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On W*UR point and UR point of Orlicz spaces with Orlicz norm*
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ABSTRACT
For Orlicz spaces with Orlicz norm, a criterion of W*U R point is given, and
previous resulis about U R points and WU R points are amended.

In the sequcl, X denotes a Banach space, S(X) and B(X) denote the unit sphere
and ball of X respectively. z € §(X), « is said to be an uniformly round (U R) point,
uniformly weak round (WU R) point and uniformly weak star round (W*UR) point
provided that z, € S(X),||zn + z|| — 2 imply |lz, — z|| = 0,2, —  — 0 and

z, — & — 0, respectively.

M (u) and N(v) denote a pair of complemented N-functions, p(u) denotes the
right-side derivative of M(u). M € Ay(M € V,) denotes that M(u) satisfies Ag-
condition (Va-condition) for large u. Sar denotes the set of all strictly convex points
of M(u). {a'} (respectively, {b'}) denotes the sets of all left-extreme points (resp.,
right-cxtreme points) of affine segments of M (u) with p_(a') = p(a’) (resp., p_ (V') =
p(b)), but for {a}, {b} with p_(a) < p(a) and p_(b) < p(b).

(G, X, n) denotes a non-atomic finitc measure space, z(t) denotes a measurable
rcal function. We call Ry (z) = [, M(x(t))du a modular of z. By an Orlicz space
we shall mean the space Ly (G, X, p) = {z(t): for some ¢ > 0,Ry(cz) < oc}
equipped with the normn

Izl = sup /‘w(t)y(t)dﬂ-

nnw<tJe
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For z € Ly, we denote
£(z) = inf {c > RM(wz) < oc}
k* = inf {k > 0: Ry (p(kz)) = N(p(km(t)))du > 1}
o]
k3* = sup {k > 0: Ry (p(kz)) < 1},K(z) = [k}, k3*]

ke 1

It is well known that k € K(z) if and only if |jz]|* = $(1 + Ra(kx)).
For cach z € Ly, there is a supporting functional f = y + ¢, ie., f(z) =
Jox(@®)y(t)dp + o(z), ||fll =1 and f(z) = ||z||° where y € Ly and ¢ is singular.
The criteria of UR and WUR points in L have been discussed in [1-3], but
in [1,2] they arc restricted to p(u) continuous, and the condition given in [3] is not
necessary. Even without the restriction in that paper, we first give the criterion of
W*UR. point and deduce easily the criteria of WU R and U R points.

Lemma 1

Forany0 < A< 1,0< 6 <1and0 <z <1 there is 0 < § < 1 such that for
u,v, with M(Au+ (1 — A)v) < (1 - 8)(AM(u) + (1 — A)M(v)) we have that for all
Nelg1—¢]

M(XNu+(1-XNpw) <=8V (NM@)+ (1 -N)M(v)).
Proof. The proof is easy and is left to the recader. []

Lemma 2

Let 0 # x € Ly. Then f =y + p is a supporting functional of x < Ry(y) +
ol = 1, llell = (kz), p-(kz(t)) < y(t) < p(kz(t)) p - ac., for k € K(=).

Proof. Necessity.
If f is the supporting functional of z, then

1=||f||=inf{c>0:RN(%)+@51}

lkz]l® = f(kz) = /( ka(Dy(t)du + (ko) < /C kz(t)y(&)dp + ol
< Ru(kz) + Rn(y) + lloll < Ru(kz) +1 = [[kz||° .

So we get [, kz(t)y(t)dp = Rar(kz) + Ry (y), thus p_(kz(t)) < y(t) < p(kz(t)).
Moreover ||o|| = ¢(kz) and Ry (y) + |l¢|| = 1.
The sufficiency part of the proof is clear. O

For the convenience of the reader, we split the main result into several lemmas.
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Lemma 3
Let z € S(Ly) and k € K(z). If x is a W*UR point then M € V.

Proof. Take yn(t), Rn(yn) = 1 with [, z(t)ya(t)dp > 1 — 1/n. Let d be such that
pGq = uft € G:|z(t)] < d} > 0.

Suppose that M ¢& Vi. Then there exists a sequence (v,) with v, /
oo, N(%r) > 2nN(v,). Take G, C Gy, N(vn)uGrn = 1/n and define z,(t) =
vnx(_,v"(t):. Then Ry(zn) = 1/n < 1 and Rn(7%2r) > 2nN(vn)uGn = 2 so we get
1 > ||znlly = 1 — 1/n, where |ly||v = inf{c > 0: Bn(y/c) < 1} (it is called the
Luxemburg norm of y). By [4], there are z,(t) = u. X, (£), ||Z=]|® = 1 such that

