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ABSTRACT
A necessary and sufficient condition is given for a ri. function space to
contain a complemented isomorphic copy of £ (£3).

1. Introduction

In the paper [3] was investigated the existence of complemented copies of the space
¢, in rcarrangement invariant (“r.i”) function spaces. We showed in particular that
if the r.i. space X does not contain a subspace isomorphic to ¢g, then it containg a
complemented copy of £ iff either it contains a complemented sublattice isomorphic
to 2 or X and its Kothe dual X’ both contain a Gaussian variable. In the same
paper was also investigated the existence of an isomorphism between X and its
Hilbert-valued extension X(¢y) (which is in fact equivalent to the existence of a
complemented copy of X (€2) in X), in the case where X is a g-concave (¢ < 2) r.i.
function space over I = [0, 1]. In this case, a necessary and sufficient condition is that
the multiplication operator M¢: Lo(I) — Lo(I x I), f — f & G operates from X'(I)
into X’(I x I) (where G is a normal Gaussian variable and f ® G(s,t) = f(s)G(t)).

Here we are interested in the existence of a complemented copy of the space
¢,(€2) in X. When X contains itself £; as complemented sublattice (which is the
case in particular if simple integrable functions are not dense in X'), it is clear that
this question is intermediate betwcen the two preceding; thus the criterion we find
is naturally intermediate between the two criterions given above. In the case where
X has finite upper Boyd index, and £;(¢3) does not cmbed in X as complemented
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248 RAYNAUD

sublattice, the criterion reduces to the fact that the domain of Mg in X’ is not
included in the closure of simple integrable functions.

We state now our main results.

Proposition 1

Let X be a rearrangement invariant function space over (2, A, p), not containing
co. Suppose that X does not contain ¢;({3) as complemented sublattice. Then X
contains ¢, (£3) as complemented subspace iff there exist disjoint functions A;, i > 1
in X, (Q) and an element B > 0 in the Kéthe dual X'(Q), such that, denoting by
G a normal Gaussian variable defined on the auxiliary probability space (S, X, o),
ipv>1, ”Az ®G”x =1= (Ai,B) and
ii) B® G belongs to X'(R2 x S).

Corollary 2

Suppose that X satisfies the hypotheses of Proposition 1 and, morcover, has
finite upper Boyd index. Then a necessary and sufficient condition for X to contain
¢)(£2) as complemented subspace is the existence of an element B of X' which is
not in the closure of the space of simple integrable functions but such that B® G
still belongs to X'(Q x S).

We give now some dcfinitions.
If X is a r.i. space over I = [0, m] and (2, A, u) is a measure space with p(Q2) = m
(possibly infinite), we denote by X (R, A, 1) the space of measurable functions over
(Q, A, u) whose non-increasing rearrangement is in X = X(I).

We say that a bounded sequence (z,)» in the r.i. space X is X-equiintegrable
if the following conditions are satisfied:

) ,,,(EI)ILOS‘,I}’ ILaznllx =0 i) ”(,if)lﬂxsﬁp [Lacznllx =0

where A° denotes the complementary set of A.

We say that a sequence (zn), converges weakly conditionally in distribution
(in short “wed”) if there exists a measurable function Y € Lo(€2 % S), defined on a
superspace of measure (2 x S, A® X, 1 ® o) (where o is a probability measure) such
that for cvery p-integrable subset U of 2, and every bounded continuous function
won Xk, [,o(@n)dp —— [ o(Y)dudo.

n—0 py g

We say that Y is conditionally Gaussian (r.r. to the first variable) iff for pu-
a.e. w € (1, the partial function Y, = Y(w, ) has Gaussian probability distribution
(hence is equimeasurable with A(w)G(-), where G is a normal gaussian variable).
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The main tool used here (as in [3]) is the following: for every £;-basic sequence
(Zn)n in L;1(R2), there exists a sequence of successive normalized blocks (y,) build
on the z, which converges wed to a conditionally Gaussian variable. This is for
instance a consequence of [1] and [4], as noticed in [5].

In section 2 below, we prepare the proof of Proposition 1 by several technical
lemmas. The proof of Proposition 1 itself and of its corollary are given in section 3.

