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Properties of some bivariate approximants
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ABSTRACT

The smoothness and approximation properties of certain discrele operators for
bivariate functions are cxamined.

1. Preliminaries

Let T be a finite or infinite interval and let Q be the square I x I. A bivariate

(complex-valued) function f defined on @Q is said to be Bogel-continuous, in symbols
f € BC(Q), if for every (z,y) € @ there holds

lim ) Ay flz,y) =0,

(u,v)—(=z.y

where (u.v) € Q, Ay f(z,y) = f(u,v) — f(u,y) — f(z,v) + f(z,y). The mixed
modulus of continuity w(f;8,n)q of a function f on Q is defined for § > 0,7 > 0
as the supremum of |A, , f(z,y)| extended over all (z,y) € Q, (u,v) € Q such that
|lu—z| <6, |v—y|l <n. Asis known, if f is uniformly Bogel-continuous on Q then

lim  w(f;9, =0.
oy U e

In particular, this relation holds if f € BC(Q) on a compact square ). Some other
properties of the Bigel-continuous functions and their mixed moduli of continuity
can be found c.g. in [2] and [3].
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Let ¢ be a positive bivariate function on the square (0, 1] x (0, 1], non-decreasing
in each variable, with ©(1,1) <1 and ¢(s,t) — 0 as (s,t) — (0,0). Take a positive
number A and denote by H%(Q) the class of all functions f € BC(Q) for which

w(fidmo <Ap(b,n) if 0<6<L1,0<n<1.
Write H5?(Q) instead of H5(Q) when ¢(s,t) = 5%t (a >0, 8> 0).

Given a rectangle P and a bivariate (complex-valued) function f defined on P
we introduce the quantities

Ifllp := sup |f(z,y)|

and

|Au.v.f(z’ y)l }

lu—z|,lv-yl) )’

where the first supremum is taken over all (z,y) € P and the sccond one is extended

over all (z,y) € P, (u,v) € P such that 0 < |u —z| < 1,0 < jv — y| < 1. Clearly, if

feH?(Q):= U H{(Q) then || f||p;, is finite for every rectangle P C Q on which
A>0

17lpie = 171l +sup {

f is bounded. This non-negative number is called the Hélder-type norm of f on P.

Consider now a sequence Jp,Jo,... of some index sets contained in Z :=
{0,£1,£2,...}, choose real numbers §;r € I and real-valued functions p;; con-
tinuous on an interval I C I and write, formally,

Leg(t) =Y g(&n)pik(t) (t€LkeN) (1)
JE€Jx

for univariate (complex-valued) functions g defined on I. For bivariate (complex-
valued) functions f defined on @) we introduce, also formally, the Boolcan sums
Ln (m,n € N) of parametric extensions of operators Ly, and L,, i.e.

Lnnf = (Ly + Ly — Ly, 0 Ly) f, (2)

where
Lo f(z,y) = L f¥(z), Ly f(z,y) := Lo f*(y)

and f¥(z) = f*(y) = f(z,y) for (z,y)€Q:=TxT.
Clearly, if

Y Ipik(t) < forall tel, keN, (3)
j€Jk
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with a positive constant c;, then all L, ,f are well-defined for every function f
bounded on @. In the case of unbounded @, under the additional assumption

luz,kl() = D &k — )2Ipsk(t)] < oo forall tel, keN,
j€Jx

L, nf are meaningful also for unbounded functions f such that f(z,y) = O((1 +
z2)(1 + 3?)) uniformly in (z,y) € Q.

In Section 2 of this paper we examine the relations between the mixed mod-
uli of continuity of functions f and L., »f satisfying some appropriate conditions.
With the help of the results obtained here we estimate, in Section 3, the degree of
approximation of f by Ly, ,f in the supremum norm and in the Holder-type one.
Analogous problems concerning the rate of convergence of univariate operators (1)
were discussed in [5].

2. Smoothness properties
Let {Jx.Pjk;J € Jk, k € N} be a system satisfying (3) and let

Z pik(t) =9, forall te TkeN, (4)
J€Jx :

where si are real numbers independent of ¢ € I. Suppose, moreover, that i €1
and that p; have continuous derivatives p/; , such that

Z 1€k — ) k(t)] < ¢y forall ¢ € Int T keN, (5)
J€Jk

c2 being a positive constant. Then the ordinary moduli of continuity of univariate
functions g on I and Lgg on [ satisfy

w(Lyg; 6)7 < 2(c1 + c2)w(g; 6)1

for all 6 > 0,k € N. This fact, when I = T, was proved recently by W. Kratz and U.
Stadtmiiller [4]. Under some additional assumptions, the same inequality with an
improved constant was derived in [1]. Corresponding result for the mixed moduli of
continuity of bivariate functions f and L, ,, f can be stated as follows.
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Theorem 1

Suppose that f € BC(Q)N Dom (L, ) (m,n € N) and that conditions (3)-(5)
are fulfilled. Then, for all positive number.s o,m,

( ™m 'n.f b r’) < (iﬂ(f 6 T’)
with ¢y = 4(c1 + ¢2)(1 + ¢1 + ¢2).