1
UnUn UGy = / ZTa(t)zn(t)dp = ||znlly > 1 - o

n

Put g (t) = (1 — L) (g (t)xc\a. (t) + 2n(t)). Then

Ruon) < (1= =) (Ru(a) + Ruzn) < (1= 1) (14 2) =1- =
Thus
om + 20 > / (2a(t) + 2(6)) ga(t)dp
(1-1 ( I /L o Ot
/ Zn(t)zn(t)du + / <t)zn<t>du)
1 == 10+ | z(t)yn(t)dp — / (1) Yn(t)dp + unvapuGn

n

- | / #(t) zn(t>du|)

2 (1- 1) (1= 5 = 4 Ixe P+ 1= - = dlixa, I°) — 2

as n — oo. Take h € Ey, with [, z(t)h(t)dp > 0, then

[ (0 = 2a)hdn > [ 2@~ lzall - I I

R / 2(B)h(e)dp > 0
G

which contradicts the fact that = is a W*UR point. O
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Lemma 4
Let z € S(Lpg). If x is a W*UR point then

p{te G:lkz(t)| e R\ Sm U {a'}U{H'}} =0
for every k € K(x).

Proof. Since a W*U R point is an cxtreme point, by [4], it follows
u{t € G:|kz(t)] e R\ Sy} =0.

Denote G,r = {t € G: |kz(t)| € {d'}},Gy = {t € G: |kx(t)| € {b'}}. Suppose that
uGy > 0. Without loss of generality, we can assume that uGo = p{t € G:kz(t) =
b’} > 0 for some b’ € {b'},b" > 0. Define

al
y(8) = 2()xenGo (8) + T XG0 (£),
where ' € {a'} is such that M is affine on the intcrval [a’, b'].
For any n > 0,

R (p((1 — n)ky)) < Rn(p((1 — n)kz))
< Ry (p((1 - n)k;*z)) <1

and Ry (p((1+n)ky)) > 1. Indeed, when Ry (p((1+n)kz)) = oo, we have Ry (p((1+
mky)) = Rn(p((1 + nkxzxc\a,(t))) = oc; in the other case, ie., if Ry(p((1 +
n)kx)) < oc we have

Balpl(-+min) = [ N0+ k)i + N (14 1)0)no

> lim / N(p((1+ s)kz(t)))dp+ N(p((1 + s)a’)) uGo
JG\Go

$—0

= lim Ry (p((1 + s)kz)) 2 1.

Hence k € K(y).

Let f = v+ ¢ be a supporting functional of z. By Lemma 2, we get that
Bn(0) + llell = L, llpll = w(kz) and p(ka(t)) < v(#) < plka(t)). Clearly o(ky) =
p(kz) and p_(ky(t)) < v(t) < p(ky(t)), so f is the supporting functional of y too,
ie., f(y) = |ly||°. Therefore

Y N ooy J®)
fo+ ) = F@+ =2
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we get ||z + y/||y||°l|° = 2. But = # y/||y||°, which contradicts the fact that z is a
W*UR. point.

If we supposc that uG, > 0, without loss of generality, we can assume that for
some a’ € {a’},a’ > 0 we have uGo = p{t € G:kz(t) = a'} > 0. Define

! !

y(t) = 2{thxo\aolt) + XG0 (t)

where b € {V'} is such that M is affinc on the interval [a’,¥]. For any n > 0
sufficiently small, Ry (p((1+n)ky)) > Bn(p((1+n)kz)) > 1, and Ry (p((1—n)ky)) <
1, which shows that k& € K(y). Indeced if suppose that

1< Ba(plL-mky) = [ N(o((1 = mka(t)du-+ Nola))uGo

G\Co

[} L= D)+ X -
\Go
By p—(a’) = p(a’), it follows that therc is 0 < £ <  such that

Ry (p((1 - &)kx)) 2 /(‘\(‘ N(p((1 = n)kz(t)))dp + N (p((1 - £)a'))uGy > 1
\Go
which is a contradiction with & € K(x).

Finally one can reach a contradiction analogously as in the case uGy > 0. O

Lemma 5

Let x € S(Lyas) and k € X(z). If x is a W*UR point, then
(i) pGg > 0 implics Ry (p—(kz)) =1
(ii) nGp > 0 implics Ry (p(kz)) =1 and, for some 0 < 7 < 1,

) <

where G, = {t € G: |kz(t)| € {a}}, Gy = {t € G: |kz(t)| € {b}}.

Proof. (i) If uG, > 0, then pGo = p{t € G:|kz(t)| = a} > 0 for some a € {a}.
We first show Ry(p(kz)) > 1. Indeed, if Ry(p(kz)) < 1, then, for the supporting
functional f = v’ + ¢ of x, we have p # 0. Take A > 0 with

R (p(ka)) + [N = 1.
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Put y(t) = z(t)xe\qo (t)+(a + b)/(2k)xG, (t). Then Ry(p(ky)) = Rn(p(kz)) <
1 and Ry (p((1+ n)ky)) > Rn(p((1 + n)kz)) > 1, so k € K(y).

