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A commutator theorem with applications

MARrIO MILMAN*

Department of Mathematics, Florida Atlantic University,

Boca Raton, Florida 33431, U.S.A.

ABSTRACT

We give an extension of the commutator thecorems of Jawerth, Rochberg and
Weiss [9] for the rcal meihod of interpolation. The results are motivated
by recent work by Iwaniec and Sbordone [6] on generalized Hodge decom-
positions. The main estimates of these authors arc based on a commutator
theorem for a specific operator acting on LP spaces and through the use of
the complex method of interpolation. In this note we give an extension of the
Iwaniec-Sbordone thcorem to gencral real interpolation scalcs.

1. Introduction

In [13] and [9] Jawerth, Rochberg and Weiss initiated the study of second order
and abstract commutator theorems for scales of interpolation spaces. Recall that
given a compatible pair of Banach spaces the classical constructions of interpolation
theory provide methods to obtain parameterized families of spaces with the inter-
polation property. That is if an operator T is bounded from a compatible pair A
to another compatible pair B then T will also be bounded on the corresponding
interpolation spaces. Jawerth, Rochberg, and Weiss (cf. [13] and [9]) have shown
that associated with the classical methods of interpolation are certain operators,
Q, generally unbounded and non-linear, which can be obtained by diffcrentiation
with respect to certain parameters used in the specific method. These operators
have the property that their commutator with a bounded operator 1" in the scale,
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(2,17, is also bounded in the scale. This was shown in [13] for the complex method,
and in [9] for the rcal methods. For example, in the case of LP spaces one can use
the operators Qf = flog (|f|/|lfll)- These results have interesting applications in
analysis. We refer to these papers, and also to [2] and the survey [3] for a detailed
account. We should also point out an interesting connection of the subject under

consideration and the theory of logarithmic Sobolev inequalities (cf. [3]), in fact
some of the basic ideas of the theory, for the complex method and in the LP set-
ting, are already implicit in Feissner’s [5] study of higher order logarithmic Sobolev
inequalitics. In the setting of lattices these results have been considerably extended
by Kalton (cf. [10] and the papers quoted therein) who has exhibited a large class
of opcrators “Q” which commute with bounded operators in an interpolation scale.
The methods developed in Kalton's papers are very interesting and his results have
many new applications. However, it is not yet clear how Kalton’s methods can be
incorporated in the general theory. In [12] a new approach to the abstract commu-
tator theorems for the real method was given, showing, in particular, commutation
relations with certain non-lincar operators. We also mention [11] where a connection
to the functional calculus for positive operators in Banach spaces is developed. The
conncctions of this subjoct with “extrapolation theory” are also explored in [7] and
[11]. A general unified approach to commutator theorems for the real and complex
methods has been obtained in the forthcoming paper [4].

Recently in their study of minimizers for variational problems Iwaniec and Sbor-
done [6] have obtained and used the following commutator theorem using the com-
plex method of interpolation.

Theorem 1

Let T be an operator 1: LP — LP, p € [ry, 2], where 1 <11 < 1 < 00, and let
%—1S6Sﬁ——1- Define

(1) = (nl;d,,)Ef'

Then,
ML, Qelllp/14e) < cplel 1l (1)

where
2p(ra — 1) .
sup ||Ts.
(p—71)(r2 — P) ri<e<rs Il

Cp =
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This is a useful variant of the commutator theorem of [13] and can be obtained
by the complex method. One of the main points in the applications of (1) is the fact
that £ can be negative. Let us also point out that, as was observed in [6], letting
e — 0 in (1) we obtain the Rochberg-Weiss [13] theorem in the context of LP spaces

[T, 9]l < coll £l (2)

where Q f = flog (If1/lf1l,)-

The purpose of this note is to point out that the Iwanicc-Sbordone result can
be incorporated to the general theory of commutator inequalitics for real method
of interpolation. Thus, we exhibit a general class of opcrators 2. which commute,
with bounded operators 1" acting on the initial pairs, in the scnse that an estimate
of the type (1) holds for [Q, T] inside the real interpolation scale. When specialized
to the LP setting our results give the Iwaniec-Sbordone theorem with a less precise
constant.

