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On the weak star uniformly rotund points of Orlicz spaces
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ABSTRACT

We obtain the necessary and sufficient condition of weak star uniformly rotund
point in Orlicz spaces.

In this paper, X denotes a Banach space, B(X), S(X) denote respectively the unit
ball and the unit sphere of X. z € S(X) is said to be a UR (WUR, W*UR) point
provided that z, € B(X), ||zn +z]| 2 2= |lzn — 2| 2 0(xn —2 > 0,2, — ¥ 0).
Obviously, URP = WURDP = W*URP. If all points of S(X) are W*UR points, X
is locally weak star uniformly rotund.

M(-), N(-) denote a pair of complemented N-functions (see {3]); “M € Ay”
(“M € V3”) mcans that M(:) satisfies the Vg-condition (N satisfies the V-
condition). (G, X, ) stands for a non-atomic finite measure space; Ly (G, X, 1)
cxpresses the Orlicz space generated by M(-):

M(ﬂ)du < oo}

Lyu(G, %, p) = {:r(t):Ela > 0,Ry (-2) = / -

G

with the norm

el = int {a > 0: R (2) < 1},
a
For an Orlicz function space Ly and a sequence space lps, a criterion of UR
(WUR) point was obtained in recent years [1,2]). Here we give the criterion of W*UR
point, but the statcment and method is different to WURP.
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Theorem 1

Let x € S(Lp). z is a W*URP if and only if
(1) 3r >0,Rmy(:%) <
(2) u{teG:|z(t) e R\ Sy} =0

(3) u{t € G:|z(t)| € g{b,-}} =0or p,{t €G:|z(t) € g{ai}} — 0 and M € Vs,

where Sy is the set of all strictly convex points of M(-), (a;, b;) are affine segments
of M(-) fori=1,2,...

Proof. Without loss of generality, we assume z(t) > 0.

Necessity. Suppose that Ry (7Z%;) = oc for all € > 0. Take c large cnough
such that pG. = p{t € G:z(t) < ¢} > 0. Define 2’ = —zxg, + TXxc\c.; then
||| = ||z]] = 1, but for all e > 0

Ru (2?14_-1)) = /G\(, M (f(Tt)a)d“ =

80 ||z+2'|| = 2. From z # z’, we get a contradiction with the fact that x is a W*UR
point, which shows that (1) is true.

Since a W*UR point is an extreme point, from [3], we get that (2) is truc.

Suppose that there exist affine segments [a, b], [¢,d] of M(-) such that A =
{t: x(t) = a}, B = {t: z(t) = d} are sets with positive measure. Take E C A,F C B
satisfying (M (b) — M(a))pE = (M(d) — M(c))pF. Define 2’ = zxa\(gur) + bxe +
cxr, then 2’ # z, Ry (z) = Ry(2') = 1, and RM(:”*;"”) = R""’(‘”)ER"M = 1, which
contradicts the fact that z is a W*UR point.

Suppose now that there is an affine segment [a,b] with positive measure set
D = {t:z(t) = b} and M ¢ V,, i.e. there are u, / oo such that u; > b and
M%) > (1 - 1)Mn) (5 — 1/2,..)). Take subsets E,,D D Ey D E; D ...
satisfying

M(un — b)pE, + M(a)u(D\ En) = M(b)uD

then pE, — 0. Define z,, = x¢\p +axp\E, + (Un —b)XE, so Ry(zn) = Ry(2) =
1(n=1,2,...) and
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Bae (222 = Rustaxorw) + M(252) (D \ Ex) +M(“7")uEn
> Ru(axeo) + L2 EMO 0\ B + 2 (1- 1) MuauEs
5 Bu(zxe\p) + M(b)u(D \ En)
, Bu(xon) i M(a)u(D \ I;'}n) + (1= 1)M(u, — b)uEy,
— Ry(z) =1.

From (r — zn,Xp\£,) = (b —a)u(D \ E1) > 0, we get a contradiction since z is a
W*UR point.

Sufficiency. Suppose that «,, € B(Lp), ||z + z|| — 2. We will first show that
Ru(zn) — 1 and Rpy(Zf2) — 1.

Supposc that RM(:Ln) <1-6forsomed >0 (n=1,2,...). Take ¢ small enough
such that 2= < 1. For such ¢, while n is large cnough we have ||(1+¢) 2221 > 1,
and so RM((l +€ )” £2) > 1. Hence applying assumption (1) we get

' 14¢ l1—el1+4+¢
1<RM((1+¢) +‘”)=RM( LR Tl :1:)

2 2 1-¢
1+¢ 1-¢ 14¢ 1+¢
< r) < -
< Ryr(zn) + 5 RM(l—sT)“ 5 (1-6)
1-¢
5 (14 o(e)) Rm(z).

Ife—>0,1<1-46/2, so we get Ras(zn) — 1.

Clearly ||Z2F2 + z|| — 2, so we get similarly Ry (Za32) — 1.