Put v(t) = pkx)xc\ao(t) + pla)xao(t). Then f = v+ Ap is the supporting
functional of y, since Ry(v) + Allel] = 1, |A¢ll = Al¢ll = Ap(kz) = Ap(ky), and
v(t) = p(ky(t)). Further, f is the supporting functional of z too. Therefore f(z +
y/1yl°) = 2, [l + y/llyl°||® = 2. But = # y/||y||°, which contradicts the fact that z
is a W*U R point.

Now suppose that Ry (p_(kz)) # 1. Then Ry(p—(kz)) < 1. We shall consider
two cascs.

Assume that [(, o N (p—(kz(t)))dp + N(p(a))pGy < 1.

Since Ry (p(kx)) > 1 there exists v(t), such that v(t) = p(a) (¢t € Go);

p_(kz(t)) < v(t) < p(kl( )) (t € G\ Go) and Ry(v) = 1. Hence v is the sup-
porting functional of z. Decfine y(t) = z(t)xa\qo(t) + (a + b)/(2k)x ¢, (t). Since
Rn(p(ky)) > Rn(p(kz)) > 1 and

Ry (p((1 - )ky)) < fc o W= k() + N (pla)) o < 1,

k € K(y) and v is the supporting functional of y too.

From [, (x(t) + y(&)/llyll°)v(t)dp = 2, we get ||lz + y/lly|°]° = 2. But z # y/||yl|°
which contradicts the fact that « is « W*U R point.

Now, assume that fG\G” N (p_(ka:(t)))du + N(p(a))uGo > 1.

Take Go C Gy with ’G\(~o N(p-(kz(t)))dp + N(p(a))uGo = 1. Define
v(t) = p_(kx(t))xc\ao(t) + p(a)x(~;0(t), then Ry(v) = 1 and v is the sup-
porting functional of z. Put y(t) = z(t)xc\a;o(t) + (a+b)/(2k)x(:;o(t). Then
Ry(p(ky)) = Rn(p(kz)) 2 1 and Ru(p((1 - m)ky)) < [z, N(p-(kz(t)))du +
N(p(a))pGo = 1, so k € K(y). Clearly v is the supporting functional of y too.
Hence [(x(t) + y(&)/[I9]®)v(t)dp = 2, so flz + y/lly|°I° = 2. But = # y/|lyl° =
contradiction.
(ii) If Gy > 0, then uG = p{t € G:|kz(t)] = b} > 0, for some b € {b}. Supposing
that Ry (p(kz)) > 1 and applying the fact that Ry(p_(kz)) < 1, analogously as in
(i) we obtain a contradiction. Thus Ry (p(kz)) < 1.

Now we show that Ry (p($£Z-)) < oo for some 7 > 0. In fact if we suppose that
Ry (p((1 4 €)kx)) = oo for any € > 0, then M & A,, i. e., there exists a sequence
Un /" 00, M(u,)/unp(u,) — 0. Since, by Lemma 3, M € Vs, there is d > 0 such

that up(u) < dN(p(u)) for every large u, so M(u,)/N(p(u,)) — 0. Take G, C Gp
satisfying

/G o, N(plka(e)du + N (p(e)) (G0 \ Gu) + N (plun) G = 1.
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Clearly uGn — 0 (n — oc). Define

a

k

u
yn(t) = z(t)xc\Go (B) + T XGo\Ga (E) + -fx(:“(t) :
From Ry (p(ky.)) = 1, it follows that k € K(yn), &[lyn]l® € K(¥n/|ly=ll*). Hence

k;z = k‘”?}n"O =1+ Rup(kyn)
=1+ / M (kz(t))dp + M(a)p(Go \ Gn) + M (un)uGn
G\Go

— 1+ / M (kxz(t))dp+ M(a)uGo = k' < k.
G\Go

Since
BBy (o )y _ K k
FT B CO+ o) = T+ pr k)
kz(t) (t € G\ Go)
kn b+ k (te Go\ G
= E+R, kTR, 0\ Gn)
k! k ‘
et Ry R e GECR),
we have

k- k::. Yn r ,
Ry (p(k o (z+ ”u””()))) < /G\Go N (p(kz(t)))du
+ N(p(a)) 1(Go \ Gn) + N (p(un)) uGn = 1

and

Bn (:“l-k’i:"; (1 + 77) (:I: * “y_"linl_la)) g /G\Go N(p((l * n)kx(t)))dﬂ -

Hence k_k-l-—‘;c;z._ € X(z + y/|ly|l°). Therefore
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/ I
o+ 2 = 288 (1 (2 e+ )
[1+/G\GOM(ka:(t))dp+M(k,k_,|_kl b+ o ﬁ_ka)u(Go\Gn)]