Unexplained notions or facts about r.i. spaces can be found in [2], which we
follow in particular for the precise definition of r.i. spaces ([2], 2al).

2. Some technical lemmas
The first lemma is a refinement of Lemma 10 of (3]:

Lemma 3

Let X be a r.i. function space not containing co and (Z;n);nex be a system
of elements of X such that for each j € N, the sequence (z;)n is X -equiintegrable
and converges wed to a conditionally Gaussian variable. Then for each j there is a
subsequence (xj_ngJ))g such that for every finite system (Aj'e) of reals:

Z)\,f:ﬂ @ Z(ZL\]A) %m0 -

Morecover we can choose these subsequences such that each F; = spim[wj n(,-)]g has
L 4

X-cquiintegrable unit ball, and every weakly null subsequence of F; converges wed
to a conditionally Gaussian variable.

(1)

: wed
Proof. We have z;, il A; ® Gj € X(Q2 x S), where we may suppose the G,
n—00

to be independent. We suppose that Lo(S) contains a sequence (G}) of Gaussian

variables which are independent and independent of the G;. We fix a sequence of

positive reals €; with € = )_ €;. Suppose we have chosen the nﬁ’ ), with 7, > 1 and
J

j + € < m, verifying:

[ For every system (A\;,f) withj>1,£>1and j+£<m

and cvery sequence (p;),j < m:

m
H { ” Z ’\J,t'x (J') + Z ijj ®G_7
_7+€>m

m_—

(S Pl + ns) 450 6,

m
I 5
J=1

m
<Y e
Jj=1

\
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Then we have for every systems (Aj.¢)j.e>1,j+¢<m+1 and (pj)j<m+1:

Uny,na,....nm (()‘ - Z AJ.fx (-7) + Z ’\J m+1-jLjn;
7.£21
J+€<m
m+1
+ Y 0i4;®G;
j=1
1 m
W ]
nm—-oc;nm_l_—:oc:...nl—»oo Z )\j’éxj-‘”-:j) + Z )\j,m.+1—jAj ® Gj
3421 i=1
Jj+e<m
m+1
+ 04 ®G;
j=1
st m+1
dist 2 2y1/2
~ 2 A5 00+ > (Ajmer—il? + 105?24, © G;
je>1 j=1
j+E€<m
=: oo ((Mj,0), (P5)) -
Hence we deduce the convergence a.e. of the rcarrangements:
* *
Unymzyeemm ((A5): (05)) = Uoo (N.0): ()" - (2)

As in the proof of Lemma 10 in [3], using the order-continuity of X, we deduce the
convergence of:

Foyna...., nm((’\j.l) PJ

Z )\th (J)+Z)‘Jm+1 iZimn;

7€21
j+e€<m

m+1
+ Z ijj ® Gj
X

j=1

to

m+1

Z Aj .Z-'L'Jn(j) + Z |)‘_1 m+1— J

j.£21
j+Eé<m

+ 1pi |24, ® G;

Fo (M) (p5)) =

X
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and by Ascoli’s theorem, this convergence is uniform on cach set
m+l m+l-j 1/2
{V( Z I)‘Jf|2+|/)JI) <K}-
j=1

2
Hence we can choose n( ) fn) - ,nsm) such that:

— 1y

w0 (4.0, (7)) = Foo((.0), (0))| < Emt

uniformly on the sct

m+1l m+1—j
{( MRCHE Z Z I’\Jm+l—'J|2+|p 1 )1/2A ®Gj| < 1}-
j=1 £=1

Together with (H,,) we obtain (H,,+1). The subsequences (a:j ) )¢ we obtain satisfy
g
then the equivalence (1) (take m sufficiently large and p; = 0 in (Hp,)).
Finally the assertions about equiintegrability and wed convergence of blocks

are also a consequence of the convergence of rearrangements (2) (see [3] for more
details). O

Lemma 4

Let X be a r.i. space over (Q, A, 1), not containing co. If X contains ¢;(€s)
as complemented subspace, but not as complemented sublattice, then X (€ x [0, 1])
contains a complemented subspace with a ¢)(¢2)-basis of the form (A; & G;-‘ )in>1
where A; € L{ () and the G% € Lo([0,1]) are independent Gaussian variables.