Proof. Let (z,y) € é,(u,v) €Q0<u—z<60<v—y<nandlet zp :=
(z+u)/2,y0 := (y +v)/2.
By the definition,

(L OL* Z Z f(&, m,EJn)p1 m( )p],n(y)

i€Jm JCJn

Hence, in view of (4),

Ayu(Lyy o Ly) fx,y)
Z Z F(&ims &5 n){Pi,m () — Pism () Hpjn(v) = pin(y)}

1€Jm JEJIn

= Z Z Amo,ygf(fi,m, E_’i,n){pi.m(u) - Pi,m(x)}{Pj.n(”) - pj,n(y)}-

i€Jm jEJn

Applying the known property of the mixed modulus of continuity ([2], Lemma 2.1)
we get

lAu v(Lp © L) f(, )| £ An(z, u; 6) A (y, v; n)w(f; 6, "7)Q’

where
e SY |£1.m To|
Am(z,u;6) := iez;( [ 2! ])mm( w) = Pim ()
< D IPim(u) ~ pim(2) |+ 5 |§i,m — ollp} m (t)dt.
i€Jm z |E,m—.1:01>b

Observing that & m — zo] < 2|&im —t| if z < t < u, |€;m — To| > v — = and using
(3), (5) we casily verify that

Apm(z,u;6) < 2(c1 + o)
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forallmeN,u,xz € I, ,8 > 0 (sce [4], p. 330). Consequently,

W((Lin o L7)f36,m) 5 < Mew + c2)*w(f:16,m)q-

Analogously, one can get incqualities for the mixed moduli of continuity of the
remaining terms of the Boolean sum (2). Namely, we have

|A,“L," 17 'I)‘ = Z A:Lo vf fzm ‘/){pL m ) Di, m( )}

i€EJm

< A (2,03 8)w(f56,1) 05

which implies
( mf b T’) <2((l +(2) (f b 77)

By symmetry, the same inequality remains also valid for the mixed modulus of
continuity of L}, f.
These results together with (2) lead to the desired inequality. O

For many well-known operators the “weights” p, (7 € Ji, k € N) satisfy the
assumptions
pik(t) 20, 3 pju(t)=1 forall tel
JEJk

and
Lo,k |(t) > 0, |u2,k|(t)p;-,k(t) = (&x —t)pji(t) forall telnt I.

Hence, in these cases, ¢1 = ¢ = 1 and the constant ¢z in Theorem 1 cquals 24.
Inequalitics obtained in the proof of Theorem 1 yicld the implication

f € H{(Q)NDom (L, 5) =
= (L,,f € H5(Q), LLf € HH(Q), (L, o L%)f € HL(Q)),

where B = 2(c; + ¢2)A, M = 4(c| + ¢2)?A. This means that, under assumptions of
Theorem 1, the terms of the Boolean sum (2) have the property of preserving the
Holder class with the same order that f but with the different constants. In the case
o(s,t) =57 (0<a <1, 0<pB<1)we will indicate a wide class of operators for
which the order («, 3) as well as the Holder constant A are retained.

To this cnd, let us introduce a sequence ()7° of continuous functions on
Iy = [0, ), with values 4, (0) = 1, satisfying for some positive numbers q = g(k)
and a certain interval Iy C Iy (such that 0 € Iy) the following conditions
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19 (—1)7Diyy(t) >0 whenever t € Ip, j € Np := {0,1,...}, where DOy, :=
q g
Vi, Dyvr(t) := (Yr(t +q) — ¥x(t))/q and

Divn(®) == DADI)(t) i 5> 1
0 under the restriction ¢, z € I,
Pi(t) = Z (——;”)—Dwk(z),
=0
where
ROP) =1, hOP ;= h(h—p)...(h—(j—1)p) if j>1 (h,p€EK).

Consider, as in [6], the class of linear operators Vi = Lj defined by (1) for
univariate functions g on I, with Jx = No, §;x = j/k and

ti—q) ~
Pik(t) = (1) ——Dji(t) (t € o).
We note occasionally that from some operators of this class (with ¢ indepen-
dent of k) the classical Bernstein polynomials, the Szdsz-Mirakyan operators or the
Baskakov operators can be obtained by letting ¢ — 0+.

Theorem 2

Suppose that Vie)(t) = vt for all t € fo, k € N, where ey (1) = 7 (1t 2 0) and
~k are some constants from [0,1]. Denote by Vi, n (m,n € N) the Boolean sum of
parametric extensions of umvanate operators Vy, and V,,. Put Qg = Iy x Iy, Qo =
Io x I,. Then if fe HY (Qo)ﬂ Dom (an) with 0 < a,83 < 1, the functions
V..f, Vo f and (V,,, o V,:‘)f are in the class Hy’ A(Qo).

Proof. Let f € Hj’ﬂ QoN Dom (Vi n) and let 6,7 be arbitrary positive numbers.
Consider (z,y) € Qo, (u,v) € Qo such that 0 <u—z < §,0<v—y <.