[1 + / M (kz(t))dp + M(b)(Go \ Gn)]
G\Go

1
+ [1 + /G\Go M(kz(t))dp + M(a)u(Go \ Gn)]

n

1 1
— 2(1+ Ru(ka) + (1 + /(;\Go M (ka(8)) dus + M(a);l,Go) 2

But

J (qu;fltli ~5(0) s s(Oxonca o = [ o (7 = 1) ol
_ (kﬁ -1) /G\G lo(®)]dp > 0

which contradicts the fact that z is a W*UR point. Thus thereis 0 < 7 < 1,
such that Ry (p( lk_”” )) < oo. Applying the right-hand-side continuity of p(u),

T

we get Rpr(kx) > 1. Since we have verified that Ras(p(kz)) < 1, we deduce
Ry (p(kz)) = 1.0

Lemma 6

Let us assume that z € S(Ly),k € K(z) and z is a W*UR point with
Ryn(p(kx)) < 1. Then, for any e, > 0, there is 6 > 0 such that, for any mea-
surable function u(t) and e C G satisfying pe < 6 and g€’ < £'u(t) < kz(t) < u(t)
for all t € e, if M(u(t)) > eN(p-(u(t))) and

u(t) + kz(t) M (u(t)) + M (kz(t))
M( 2 ) > (1-6)- 2 :

then Rps(ux.) < €.
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Proof. Suppose on the contrary, that for some £ > 0, for all n, there exist u,(t) and
en with pe, < 1/n, such that 2 < eu,(t) < kz(t) < un(t) for t € en, M(un(t)) >
eN (p-(un(t))), M(22l3kel0)y 5 (1 — 1) M OLHEO) byt Ry (unxe,) > €.

If Rnv(p-(kz)) + Rn(p—(unXe,)) < 1, put E, = e,. Then Ry (upxg,) > €. If
Ry (p-(kz)) + Rn(p—(unXen)) > 1, take E, C ep, such that

Ry (p-(kz)) + Ry (p—(unxr,)) = 1.

Then
Ru(unXE,) 2 €RN (p-(unXz,)) 2 (1 — Ry (p-(kz))) = (1 - b)e.
Define
Za(t) = 2(t)xe\B, (£) + %u..,,(t)xﬁ,, 6 (h=1,2,..).
Since By(p((1 — k) < fon 5, Mo (ke ())dit + [, N(p_(un(t)))d < 1 and

(z
Rn(p((1 + n)kz,)) > Rn(p((1 + n)kx)) > 1, from kz(t) < u,(t), we get that
EeX(zn) (n=1,2...), klz.]° € K(zn/||z-]|°). Since

= kllzall® = 1+ Ru(kzxe\g,) + Rat(unxe,) = K 2 k+ (1 - 6)e

and
k-kn [ ta(t)\ _ kn k
e (.z(t) + ||:c,,,||°) = ke O + o ken(®)
{ka:(t) te G\ E,
PR+ p () teBn

we have that Ry(p((1 + )ﬁ_ik’r(z + zo/l1zal®))) = Ry (®((1 + n)kz)) > 1 and
Ry (p((1 = n)Ere(z + zn/2.]°))) < Bn(p-(k2)xc\E,) + BN (P-(unxE,)) < 1,
so k-kn/(k+kn) € K(z + 7,,/||z]|°). By Lemma 1, it follows that there exists
8, | 0 such that if M(%2) > (1 — 1)M@RMO) thon M(Awu + (1 — An)v) >

(1= 6n)AaM(u) + (1 = X)) M(v)) for A\, € [Hk ]+k] where k = supk, < o
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(becausc of M € V). Thus we have

Ty, | 0 k + kn /
I+ = 1+ M(kz(t))dp
” ln]® || k - kn ( JG\En (k=)

1 kn , k
+ /I;‘n .lw(k + kn, kli(t) + E+ kn un(t))dﬂ,)

> Kt hn 1+/ M (kz(2))dp
k- kn JG\En

+ (1 —6n) /

JE,

[k -I:-nkrl M(kz(t)) + - f 0 M (un(t))] du>

M (k.’l:(t))d[l.)

1 <1 + / M (kz(t))dp+ (1 — 6,)
k G\Fn En
+ 1 1 +/ M (kx(t))dp + (1 — 65) / M(un(t))dp ) — 2.
ky, G\En JE,

But z,/||zn||® £ kx/k’ # x, which contradicts the fact that z is a W*U R point. I

Lemma 7

IfM € Vy,1=|z]°= % 1+ Rpr(kx)),

—~~

1= |lzall® = == (1 + Rar(kazn)),  llzn +2]° — 2

-

and
p{t € G: |kz(t)| € R\ Sy U {a’}u {p'}u{a}u{b}} =0,

then k,z, — kz - 0.

Proof. Suppose that k,x, — kz —;"—> 0. Then there are €,8 > 0 such that

pit € G: [knza(t) —kz(t)| 2 €} 20 (n=1,2,...).