Proof. A) Let E be a complemented subspace of X, isomorphic to #;(£); write
E = &;Ej, wherc the “fibers” E; are isomorphic to £,, and the direct sum is a
£y sum: for every finite sequence (2;);,z; € E;, we have || > z;|| ~ Y ||lz;ll. We

remark first that for all but a finite numbers of indices 7, ther(J: exists a ;ubset U; of
Q, of finite y-measure, such that the X-norm and the L;(U;)-norm are cquivalent
on Ej (these equivalence need not be uniform with respect to j).

For, if not we have an infinite subset J of N, such that for each j € J, and
cvery p-finite subset U of Q, the L;(U)-norm and the X-norm are not equivalent
on E;. It is then easy to find, for each j, a normalized sequence (f;»)» in E; which
is weakly null and converges to 0 locally in measure. It follows that this sequence
is quasidisjoint for both the lattice structures of X and of E; (this last one being
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given by the isomorphism with £3), i.e. fjn —gjn —— 0 and f;, — hjn — 0,
n—o0 n—o0

where (g;j,n)n is disjoint in X and (h; ,)» is disjoint in E; w.r. to the ¢;-basis. Then
(hjn)jesnen is a £)(£2)-basic sequence, spanning a complemented subspace of X. If
we suppose, as we may, that: ||hjn—gjallx < €2~(/*+n), then by Bessaga-Pelczynski
perturbation principle the same holds for the doubly indexcd sequence (g;,n)jenexn,
providing a complemented sublattice of X isomorphic to £;(f2), a contradiction.

B) From now on we suppose that J = N. There exists for each j a normalized
sequence (Zjn)n in E; which converges wed on Uj to a conditionally Gaussian vari-
able. This can be done in fact on every U D Uj (since the L; (U) and the X-norm arc
still equivalent on E;), hence by a diagonal argument we can obtain this wed con-
vergence on the whole of . Now the subspace F; = §pan|z; | is C-complemented
in the hilbertian space E; (with C independent from j), hence F = ®F; is com-
plemented in E. Thus we suppose from now on that E has a £1(¢3)-basis (;r)jn
such that for every j, the sequence (z;»)n converges wed to a conditionally gaussian
variable.

Now using a “subsequence splitting lemma” (see [6] for instance), after extrac-
tion, we may decompose: z;, = Zj, +Zj,, Where 7 . L z7 ., the sequence (z} ,)n
is X-equiintcgrable and the sequence (7). is disjoint. We have for all fixed j
two operators S; and S7: E; — X, such that §'z;, =}, and §"z;, = z7,, and
which arc uniformly bounded (w.r. to j). Since E = ©F; is a {;-dircct sum (up
to isomorphism), we deduce the cxistence of two bounded operators S’,S”: E — X,
whose restriction to cach subspace E; are respectively S’; and S'Ii’ .

C) Let P be a projection from X onto E. For each j,n, we denote by Ej , the
closed span of (2;,m)m>n-

We claim that for all but a finite number of indices j, there exist a positive real
o; and an integer N; such that:

Vy € Ejn,, |PSYll 2 ayllyll.

For, if not, there cxist an infinite subset J of N, and for all j € J a sequence y;,», in
Ej, such that:

w
l[ujmnll =1, 4jn ——0 and ||PS'y;nll — 0.
n-—00 n—oo
We can suppose that ||PS"y; .|| < €2-U+"). After extraction, the doubly indexed

sequence (Yj,n)jn s equivalent to the £;(f2) basis and spans a 2-complemented
subspace F' of E. Let (Q be a projection from E onto F with ||Q|| < 2. Since
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Yjn — QPS"Yjn = QPS; ,, we see that J = QPS" is an isomorphism of F; §"F
is isomorphic to F' and complemented in X (by §”J~*QP). Thus (S"y;n);n Spans
a complemented £;(/2) subspace of X. For each j, (y7,)n is a disjoint sequence.
Using the order continuity of X and the Bessaga-Pelczyniski perturbation principle,
we deduce that 4;(£2) embeds as complemented sublattice in X, a contradiction.

