perfect space, then X (t) € Vi([a, b], A) iff there exist convex
functions X (t) € Vi([a,b],\) (i = 1,2) of order k such that

X=X -xD@) (teab])

(X(t) is called a convex function of order k, if for cach natural number m, z,,(t)
is a usual convex function of order k and z(t) is called a usual convex function
of order k, if for any partition m:a =ty < t; < --- < tx = b of [a,b], we have
Qk(w;to, tl, ey tk) > O)
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Proof. The sufficiency is obvious. Now we prove the necessity. The necessity is
already known for £ = 1 and k = 2. Suppose that the condition is necessary for k =
m — 1, we investigate the case k = m. Since by Theorem 3, X'(t) € Vi,—1([a, b], A)
by the assumption, there exist convex functions Y)(t) € Vi,_1([a,b], A) of order
m —1 (i = 1,2) such that X’(¢) = Y()(t) — Y@ (¢). For any c € (a, b), we have

ﬂﬂ=fX%MHX@=/wm@$—meM®—Mq
0 0 0
Set

Xmm=/}mm¢,xmm=/wmww+mq
0 0

then by Theorem 13 in [8], X()(¢) is convex of order m,i = 1,2. But (X (¢))' €
Vim—1(la, b, A), by Theorem 3, X()(t) € V,,([a,b],A) i = 1,2. Clearly, X(t) =
XD () — X(t), and XV (t) € X (and thus X@)(¢) € A) can be deduced as follows

b b b
eI < [ WPEs< [ WP@kH v 0)ds
a a

+ -0y @+ V D))

therefore, {X%)(£)} € A** = A. [0

Theorem 5
Let X be perfect, then X (t),Y (t) € Vi([a,b],A) implies X (t)Y (t) € Vi([a,b], A)
iff for any Z(t) € Vi([a,b]), A),U € A* and c € [a, b], we have

{lnl(1Zn(@)1+ V (Za)+ V. @)+ +V (Zm))} €.

Proof. Sufficiency. Let X(t) € Vi([a,b], A), Y(t) € Vi([a, b], ), by Lemma 4,
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n—k oc
qupz Z |u'm| |t1-+k -t I |Qk(£mym biytigr,. .- t1.+k)|
T i=1 m=1
n—k oo
=sup Y Y |uml| [tk — bl [4m(t)Qk(@mitis .-, Biyk)
T =1 m=1
+Q1(ym1 HE) L+1)Q1. l(xmat1.+1*"'1ti+k)
+ o+ Qr(Ymitiy - L) T (Bik)|
n—k oo
< Gupz Z |Uml Itz+k -t |[|Jm Qk Im, a---¢ti+k)
i=1 m=1

+ Q1(Ym; tis tit1)Qim1 (Tmitik1y - - titk)
+---+ Qk(ym; ti, O 1ti+k)-'1"m(ti+k)|]

n—k oo
<sup 3 fuml ftirn = tl (lym(eo)
i=1 m=1
b .
+2 Y Yn )IQk(-Tm 7ti+k)|
n—-k oo
+5up Y D fum ik = 1 (1Qu (i a0, 01)
i=1 m=1
b b
+V (ym)(IQk—l(Im;ao, . aat—1)|+ 14 (xm)
a9 ek
n—k oo
-+ buPZ Z |um| IfH'k -t l le("/ma s 1+k)| |$m((1())| + 2 V (zm))
i=1 m=1

where {a;}*=} are different points in (a,b). For the first term, we have

n—k oo
supz Z |um| ltt+k —t; I(lym(ao)l +2 V ("lm )le(-L'ma iy - ti+k)|
T i=1m=1
n—k
< Z |um|c|ym(a0)| +2 V (ym un Z |t1.+k =1 | le(zm; .. ti+k)|
m=1 =0

= Z || (|ym (a0)] + 2 V (ym)) V (Zm) < o0

m=1

(note that {|um|(lym(ao)l +2V; (ym))} € X*, {VZ), (zm)} € A**).
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Similarly, for the last term, we have

n—k oo

b
Supz Z luml |t1.+k —1; | |Qk(Um tiy .. 1+k)|(|$m(a0)! + 2 Y (f’:m)) <

i=1 m=1

Now, we show that the other terms are also bounded. Without loss of generality,
we only consider the term

n—-k oo

sup D~ D fum| [tk — :l(1Q1((urmi a0, 1)

i=1 m=1

b
+2 Y2 (y1n.))(|(2k—1(x1n§a-'07 ceey ai—l)l + 2 L/k (-Em)) .

By Lemma 5,

n—k oo

SHPZ D lum| ltirk = :l(1Q1((ym; a0, 01))]

i=1 m=1

+27 @)@k (Zmiao, - )| +2V (@)

<k(b—a) ) |ual(1Q1(¥m; a0, a1)]

m=1

+ 2 }?2 (Ym)(|1Qk-1(Zm; a0, ... ,ak-1)| +2 fk ($m>) < o0.

Thus, X ()Y (t) € Vi([a, b], A).

Necessity. By Theorem 2.6 in [7], the condition is necessary for £ = 1. Now,
suppose k > 2. Dcfine

Zm(t) = (1 Zm(0)|+ 13 (Zom) + -+ i}k (Zm)) 5~
ym(t) I.’E(O)lt

then from

50O = (k= DU\ Za(@H V (Zm) 4+ V_ (Zn)

‘m(O)la k=2
y () = { "
0, k>2
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we have

22 € Vala,b], y{F~2 € Vo[a, b
Hence, Theorem 1 in [9] implies Zp,, ym € Vi|a, b], and Proposition 3.4 in [7] claims
b b b b
V (@m) =V (ym) = 0. Thus, {V (zm)} € A** and {Vk(ym)} € A**, and so, by
ak k ak a

a
Theorem 1,

X(t) = {zm(t)} € Vi([a,b], \)

y() = {ym(8)} € Vi((lo, 8], ).

Therefore X (t)y(t) € Vi([a, b]), ).
For any tg # t1 # - -+ # tx in (a, b), by Proposition 3.5 in [7] p. 82,

b b
Qr(TmYmito, .- tk) = |-7"(m0)|(|zm(c)|+ Y (Zm)+ -+ }z/k (Zm)i)

and from
b 0
%0 >V (XY;U) 2 ) [um| [t — tol |Qk(@mYmitos .., k)|
¢k m=1
ad b b ©)
= |tk: - tOl Z |“m|(|Zm(C)+ Y (Zm) +---+ }l/k (Zk)l) Ixm |
m=1
we find

{uml(Zn(@1+ V (Zm) +++-+ V (Zm))} €X". O
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