Since ||z, ||° = 1,k = supk, < oc. Further, for any D,
n

E 2 kn 2> RM(knxn)
M (knz,(t))du > M(D)u{t € G: |knzn(t)| > D}.

J{tlknzn (£)|>D}
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Thus p{t: |kx(t)| > D} < o/4, p{t: |knzn(t)) > D} < a/4 (n=1,2,...) for some D
large cnough.

Denote all left and right extreme points of affine segments of M (u) as ¢, ¢y, ...
Since kx(t) # ¢ (i = 1,2,...) there are open segments V; including ¢; with
pl{t:kz(t) € Vi} < a/(2'-4) (i =1,2,...), then

1 {t: kx(t) € GVZ} <

=1

~1Q

o,

Hence
UGy = ,_,,{t € G: knzn(t) — kz(t)] > e,
o0
22
lknzn(8)], [kz(2)] < D, kz(t) € Sar \U1 vi} 22

For the bounded closed set of three dimension space

> k
{(“'e’b‘a Ailu—v| > e lul,|v] < D,ve Su\ U Vi,Ae [T:I——F' m]}

i=1

there is a common 6,0 < § < 1 such that for all (u, v, A) of the above set

MM+ (1= A\)w) < (1 - 6)(AM(u) + (1 — A\)M(v))

J?
so0, for t € G,

k k
(k,x n .
T an\kn-"n(t)) + k+ an(kx(t)))

M (2 (an(e) +2(0)) < (1)

Hence
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0 flza]l® + [l2]° = lzn + 2||°
1 1
> —k—(l + R (knn)) + E(l + Rag(kx))

k+ k, k- kn
%k (HRM(Hkn(m"”)))

= ";C +kk" / [ r : an(kna:n(t)) + k_l:'_"an(km(t)) —M( :+’Z'n (zn(t)
+2(t)) ) | dp
S Ktk k kn k- kn
k+k (= =M (kua(8) + g M (k) - M(e ()
+a(t ))) du

> k;: 5 (e kk M (knza(t)) + k+nkn114(kz(t)))du
1 5
?61\4(2)4 >0

this contradiction shows that k,x, — kz £50.0

Lemma 8
Let x € S(Ly) and k € K(z). Then for any € > 0 therc is y such that
o~ yll < &,k € K(z) and Ru(p(25)) < oo

Proof. If Ry(p((1+ n)kz)) < oo for some n > 0, we can take y = . Assume that
Ry (p((1 4+ n)kz)) = oo for every n > 0. Let € > 0. Since Ry (p((1 —€)kx)) < 1 and
Ry (p((1+ €)kz)) = 00, we can find G, = {t € G: |z(t)| > ¢} with

RN( (1+ )k‘:z:)xg\Gc) + Ry (p((l - s)ka:)x(;c) =1.

Clearly puG. > 0. Put y(t) = (1 + €)zxe\g. + (1 — £)zxe.. Then |ly—z||’ =€,k €
K(y), Rn(p(ky)) =1 and

Ry (p(lk_y%)) =Ry (P(llfgkx)XG\Gc) + Ry (p(;: gm);«:)

<N (])(ifi(:))/J,G + Ry (p-(kz)) < oc.
2
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Theorem 1

Let z € S(Lys) and let k € X(z). A point z is W*UR if and only if

(1) M €V,

(2) p{t € G:lkz(t)) e R\ Sy U{a'} U {t}} =0

(3) if uGq > 0 then Ry(p-(kz)) =1;
if uGy > 0 then Rn(p(kz)) = 1 and R (p£Z)) < oo, for some 0 < 7 < 1.

(4) If Ry(p—(kz)) < 1, then for any €,€’ > 0 there is § > 0 such that for any
measurable function u(t) and e C G satisfying pe < 6 and eg’ < €'u(t) <

kz(t) < wu(t) for all t € e, if M (u(t)) > eN(p-(u(t))) and

‘M(Mz—@ﬂ) > (1—6) M (u(t)) -EJ\'I(k:I:(t)) |

then Rps(uxe) < €.

Proof. Necessity, see Lemmas 3-6.
Sufficiency. We shall discuss three cases.

Let ||z]|° = El;(l + Rpg(knzn)) = 1, ||zn + z||° — 2. Without loss of generality
we can assume that z,(t) > 0,z(t) > 0 and, by Lemma 8, Ry (p(énknzn)) < oc for
some &, > 1.

(I) puGo=puGy =0

In this case, by (2) and Lemma, 7, it follows that knx, —kz +£,0. To prove that
Tn—1 — 0, it is enough to show k,, — k. Note that k, —k = Rpp(knxn)— Rar(kz),
so by the Egoroff theorem, it suffices to prove uljmo sup Ry (kntnXe) = 0. This will

=V n

be gplit also into two cases.
(11) Bn(p-(ke)) = 1.