D) We want now to extract subsequences (a:j .)¢21 such that for some 6§ > 0
g

and every element y of the closed span F' of (:cj A2 )52, one has {[S'y|| > 6llyll.
My

(It will be also useful for the sequel that the unit ball of each closed subspace F;
generated by the sequence ( 0 )¢ is X-cquiintegrable, and that every weakly null

sequence in F; converges wcd to a conditionally Gaussian variable).
Using Lcmma 3, we can extract subsequences ( (,)) 92, such that:

” Z Tim@ |x 17e Z (Zl)‘"'l ) n? I ' (3)
Relabeling, in order to simplify notations, we can suppose ) = (vi.0). If
\ ¢
z’ 1), is not equivalent to the ¢;-basis, there exist ¢;-normalized blocks y, =
3,1/5= l P
Z ;Z5y, (2 lojl = 1) such that [lypll —— 0. Supposing Vp,|ly,ll <
JEJp JEJp p—00
” Y, oz “ and setting: 2,0 = ). ®;z;¢, We obtain for every finite sys-
J€Jp j€Jp ’

tem of scalars (Ap ¢):

| 32 20eP Sz < A NP | 3 (3 oel?) s |
! pl'e P [4
<+ MPIY (S Poel) || 3 avmia ||< Celt +MPH | 2 ezt |
r 14 J€Jp p.£

where C is the equivalence constant of (z;¢) with the basis of ¢;(¢3). Hence for
small €, the operator (I — PS’) = PS” is an isomorphism from Z = spafi[z, ] onto
its image. In particular, $”Z and PS"”Z are isomorphic to ¢;(€2). The subspace
PS"Z, being a copy of £;(€) in the space E, which is itself isomorphic to £;(#s),
contains a further subspace G, which is isomorphic to £,(¢3), build on a subset of
the ¢;(€)-basis of PS”Z, and complemented in E. Let Z, = (PS")"}(G), and Q
be a projection of E onto G. Let J = P, 7 . Then J~'QP is a projection from
X onto 8”Z;, which proves that X contains a complemented £, (f2) sublattice, a
contradiction.
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Hence in fact the sequence (z};); is cquivalent to the £;-basis, which implies
by (3) that (z,) is equivalent to the ¢, (¢2)-basis (and S’ is an isomorphism on its
range).

E) From now on we supposec that {|S'y|| > é|ly|| for y € E, and we prove
now the existence of a closed subspace F' of E, generated by a system of block
sequences (y;e¢)e of the (x;¢)e(j € N), on which PS’' is an isomorphism, i.c.
Vy € E,||PS'y|l > pllyll. Since the subspace PS’E; is hilbertian by the point C)
above, so is the subspace S'PS'E; (S’ being an isomorphism), and we can find ap-
propriate normalized successive blocks (y;.¢)e on cach sequence (xj,¢)¢ such that the
sequence (S’ PS"y;¢)e converges wed to a (nonzero) conditionally Gaussian variable.
By Lemma 3, we can suppose that:

1/2
: 2
| x5 PS e | 2 (X sel) 8PS |
i€ J 4
hence, using again the fact that S’ is an isomorphism, we have:
X ePS'yse || ~ M) Sty |
Z; 3PS Yse ||~ Z Ez:l it Vi I
JI .7

and, rcasoning as in the point D above (using PS’ = I — PS” on E), this implies
that (PS’y;,1); is equivalent to the ¢;-basis, hence:

| > 25 PS5y [~ 3 (X el vz
J.€ 7 ¢

F) Let Y = spany;¢];¢. The subspace PS'(Y'), being a £, (£2)-subspace of the
¢,(£2)-subspace E, contains a subspace G which is isomorphic to #1(¢»), comple-
mented in E and spanned by a subset of the PS'y; . Set Z = (PS’')~!(G): then
S§'Z is a subspace of X isomorphic to £;(¢3) and complemented in X. Note that
the basis z; ,, of S’Z is a subset of the basis of §'Y: 2, = §’ Yj(i).(i,m), hence each
sequence (2; m)m i X-equiintegrable and converges wed to a conditionally Gaussian
variable.