In the following, we show ., — z — 0, and so it is enough to show z,, — z £0.
Denote E = {t € G:z(t) € Snr \ ({a:} U {b:})}. We first show z, — z % 0 on E.
Suppose for a contrary that there cxist €,0 > 0 with p{t € E: |z, (t)—z(t)| = €} > 0.
Since

1> Rys(zn) > / M (2a(8))die = M(d)u{t: [2a(8)] > d},
{t:]wn ()| >d}

we have that for d large cnough u{t:|z.(t)] > d} < ¢/3 (n = 1,2,...) and
p{t:|z(t)| > d} < 0/3. Thus uE, > o/3, where

En={teEila,(t) = 5(t) 2 ¢, |zl <d, |o(t)] < d}.
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Clearly there is 6 > () such that for t € E,,,

M (FOL ) g gy Mea(0) + M)

Hence

0 R (1:,,,);— Ru(z) Ry (.an-l- a:)
_ /( (1\/!(:1;,,,(15))24— M(z(t)) A/I(x"(t);— m(t)))d,u
s [ (Ml ME) (20,

2 [ (o) + M)z Su(5)T

This contradiction shows that z, — z = 0 on E. Denote

Fl(n)={t € G:z(t) € {ai}, za(t) > z(t)}

F, (n) = {t € G:z(t) € {a:}, 2 (1) < 2(t)}

Fl(n) ={t € G:z(t) € {bi},zn(t) > z(t) or zn(t) <0}
Fy(n)={t€G:z(t) € {b;},za(t) < z(t) and z,(t) >0}.

Analogously as above we have that for any € > 0

ult € Fy ():za(t) So(t) — €} = 0 (n— o)
u{t € Ff (n):za(t) 2 2(t) + €} = 0 (n— oo),

whence

lim sup / M (z,(t))dp > lim sup M (z(t))dp.
EUF; (n)UFY (n)

n—oe T~+00 -/.;UF;(H)UF: (n)

Consider the case p(F; (n)UF, (n)) =0 (n=1,2,...). From
n—oso n—oo

lim sup/ M (€, (t))dp > lim sup/ M (z(t))dp
FUFg (n) EUF, (n)

and Ry (z,) — 1 = Rps(x), it follows that

lim inf/ M (zn(t))du < lim inf/ M(z(t))dp
' Fd(n) Fif (n)

n—oCc n—o0
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thus

lim inf . (M (z,,(8)) — M(z(t)))dp =0

n=Jr(n)
$0 for any £ > ()
p{t € F, (n):xp(l) 2 x2(t) +€} =0 (n— o).
Combining the above, we have z, —z £ 0 on EU F, (n) U F' (n) = G.

Consider the case of u(F;(n)UF, (n)) =0 (n=12,...)and A € V,. We
first prove that hm()sup | M(za(t))dp = 0. Suppose that there exist € > 0 and
n e

¢n C G with pe, Y\, 0 such that f M(x, (1))du > =.

Take ¢ > 0 small enough, M( WG < €/2, denote e, = {t € e,:|za(t)] > ¢}

Then . i
/ M (zn(t))dp = / M (2 (t))dp — / M (2 (8))dp

’
Y 7y, (!n\\(-:{”_

>e—M(c)uG > ;
Combining M € Vy, for 7,6 > 0, while u > ¢, M(735) < (1 - é)5 Al ';— whence
+

Tn+x Intx T
1«—1?11( '2 )=R_w( 12 X(_:'-“(-,-',,,)-i-l?.-\rr( '2 Xc.;,)

I?‘\l( InX\e?, )+ Ry (:L.X(.':"-.c’”) + / ,u(l T .’L'n(t) \ 1—71 .'I,'(l',) )

= 2 2 1+7 ' 2 1-71

Rar(znXxene Rar{xxener ; i In(t
< ar (a Xc\_,,,,);r 11(IX(\..,,)+]-;T/ M(In(f)

g (e

< R.-"\l(mnX(..'-'\(:.’");_ R:‘I(J:XC;"\G.;,.) + 1 "‘2‘7 : -6

1—71 T

< R_U(-'EnXG'\e;;L) + Ry (-'EX(.;"\(:{.,) n l1—-71 ’ R'\I( LnXe! ) bz

"

= 2 | g oluen) + ——5 =
Rap(x, oe
< Bulz J;Rw( )—Z+0(Nf‘)

If n — oc, it gives a contradiction: 1 <1 - 62/4. So we get

lim sup / M (z,(t))dp = limsup / M(z(t))dp
EUFT (n) KUF," (n)

n—x JEU ':" n—ox
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liminf M (z,(t))dp = lim inf M (z(t))dp.

n—os Fo(n) n—oc Fo(n)

From liminf [ (M(z(t))—M(x,(t)))dp = 0, it follows that x, —z £ 0 on F;, (n),

n—oc
F " (n)

L
and consequently z, —z 2> 0 on G. O

By an analogous argumentation, we get the same result for Orlicz sequence
spaces.

Theorem 2

Let z € S(lar). Then x is a W*URP point if and only if

(1) thercis T >0, R(7%) < o0

(2) if there is 47, |z(i)| € (a,b], then M € Vg, and there is no “j7, j # i with
|z(5)| € [¢.d), where [a,b] and [c, d] are affine segments of M (-).
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