We assume that the rcader is familiar with the basic results of interpolation
theory as devcloped in [1], where we refer for background information. In order to
make the paper self contained we have included a brief summary of the necessary
definitions concerning the theory of real interpolation commutators.

2. Quasi-logarithmic operators associated to real interpolation

In this section we briefly review the rclevant definitions from interpolation theory
and introduce the relevant operators that we shall study in this paper. We refer to
[1], [9] and [3] for more details.

Let A = (Ag, A;) be a Banach pair, a € X(4) = Ap + A;, and recall that the
K functional of a is dcfined, for t > 0, by

K(t,a; A) = inf{j|aolla, + tllailla,:a = ap +a1}.

The interpolation spaces 71_0_,,; k:0< 8 <1, 0<q< oo, arc defined by

Ao = {a:lols, ., = { [ KGaDPE} <o} @

We shall be concerned with the process of computing thesc interpolation norms. We
say that the decomposition a = ay(t) + a;(t) is almost optimal for the K method if

lao(t)llao + tllar(®)lla, < cK(t,a; A)
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where c is a constant fixed before hand, say ¢ = 2. We then write Dg(t; A)a =
Dg(t)a = ag(t). The operator §2 associated with this decomposition is defined by

Qz.40= /0 DK(t)a% - /]'00 (I- DK(t))a%. (4)

Similarly, we can define the corresponding operators (2 associated with the .J
and E methods. Recall that given a Banach pair A the spaces Ag 4.7 , 0 < 0 <
1, 0 < g < oc, are defined using the quasi-norms

rO0

lallz,,, , = inf { [/0 (J(s, u(s);Z)s“’)q%] ]/q; a= /Ooc u(s)%}

where u: (0,00) — A(A), and the J functional is defined for h € A(4), t > 0, by

J(t, h; A) = max{||h]| a,, t||2]| a, }

We shall say that u(t) is an almost optimal decomposition of a for the J method,
and write D;(t, A)a = D;(t)a = u(t), if

o= [T w0 % ol ~{ [ Ve uerdemZ}

The corresponding € ; operator is defined by

<
~—~—

o0 dt
Qo = / D,;(t)alogt?. (6)
0
For the E mcthod we have a similar definition. Recall that

E(t,a;A) = inf {|laolla,:a=ao+a1}.

il”’lllA] <t

The corresponding interpolation spaces Ag 4.2, 0 < 6 < o0, 0 < ¢ < 00, are defined
using the quasi-norms

i —.. dty1/e
i|— = 6 q___
I filZ, ..z { /0 [t E £, AN } : (7)
Let Dg(t; A) = Dg(t)a = ag(t), for an almost optimal decomposition, that is
such that
E(t,a; A) = [|Dg(t)al| 4, (8)
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Then, the corresponding s are defined by

1 0
Qpa = /0 D;_:;(t)a% - /1 (I - DE(t))(I,%. (9)

The main result of [9] is that if T is a bounded opcrator T: A — B, and F
denotes any of these methods of interpolation, then there exists a constant c(F)
such that if we let [Qp,T) = Qpg) 1" ~ TQp ), then

WQr, T} fllp@y < el fll pea)-

This result also holds for the complex method (cf. [13]).
In the next sections we consider variants of these operators and commutator
theorems for them.