G) We have thus reduced the situation to the case where the elements (7))
of a £;(£2) basis (spanning a complemented closed subspace of X) are, for cach fixed
4, X-cquiintegrable and converging wed to a conditionally Gaussian variable.

Now we apply the ultrapower procedure of the §3 in [3]. We have for every dou-
bly indexed finite set of natural numbers S = (n(j, £))1<j1<k & projection rg: X —
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span [z n(;.6))1<5.6<k With norm bounded by a constant K (independent of S). Let
U be a free ultrafilter over N. Passing to the ultrapower X (of X) rclative to the
iterated limit:

lim lim ... lim lim ... lim

kU n(kk)yU  nk1)U n(k—1,k)U  n(l,1)U
we obtain a doubly indexed scquence (§;, n) jn>1 in )? which is equivalent to the
l1(€2)- ba.SIb and a bounded pr()Jectlon X — span|{;n]jn. Moreover the &, lie in
fact in X ¢4 the subspace of X whose elements can be defined by X-equiintegrable
families of elcmc‘nts of X, since for cach j, the sequence (a, ,n)n is in fact X-
equiintegrable. It is known that X¢¢ identifics to a space X (Q A, , £), the measure
space (§2, A, u) identifying to that genecrated by a sub-o-algebra in (SZ,A, i) ([6]).
The conditional distribution of the clements £ ,, w.r. to the initial o-field A is
the samc as the limit conditional distribution of the z;,, i.c. that of a sequence
Aj ® G} in X(£2 x [0,1}), where the A; are nonnegative, A-measurable, and the G}
are independent normal Gaussian variables in [0, 1].

The last point is to use a transformation of the measure algebra (.Z jt) con-
serving the measure, leaving the clements of A invariant and carrying cach &;, on
A; ® G}, where A; is A-measurable, and G} are normal Gaussian variables inde-
pendent of A. That such a transformation exists, at least after enlarging (.,Z i) is
an easy measure-theorctic exercise. O

Lemma 5

Let X be a r.i. space not containing ¢o and (x,), a basic sequence in
X, equivalent to the ¢),-basis. There exists a sequence of £ -normalized suc-
cessive blocks f; build on the sequence (zn), which is quasidisjoint in X (ie.
Vi, [Ifil A lSilllx —— 0).
j—o0

Proof. Passing to a subsequence, we may suppose (by the subscquence splitting
lemma) that we have a decomposition: z, = z!, + zJ!, into a X-equiintegrable
part (z,)n and a disjoint part (z))),, with Vn,z), L 2. Let F = 5pan(x,], F’ =
gpan|x,), F"' = span(z))] and §": F — F’, (resp. S§”: F — F") be the bounded lincar
opcrator such that 'z, =z}, (resp. $"z, = «!). If therc arc nony € N and § > 0
such that ||§’'z|| > é||z|| for every z € F,, = $pan|&n]n>n,, then there is a sequence
(¥n)n of successive normalized blocks on the basis of F' such that ||y, — $"y,|| — 0,
hence (yn) is quasidisjoint. If at the contrary ||S'zl| > 6§||z| for every = € F,,
then (z7,)n>n, is equivalent to the £,-basis. This implies that the X-norm and the
L;(U)-norm are equivalent on F, for no intcgrable subset U of (2 (since a ¢;-basic
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sequence in L; (U) cannot be equiintegrable for the norm of Ly (U), and a fortiori for
that of X). Hence there exists a sequence of normalized successive blocks on the z,
which converges to 0 in measure, hence is quasidisjoint (by order continuity). The
homologous blocks build on the z,, arc also quasidisjoint. O

Lemma 6

Let X be a r.i. space not containing co nor ¢,(€;) as a complemented sublattice.
If X contains ¢,(£2) as a complemented subspace, then there exists in the extended
r.i. space X(Q2 x S, ARY, u ® o) a £,(¢;)-basis (spanning a complemented closed
subspace too) having the form (A; ® G7);.n, where the G7 € Lo(S) are independent
normal Gaussian variables, and the functions A; € Lg (Q) have disjoint supports.