The argumentation similar to that of the proof of Theorem 2.1 of [6] yields the
identities

X X =) (g pYh—a) ;

Vi (0,0 = 33 ) Dty (),
© 2 b=y — Y- ;

Viuf (@) = 3 3 (-1 DT ity (L),

Il
=)
o~
I
(=]

)



Properties of some bivariate approximants 243

for every t € L. Consequently,
|AuoVinf(z,9)]

_ I = i(_l),-“z(i.-q)(u—a:)(l.—q) D§+’¢m(u)Ai_:,,,f(%,y)|

T
i=0 1=0 !
0 0 =)y — Y —9)
i+ Z (u—=z) i+ Lye
<’y 3 -0 D) ()
i=0 =0

= AnVinga(u — ),
where g,(7) = 7* (7 2> 0). Since
Viga(t) <t* forall tely, keN (6)
(see [6], p. 128), we have
B,V f(2,9)] < AP (u — 2)°.
This implies the inequality
W(Vinfi8,m), < A8,

Analogously,
w(Vy fi6,m)5, < Aé%nP.
Considering the superposition V,;, o V.* we easily observe that

A (Vi 0 V) (2, )]

O 00 OO 20

L (ti—a) (yy — 2)(t—9)
= l Z Z Z Z(_1)1+l+y+rx (";!l! z)

1=0 =0 j=0r=0

. y(jr_q) ('U — y)(rr_Q)
jirt
< AVinga(u — 2)Vags(v — ).

i j+1 i ]
Dy (W) D3+ Y (0) Agsiy/mirniynf (o 2|

Applying inequality (6) we get
W((Vm 0 Vi) f36,m) 5, < A6%P,

and this completes the proof. O
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3. Approximation properties

Let us return to the general operators L, ,, given by (2) for functions f defined on
Q. Make the standing assumption

S pik(t)=1 forall tel, keN.

j€Jk

In this case, for any f €Dom (L, ) and all (z,y) € Q,

f(xa :lj) - Lm,nf(wr y) = Z Z A:z:.yf(&i,mv£j,n)pi,m(-7:)pj.n(y)'

i€Jm JCJn
By a small modification of the proof of Theorem 2.2 in [2] one can get

Theorem 3

Let condition (3) be satisfied and lct for a certain interval Y C I,

sup |p2 k|(t) < AdE, (7)
tey

where A is a positive constant and (dg)}° is a sequence of positive numbers not
greater than 1. Suppose that f belongs to the class BC(Q)N Dom (L »n) and that
P:=Y xY. Then

”f - Lm,nf”l" < (Cl + ’\)zw(f;dmvdn)Q‘

In order to cstimate the deviation L, ,f from f in Holder-type norm it is
convenient to apply the following

Lemma

Supposc that f € Dom (Lm,n) and that 0 < 6, <1, 0 < 1, < 1. Then, for
every rectangle P C @},

: |
”f - Lm,nf”P;cp < (1 + m) ”f - Lm,nf”P
+ sup %{‘TI){WU; 6:mp +w(Lmnf;6,m)p},

the supremum being taken over all pairs (6,7) belonging to the set R(8p,,mn) =
(0,1] x (0,1]\ (b, 1] x (7, 1].
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The above inequality follows at once from the two obvious facts:
(i) if (z,y) € P, (v,v) €EP, 6 < |lu—2| L1, 9, < |v—y| <1, then

|Auo(f = Linn ) (z, 9] < I
pllu—zllv—9l) = o m,nn)
(i) f0< |u—2z| < b6m,0< [v—y| < lorif by < Ju—2| £ 1,0 < |[v—y| < 7, then
|Ay o (f = Linn f)(z,9)|
o(lu—zl, |lv—yl)
< @il = 2] o~ y)p + (L fslu =zl o~ y)p
- pllu—zl, v~ yl)

Combining Theorems 1, 3 and Lemma we obtaln

'f L, anIPy

Theorem 4

Suppose that conditions (3), (5) and (7) are fulfilled. Then if f € H*(Q)N
Dom (L, ) and P:=Y x Y, we have

w(f;6,mq
¢(6,m)

where ¢4 = 5(c1 +A)2+c3+1 and the supremum is taken over all (6,1) € R(dy, dy).

”f - Lm,nf"PHP e sup{

Corollary

Let f € Hz‘ﬁ(Q)ﬂ Dom (Ly, ) andlet 0 <a<a <1,0<b< 8<1. Then, in
case p(s,t) = s°® (0 < 5, < 1),

”f - Lm,nf”P;tp < Ac4(d;’n‘“- + dg—b)
whenever assumptions (3), (5), (7) hold.

Remark. For operators Vy, , considered in Theorem 2 and functions fe Hfj‘ﬁ (Qo)
(0 < @, 8 < 1) satisfying the condltlon flz,y) = O((1 + z2)(1 + y?)) uniformly in
(z,y) € Qo, the relation Vi, nf € Hoy (Qo) is valid. Further, by Theorem 3,

”f Vm n.f“P (1 +A) (f;dmadn)Qoa

where P =Y x Y, A and di are determined via condition (7). Applying Lemma
we get, for all m,n € N, the estimate of || f — Vi, nf| p;p as in Corollary, with c4
replaced by 5(1 + A)% + 4.
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