Assume that k,z,(t) — kz(t). t € G,u - a.e., passing to a subsequence
if necessary. Since p_(u) is left-continuous and nondccreasing, we get
liTlniinf N(p_(knzn(t))) > N(p—(kz(t))), t € G, 11 - a.e. Since R,w(p;(latna:n)) <1it
follooavs that 1 > li,fﬂigf,f Rpn(p—(knzn)) 2 Ry(p-(kz)) = 1. Since u(G) < > we get
“13510 sup Rn(p—(knznXxe)) = 0. From M € Vi, M(u) < up_(u) < dN(p_(u)) we
dcducg

lim sup Ryr(kpznx.) =0

pe—0 p

(12) Rn(p-(kz)) <1.

Let k = sup k,, and & > 0. Then there exists 0 < §' < 1 such that M (ICICT—_}’I{—%u) <

n
(1- 6’)’“,:—1'3;?}\4(@, for every u > €. Let 0 < £’ < & /k and let 6 > 0 be taken from
(4) for those € and £’.
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For e C G and each n, denote

A, = {t € erknLn(t) <& or knz,(t) < kz(t)

or M(k‘n:zn(t)) < EN(P-— (knxn(t)))}

o= {t € e\ A M2 (a0 + 2(0)) < (0= 8) (M (i (®)
+ k_lr_an(kr( ))) or kxz(t) < e'knxn(t)}

Cn =c \ An \ Bn = {t €e: EE’ S Elkn.’l:,,,(t) S k.’L‘(t) S kn.’lin(t),

M (knzr(t)) > eN(p—(knzn(t))), and

M(: ];c (a0 +2() > (1= )5 fan(k"’”"(t)) tz inan(kw(t)))} '

From Ry (knonxa,) < M(e)pe+ Rpr(kxxe)+ RN (P (knZys)), combining with
Rpr(kxx.) — 0 (pe — 0) and Ry (p—(knz,)) < 1 we deduce

lim sup Rag(knZnxa,) = O(e)

pe—0
If kx(t) < €' kpzn(t) then

M( :+’Z‘n (za () + :n(t))) M(kk—-:_—kkﬁk a:n(t))

k+¢eky
P M(kpxz,(t))

k+ek, k
— 1_6! n
( ) k' k+k,

<(1-8MN1+ek)——

<(1-9)

M (knzz:n(t))

———— M (knza(t))

kn
= an(km(t))).

k+k,

< 6,2)(k fan(knxn(t)) +
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Putting 6 = min{6, 6%}, we obtain
O

k-kn N "
for t € B,. So
0 — llzal® + 121I° = fizn + 2]°

>k+“/'MP£—M@Mﬂm+ b M (ks (t)) | dis.
By

k ko
T M (bnzn () + 5 M (k2(1))

~ k-k, k+kn k+ky,
Thus Ryr(knznXs,) < € for n large enough. Hence we have

lim sup Rps(knznxs,) = O(e).

pe—0 5
Finally from (4), we get lim0 sup Ras(knznXxc,) < €. By the arbitrariness of €,
pe—0 p
combining with the above, we obtain lim0 sup,, Ry (knznx.) = 0.
ne—
(II) uG, > 0.

From 1= Ry(p_(kz)) < Rn(p(kz)), combining with (3), it follows uG, =0.
Now, analogously as in Lemma 7, we deduce kpxn — kx 4= 0 on G\ G, so
without loss of generality, we can assume that kpxz,(t) — kz(t) ¢t € G\ G, p-a.e.
Since p_(u) is left-continuous and nondecreasing, we get lim inf N(p_(k,z,(t))) >

n—oc
N(p_(kz(t))) t € G\ G, pae Hence lim inf Ry(p_(knZTnxe\c,)) =
n—oo
Rn(p-(kzxenG.))-
On the other hand, Ry (p_(k,zr)) < 1= Rn(p- (kz)), so we have

limsup Ry (p- (knZnxc.)) < By (p-(kzxa,)) -

n—oo

Denote Gy, = {t € Gy:knzn(t) < kz(t)}. Applying the fact that o’ is a left extreme
point of an affine segment of M(u), we obtain, like in Lemma 7,

11{t € Go:knrn(t) < kz(t)—e} —0
for any € > 0. Since lim sup Ry (p-(knZnxe)) =0 for all e C Gy, we deduce

pne—0 4
Jlim sup By (p-(knznXa,)) = lim sup Ry (p-(kzxc,)),
S0
nll_{go sup Ry (- (knZnXa,\Gn)) < T}Elgo sup R (p—(kzxc.\¢n))-
From k,z,(t) > kxz(t) (t € G, \ G,,) we derive

lim sup./(‘ \(‘ [N (o= (knzn(t))) — N (p-(kz(t)))]du = 0.