3. A commutator theorem for the £ method

We consider first variants of the 2 opcrators associated with the E method since it

is the mcthod that will provide us with an appropriate gencralization of Theorem
1. Let @ € (—1,1), « # 0, and define

00 ! 1
Qpaa=Qya = a( / DE(t)at“"%E - / (I- DE(t))ata-C?)-
J1 L Jo 2

Theorem 2

Let A and B be a Banach pairs, T: A — B be a bounded operator, then there
exists a constant ¢ > 0 such that if 0 + o > (),

- [
”[907 1 ]f”(BO;Bl)O/(a+1),q;E S alcxl(zca)e/(a+l)(a + l)l/qllfII(AO.A1)0+n,q;E'

Proof. It is casy to sec that according to our definitions for any Banach pair H, and
for t > 0, we have

it ds ¢ ds
Q, 7o+ apa(t) = a(/t DEj(s)as"‘—s— —/0 (I- DE'ﬁ(s))a,s"‘?) (10)

where p,(t) = 1 —t*.
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Let @1 (t) = 1([0 (I — Dg(s))as*%2), then

1B @l < lol( [ 1= Dae)allms"Z) < oty

"Thus, letting ¢, = |a|(a+ 1)~! and combining (10), (11), and (8), we get
e = 448
E(cat®t!, Qpa + pu(t)a; H) < |(x|(/ E(s,a, H)SQT)' (12)
f’ e,

Therefore if T: A — B, then we can cstimate E(2¢c,t2t?, Q, 5Ta - ’I‘Quza;ﬁ) as
less than or equal to

E(cat**, Q,5la+ Pa(t)l'a; B) + E(ca_t"""l, T(Quza + w,,(t)a);ﬁ).
Using the fact that T is bounded, and applying (12) to each of these terms we get
E a+1 r =} * A ads
(2¢at®™,Q, 3Ta - TQ, za; B) < c|a|( E(s,a,A)s ?)

Ji K

where ¢ depends only on the norm of 7' on the initial pair. An application of Hardy’s
inequality (cf. [14]) now yields

1/
{/0 [P E(2cat°t,Q, 5Ta - TR, 7a; B)7 } !

c|a| / E(s, 0, A)s a-rO]q }1/q

and therefore we finally get

A1)ote,a:E" u

clof o \o/(at
”[QU“T]a”(BO\Bl)()/(a+1).q;E S 7(2(‘0‘) /(a+ )(a + 1)1/q“a’”(AQ,

We consider now in detail the special case of LP spaces. Although the calculation
of the interpolation spaces in this case is well known we include the details for the
sake of completeness and the reader’s convenience. The E functional for the pair
(L', L*>) is well known and casy to compute (cf. [1], [8])

E(t, f, L, [®) = / ” Af(s)ds (13)
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and an approximate optimal decomposition is given by f = fx(si>e3 + fxq(i51<e3- (In
fact an optimal decomposition is given by f = (f—t)* +tx{|f<¢})- The interpolation
spaces for the E method can be determined using this formula. In fact if we recall

the formula ~ y
p
£l = {P/ /\j(s)sp_lds}
0

we see, using (13) and integration by parts that

Il f]

A calculation using (9) gives

(L, L®)p1,,8 = [(p - l)p]_lllfilz

Qof = fIfI* = F.
Let us sct Sof = f|f|*, then we clearly have [T,Q,] = [I',S,]. Now to apply
Theorem 2 we let

0 T
a+1l 1+a

—1, then #+a=r-1

and the previous discussion gives

ITSaf — SuTFe < cgr-t-aosn (_lol \7** 1 o,
of = 8elfllpiga < ¢ @+n) w-pil

Raising both members of the previous inequality to the power H'T"‘ gives an estimate
of Iwaniec-Sbordone type,

i _ITf eTf ( |a| )( 1 )(a+1)/r
‘1 (Ilfll.‘r’) T AN CES AN Y £l (14)

In order to obtain a version of Theorem 1 we argue that

1‘('f|fxf) 3 Tflaqwf < 11(|f|uf) B 11f{111f
£l LA {lejea ™ £ (1 VRS
[rfers  [rf1eT
+ - =I+11, say.