Proof. We start from the elements (A; ® G}) given by Lemma 4. By applying

Lemma 5 to the £;-basic sequence (4; ® GJ);j, we obtain a quasidisjoint sequence

of successive £;-normalized blocks y¢ = Y a;4; & G;; due to thc symmetry of
JEJe

the variables GJ‘-, we may suppose in fact that the «; are nonnegative. We set now:

Y= Y, ajA; & G7. The doubly indexed sequences (y3)en and (B¢ & G} )e.n, where
JE€Je

By = (Y (@jA;)?%)Y/?, are cquivalent in distribution (in fact, conditionally w.r. to
J€Je
the first coordinate).

It follows that F' = span|B; € G| is complemented in X (Q2 x S). For, we may
suppose that the variables (G}) generate the o-algebra L. There exists a mcasure
presenting sct transformation T’ defined on the AR X, with 4 ® o-measurable values,
whosc associated isometry T: X (& S) — X(§2x S) maps ¢& G} onto Bi, > wpAr®

) .‘ielli
Gg, for all ¢ € Lyo(): then T(B; & GF) = yp. The subspace 5panfyy] = TF
is complemented in E = §pan[4; ® G}] by the projection Q:>°Ajn4; € Gjpn —
in '
S>> Ajn)Yen. Since E is itself complemented in X(2 x S) by a projection P, F
£n jEJ

is also complemented by the projection ’I"lQP’f.

On the other hand, the sequence (z¢)¢ := (B¢ ® G})¢ is quasidisjoint in X
(since it is cquimeasurable with (y})). This implies that (z¢) converges to zcro
locally in measure. Hence (B;) itsclf goes to zero locally in measure; hence [[(Bg A
B,) %G| p—: 0 by ordercontinuity, and we can find a disjoint sequence (Cy) with

(B —Ce) & G| = 0; equivalently, |B,® G} — C; 8 G}|| — 0, and by a standard
—00

reasoning, we deduce that for some subsequence (Dyg)¢ of (Cg)e, the double sequence
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(D¢ ® G7)e,n is equivalent to the ¢;(£y)-basis and spans a closed subspace which is
complemented. [

3. Proof of the main results

Proof of Proposition 1. A) We prove first the necessity of the given conditions.

Suppose that X contains £;(£2) as subspace, and let (4; ® G7)jn be a special
(£1(¢,))-basis given by Lemma 6. If P is a projection from X(2 x S) onto E =
§pan(d; ® G’?]j.n, we can replace it by another projection @ conserving the support
U; of each function Aj; we set simply:

Qf =) 1y,P1y,f.
J

This series is norm-convergent in X, and [|Qf|| < [[P]l||fi]. For, denote by S; the

isometry of X defined by: S;f = 1y, f - IU; f, and define recursively a sequence

(Py) of projections by: Py = P, Pjy; = 3(P; + S;P;S;). Then ||P;|| < ||P]| and
n

P.f = ) ]-U,-Pllfjf + Rnf, with R,f = ln" (I?Pln" U«;f- Then [|R.f|| <

J=1 j=1 3 j=1 "3

||lﬂn pefll which goes to zero as n — oc when f is supported by the union of
i=1 "2

the U;, by order-continuity of X, and the sequence (P, f), is stationary when f

is supported in a finite union of the U;. Denoting by 7 the band projection in X

defined by the union of the Uj, this shows that P,m —— @ (in strong operator
n—0o00

topology).

Now let Q; = 1y,Q1y,, which acts as a projection from X; = X (U; x S) onto
E; = span[A; X G}lnx1. By [3] §2, there is another projection R;: X; — Ej;, having
the form:

Rif =Y (f,B;,8G1)A; ® G}

with B; ® G € X', (A;, B;) =1 and ||R;]| < ||Q;l. More precisely, the proof in [3]
shows that:

vieXx, | R;ly;f + 1ue f <| Qily, f + 1y f I

hence:

n n
: , n f < ] n
|55 m 430 o] S0 10|
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Note that we may suppose that B; is supported by Uj, and that B; > 0 (replacing

if necessary B; by (AJBI-'E;—W) Thus Rf = Z‘;’;l R;j1y, f converges in norm and

IRF < |QF|l- We have then:
Rf = (f,Bi®G})A; ® G2,

Jn

Since (B; ® G7);,x is biorthogonal with (4; ® G7);,n, which spans a complemented
¢, (£2) subspace, it is a co(£2)-basis, and in particular:

l| szB 86|, <Pl | ZB G| _<clp

-7'er =

0
and consequently B® G € X', where B= ) B;.
=1

but since the B; are disjoi

i ® G’“ (same distribution),
XI

B) Now we prove the sufficiency of the conditions.
Let U; be the support of A; and B; = 1y, B. Then in X', the sequence (B; ®G)i
is equivalent to the ¢o basis, since ||B; ® G|| > (Bi® G, A; ® G) = (B;, A;)) =

and Vn, || Z B; @ G|| < ||B® G||; the biorthogonal sequence (4; ® G); in X is thus

(*qulvalent to the £;-basis; then F' = 5pan[A; ® G}; is complemented by the projection
R defined by Rf = Y (f, Bi ® G)A; ® G, since:
i

IRA< 32159 G)l < 3 U Beo G <f,<(ZB)®IGI>

= (f, Bg|G|) < IIfIIxIIB 8 Glix

We remark now that the same happens when we replace the A; & G by clements

A; & G;, where (G;); is a sequence of independent normal Gaussian variables. For,

we may suppose that G; = Z;G, where Z; is an onto isometry of X(S) induced by a

measure preserving sct transformation. Let Z; = id ® Z; be the natural extensions

of these isometries to X(Q2 x ). If f € X(Qx S), set fi =1y, f and Zf = ¥ Z; f;.
[}

We define Rf = Z(f, B; 8 G;)A; ® G;. We have then:

Rf =) (fuBi®Gi)Ai®Gi=> (Z ' f,B:® G)

=>(Z7'f,B;®G)A; 8 G;
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which is equimeasurable with Z(z_lf, B; ® G)A; ® G = R(Z~'f); hence ||R|| <
IRZ- = Bl

Finally let (G; )i n be a doubly indexed sequence of independent normal Gaus-
sian variables. Then (A4; ® G; ) is equivalent to the ¢;(£3)-basis. Let us show that
E = span[A; ® Ginlin is complemented. We set:

Rf = (f,Bi®Gin)4i ® Cin.

in

We have:
Rf =Y (S BeGnP)  Ans;

= Z Z Ai,n,(f, Bi &® G,;_.,,_>Ai X Gi

(for some scquence (A; ) with 3 |Xin|? = 1)
n

=Y (B2 (X XinGin) )4: ® Gy

= Z(f, B; ®T:)A; ® G;

where the I'; = Y A; nGin are independent normal Gaussian variables. By the

n
preceding, we deduce:

IR < [Ifilx|B® Gllx-
R is the desired projection. O

Proof of Corollary 2. If X contains £, (€2) as a complemented subspace, let A;, B be
given by Proposition 1, U; be the support of A;, and B; = 1y,B. Then B € X'(Q?)
and | A;illx < (E|G|)7!|A: ® G|| = C, hence ||B;|| > &(B;, 4;) > & .The order
ideal gencrated by B in X’ is thus not order continuous, while the closure Sx, of
the space of simple integrable functions in X’ is order continuous (since X’ # Ly).
Hence B &€ Sx:.

Conversely if B > 0 verifies: BQ G € X', B ¢ Sx, there exists a disjoint
sequence (B;) in X!, which is bounded from below (say ||B;|| > 1), and such that
B = V B;. Let A; € X verify 1 < ||4;|| < (14 2)(A;, B;), with support included in

2
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that of B;. Since X has finite upper Boyd index, we have || f ® G||x < C||fl|x for
every f € X; in particular:

14; ® G|l < C'(A;, Bi) = C’(A;, B) .

Since ||4; @ Gl| > (E|G|)||Ai|| = E|G|, we see that up to a constant factor the
conditions i) and ii) of Proposition 1 are fulfilled. O
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