n—o0o

By p_(a) < p(a) (a € {a}),
plt € Go\ Griknzp(t) 2 kz(t) + €} — 0.
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Combining the above we deduce k,z, —kz —— 0 on G, like (I1), which follows that

lim sup Rn(p-(knZnXxe)) =0 and lim sup Rar(knZnxe) =0, hence z, — z 0.
pe—0 5 pe—0

(II1) uGy > O.
In this case, 1 = Ry (p(kz)) > Ry (p-(kz)), so uG, = 0. From RN(P(%)) <
00, 50 Rpy (£Z) < oo, it yields that 11m sup Ry(knznxe) = 0. Indeed if we suppose

ne—0
that for some g > 0, there exist e, C G and Zn, if necessary pass to a subsequence,
such that Ra(knTnXe,) = €o, then

k + kn k- kn
2T (1 R (5 (Tn+a:)))

kE+k, k- -k,
= k- k, ( RM(k k., (-En‘l"T)XG\cn)

+RM((k(1+Tn) knz, + kn(l—T) kz )Xe,,))

k+k, 1471, k+k, 1—-71

k+k, k-kp
< ’
=% k. (1 + RM(k Tk, (n + J:)XG\en)

A py ({2 )+ B () )

k+k, k-k,
< A b .
S (1 + RM(k‘ oy (zn + m)XG'\a,.)

MLE7) ) gy Rarlbaae) | kall =) (ko )>
1— 77

k+k, 1+, k+k,
k+k, k kn
< .
=% K, (1 + k+ K, lw(k'nZ'n,XG\cn) + k+ ko . XG )
+ k Ryr(knz )+ b ——— R (kxXe, ) — K ———Ru(k )
k F kn, M{EnZTnXe, k+ ]i, M Xen k T k MARZXe,
k6 kn(1—7) kx
k n kn Rﬂl(k'nanen) + Lk + kn RM (1 — TXe,.))

6 1 1—7 kx
<2-= nitnXe - 7 e g\ e
<2 - =Ru(knznXe,) — ¢ Bu(kaXe,) + — Rw(l_TXn)

(5“0

-9 20
k
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(where 7, > 0, k7, = knT, 7,6 > 0 satisfying M (
- a contradiction.
Since

M(u) U 2> €p)

u

M(u) > /(. p(t)dp > p((1 - 0)u)bu

1-6)u

0 0
1= 0(1 0)u p((l 0)u) 270 BN(p((l 0)u))
we have that for 6,0 < 8 < 1,

11m sup RN( ((1 - ) nanP)) =0. (*)

pe—0

For 6 small enough, if k,z,(t) < £2(t) then

1=7/2
(1 +0) (mn(t) +z(t)) < (1+0) lk “}2 < ’1“"”_(?
and if kpz,(t) > kz t) 5 then
k-kn T
(14 6) g (@a(t) + (1) < (1+6)(1~ el zn(t))

= (1= 6)knza(t).

Combining Ry (p(£Z)) < 0o and (), we have

ne—

k * kn _ )
lim,sup RN( (140 (e + x)xe)) =0. (+%)
In the following we shall show that for any n > 0
: k- kn .
e VAR AR

Indeed if we suppose that for some 7o > 0,6y > 0 and for all n (if necessary
passing to a subsequence)

Ry (P((l +10) ik

k+k, (2:,,,+27)))S1—00.
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For h,, = }’iﬁﬂ;, we have shown - (14 Rar(hn(zn +2))) — |22 + 2[|° — 0, thus

T

1 .1
0« . (1 + Rag (hu(zn + 2)) — ’11% ﬁ(l + Ry (h(zn + :1:))))
1

B (1 + "70)hn

_ 7o 14 _ ) _ .
(1 +m0)hn {1 Mo [RM((I +110)Rn (@ + x)) Binr (hn(a:n * I))]

+ Rar (1 4 mo)hn(zn + T))}

1o
- (1 + nO)’ln

) {1 -[ :' / ok (a () + 2(£))P[(1 + 10} (2a (8) + (t))] du]

> hin (1 + Ras (hn(zn + 7)) [1 + Bae (14 m0) (0 + :';))])

+ RM ((1 + 7]0)hn,(xn. + .’L‘))}

o 77()90
= (1 Ru(p((1 4 10)hn (e + 7)) ) > —70__
¢ +n0>h,.( ¥ (B((1+ 10)hn(2n + 1)) TELAT
2n06o

T (A +mk
This contradiction shows that (x = %) holds.
Denote G, = {t € Gp: knx,(t) < kx(t)}, like in Lemma 7, we can derive that
knTaXon\G, — k% L5 00n (G\ Gy), ic. for any & > 0,

p{t € (G\ Gy) U (Gp\ Gp): |knzn(t) — kz(t)l 2 €} =0 as n — oo.

Finally we show that knz, — kx - 0 on G. Indeed if suppose that for some
€ > 0,0 > 0, and all n, if necessary passing to a subsequence, there are G, C G,

UGy = p{t € Gpiknan(t) < kz(t) —€} > 0.