I is controlled by (14) while IT can be readily computed

HTﬂh)“_ I
(|um. 1

Il =

Tfl-
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Lot z = ||Tfllrs ¥y = Ifllr v =1y/z, p(u) =u**"! —u, and assume, as we may, that
WL |lr—r < 1, then u € [0,1], and we have reduced cverything to prove that there

exists ¢ > 0, such that Yu € [0,1]

lo(u)] < clal. (15)

1+a

We study @ using calculus and we see that (15) holds with ¢ = (ﬁl_a) a . We
conclude the analysis by observing that the factor 1/(1+a) is under control by ro/r.
By collecting cstimates we see that we have thus obtained an end point version of
Theorem 1 by rcal methods with a somewhat worst constant, but with the right
control when a — 0. By reitcration we may obtain the full result.

In a similar fashion we can deal with the family of error functionals Ejs in-
troduced in [9], this is particularly useful when dealing with pairs of weighted L?
spaces. As an example when dealing with the pair (LPo(wo(z)dz), LP*(w;(s)dx))
the corresponding Qs can be chosen to be of the form

3
. Wo
Qf=f (—) - f
uh
For brevity sake we refer to [9] for other possible applications of Theorem 2, and
where similar calculations are performed. Using these methods one can also deal

with operators T that are not necessarily linear (cf. [12] for a detailed trcatment of
non-linear operators in the context of the K method).

4, Remarks on the K and .J methods

There are many variants of the results of the previous section. We can consider the
K and J methods, or consider variants of the £ method (as in [9]), etc. However,
since the analysis of these methods is similar to the one we developed in detail in the
previous section we shall be rather brief here. In fact in the case of the K method
the analysis follows closely the one given in [12]. We consider operators defined by

1

oC
Qaa = (1( Dx(s)asa% - / (I-— DK(s))asaé).
1

JO 8

Then, as before we see that

ds

Qo — palt)a = a(/ot DK(s)as”‘? — ‘/too (I- DK(s))a.s"‘ﬁ).

8
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This leads to the estimate

— i t — o 8
K(t.Qqa + pa(t)a, A) < cla / min {1, ;}K(s,a; A).s"‘{.
Jo - -

(16)
‘Thus, if 1 A — B, we see, using the cancellation property for commutators in the
usual fashion, the estimate (16), and Hardy’s inequality, that

IIT, Qa)fl5, . < c(B:a)le] 1117, .

We formally state this result as,

Theorem 3

Let A, B, be Banach pairs, let 1" A — B, be a bounded operator, and let
€ (-1,1)\ {0}, 0 <8< 1,0 < q < 2, and supposc that 0 < § — a < 1. Then
there exists a constant ¢ = ¢(0,q) such that

Let us remark that the operators €, for this method are different than those for
the E method (cf. [9]). In the familiar examples of the theory they can be casily
calculated by trivial modifications to the calculations of Q in [9] and [3]. For example,
for the pair (L', L°) a possible choice of Q1 is given by Qq f = f(r;)* — f, where 7y
is the “rank function” of f defined by rs(x) = [{y:|f(y)| > |f(2)| or |f(¥)| = |f(x)]
and y < x}| (cf. [3]).

The J method admits a similar treatment and analogous results. For example
a class of operators that can be treated by these methods is given by (cf. [3])

[:l’a Qa]f”ﬁa,ulk S (‘:lal ”f“Za—mu:K'

e dt
Qaa:/ t*Dy(t)a—.
0 t

"The relationship to the corresponding €,.x operators is, as usual, given by the
fact that the fundamental lemma of interpolation theory implies that we can take
D,(t)a = t%DK(t)a. We also point out that the resulting theory is closely related to
the functional calculus associated with positive operators in Banach spaces (cf. [11]
and the references thercin) and Zafran’s work [15].

We shall deal elsewhere with the complex method and with applications to
weighted norm inequalities for classical operators (cf. also [9], [12], [13]).
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