Taking into account that p(u) is right-continuous and nondecreasing, k,z,(t) <
kz(t) (t € Gp) and (* * *), we derive
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1< lim RN( ((1+n)
n—oc

k- K
k¥ (@0 +2))
Sy

= lim {RN( L+ (x"+x)xc7\( )
k

+Ry(p ((1+n)k+kk (zn +2)X5, ))}

< lim {RN(P((1+77)k"3X(*\c~' )

# [ N+ et - 7))

= lim {Ry(p((1+mkexgg,)) + N(pe))nGn}
< lim { RN(P((l + n)kwxc\g,ﬂ))

— (N([)(b)) — (L )ﬂén + N(p(b))p'én}
< Rn(p((1 +"7)kﬂ”)) — (N(p(b)) — N(p(a)))o

By Rn(p ( —)) < oo, let § — 0, we get a contradiction:

1< 1 (N(p(b)) — N(p(a))o

So k,zn—kz - 0 on G. From lim0 sup,, Ry (knznXe) = 0, we have that z, —z LN
pe—
0.0

By Theorem 1, we easily deduce the correct criteria of UR and WU R points.

Theorem 2
Let x € S(Ly) and k € X(x). A point z is a UR (WUR) if and only if
(i) M € Ay,
(ii) p{t € G:lkz(t) e R\ Sy U {d'}U{¥}} =0
(iii) if pG, > 0 then Ry (p—(kx)) =1
if uGp > 0 then Ry(p(kz)) =1.

Proof. Necessity. Since a WU R point is a W*UR point, it follows that M € Vs,
(ii) and (iii) hold. On the other hand, suppose M ¢ A,.

If z € LY, \ E},, take the transversal function z, € B(Lp), ||lzn + z|° >
2|z ll® — 2|z} =2 (wherc zn(t) = z(2) if |z(t)] < n;= 0 if |z(¢)| > n). By Hahn-
Banach theorem there is a singular functional @, p(z) # 0, and ¢(z, — z) = —p(z),
SO T, — T 7VZ> 0.
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If z € EY, take z € L9, \ EY,, Rm(2) < oco. Choose a singular function
¢(z) # 0. Denote G, = {t € G:|z(t)| £ n}, then u(G \ Gn) — 0. Define

1
Tn(t) = zXxa,(t) + 72XG\Gn (t).

Then [leall® < (1 + Rar(kaxc,) + Ru(exere,)) = 21+ Rar(ka)) = [lof® = 1
and ||z, + z]|° > {2zxc, I° — 2. But p(z, — z) = p(32xe\c,) = z¥(2) # 0, and
Ty, —T 7‘2’> 0.

Sufficiency. In this case, (1) and (2) of Theorem 1 hold. By M € A,, it yields
that Ry(p((1 + 7)kzx)) < o0, i.e. (3) of Theorem 1 holds. Also by M € A,, we
derive Ru(uxe) < Ru(%x.) < DRy (kzx.) — 0 (as pe — 0) i.e., (4) of Theorem
1 holds.

Therefore, ||z, + z||° — 2 implies z, — z < 0. By M € A; and [5], it yields
that |z, — z||° — 0, hence  is a UR point. O

For Orlicz sequence spaces, we obtain the same results as in function spaces,
and omit the proof.

Theorem 3

Let x € S(Ip) and k € K(z). A point x is W*UR if and only if
(1) M € V3,
(2) {j:kxz(j) # O} is a single element set, or (i), (ii) and (iii) hold
(i) {5:|kz(5)| € R\ Sy U {a'}U{t'}} =0
(if) if |kz(i)| = a € {a}, 30, 4; N(p-(kz(4))) + N(p(kz(i))) > 1
if |kz(i)| = b € {b}, 3., N(p(kz(4))) + N(p-(kz(i))) < 1 and
Rn(p($&)) < oo for some 0 < 7 < 1
(iii) for any e,e’ > 0, there is ng such that for all summable sequences {u(i)}

and subsequences e of natural numbers N with min{i:i € e} > ng and for
alliece

e'e < e'fu(d)| < klz(i)] < fu(i)], M(u(i) 2 eN(p-(u(7)))

M(M) > (1- nio ) M (u(i)) + M (ka(i))

we have Y M(u(i)) < e.
i€e
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Theorem 4
Let z € S(lp) and k € K(z). A point x is UR (WUR) if and only if
(1) M e ANV,
(2) {j:kxz(j) # 0} is a singleton set, or (i) and (ii) hold
(i) {i:|kz(@)| e R\ SmU{a'}U{¥'}} =0
(i) if |kz(i)| = a € {a}, 32, N(p-(kz(5))) + N(p(kz(:))) > 1
if |kz(i)| = b € {b}, 30;4; N(p(kz(j))) + N(p-(kz(i))) < 1.
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