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Every nonreflexive Banach lattice has the
packing constant equal to 1/2
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ABSTRACT

Kottman [9] has proved that any P-convex Banach space X is reflexive. In
the case when X is a Banach lattice our result says more. Tt says that any
Banach lattice X with A(X) < 1/2 is reflexive. This result generalizes the
results of Berezhnoi [2] who proved that A(A(p)) = A(M(p)) = 1/2
for nonreflexive Lorentz space A(p) and Marcinkicwicz space M (ip). Itis
proved also that for any Banach lattice X such that its subspace X, of order
continuous elements is nontrivial we have A(X) = A(X,,). It is noted also
that Orlicz sequence space I is reflexive iff A(I%) < 1/2.

In the sequel N, R, X, denote respectively the scts of natural numbers, of reals
and of nonnegative reals. If X is a rcal Banach space, S(X) and B(X) denote its
unit sphere and unit ball, respectively. The packing constant of X is defined by the
formula (see [15] and [16]):

A(X) =sup {7‘ > 0: 3(:1;,,,),,‘;“;1 in X s.t. ||zn|| £ 1-7, and ||z, —z,|| > 2r if m # n}

Kottman [9] has proved that for any infinite dimensional Banach space X, we have
A(X) = D(X)/(2 + D(X)),
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where
D(X) = sup{ iI:’léf |zm — Zn|l: (£r)5%; contained in S(X)} .

Recall that a Banach space X is said to be P-convex (see [10]) if P(n,X) < 1/2 for
some n € N,n > 2, where

P(n,X) = sup {r > 0:3(x;)iq st ||zl £ 1—r and ||lz; — ;|| > 2r for i # j} .

Kottman [10] has proved that any P-convex Banach space is reflexive.

A map ®: K — R, is said to be an Orlicz function if ®(0) = 0, ® is cven, convex,
and ®(u) — +oc. By I° we denote the space of all rcal sequences. Given any Orlicz
function ® definc on {° a convex functional Is(zA) <1 by

oc

Io(z) =Y 0(z(s) (Vo= (z(@)R,€l).

i=1

The Orlicz sequence space [? is then defined to be the set of these z in " for
which Ip(Az) < 4+oc for some A > 0 depending on 2. The space [ equipped with
the Luxemburg norm

”wll‘p = inf {/\ > 0 I@(.’L‘/)\) S 1} (\'/(1' S lq))

is a Banach space (see [9], [11], [12], [13] and [14]).

Recall that an Orlicz function ® satisfies the As-condition at 0 if there exist
K > 0 and up > 0 such that 0 < ®(ug) < +00 and ®(2u) < K®(u) whenever
lu} < ug.

Let X,Y be Banach spaces. We say that X contains an isomorphic (almost
isometric) copy of Y if for some (for every) £ > 0 there cxists a linear opcrator
P:Y — X such that the incquality

(%) lvlly <NIPyllx < (1+e)lylly

holds for every y € Y.
For the theory of Banach lattices sec [1], [4] and [9]. We start with the following
result.

Proposition 1

Let X and Y be Banach spaces and assume that X contains an almost isometric
copy of Y. Then A(X) > A(Y).
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Proof. Let £ > 0 be arbitrary and take an arbitrary sequence (yn) in S(Y). Let P
be a lincar operator from Y into X satisfying condition (). Define the sequence
zn = Pyn/||Pyn|lx in X. In virtue of (x), we have

1
1 Tm — < —non—||Py,, — Py,
(1) lzm allx < ||Pym“X" Ym Ynllx
1 ‘ 1
+ 1Pyl x |

"Pym“X ”P?In.”X

1 1
< (L+e)lym — ynlly + (1 +2)

1Pymlx  [1Pynllx

<1+ E)Hym - y'rl“Y te.

On the other hand,

Ym Yn Ym Yn
N -l < 1P () - P (e ) |
( Pymlx ~ TPyallx v TBymlx 1Pyall /) l1x
and
1 1 £
3 - | <l-——= <e
®) NPymllx  ||Pynllx 1+ 1+¢
Applying (3), we get
| 1 [ ol Pl -
| Pymll x IIPvnllx ”PymIIX y | ||Pymllx |[Pynlix
> 1+ “ym yn”Y.—E .

Combining (2) and (4), we obtain

(5) lzm —znllx > Nym — ynlly —e.

1
1+e
Incqualitics (1) and (5) imply our result. O

Theorem 1

Every nonreflexive Banach lattice X has the packing constant equal to 1/2.
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Proof. By the assumption, X contains an isomorphic copy of ¢g or I (see [1], [4]
and [9]). So, by the James thcorem (see [8]) X contains an almost isometric copy
of ¢y or I', respectively. By Proposition 1, we get A(X) > A(co) or A(X) > AL,
respectively.  However, A(co) = A(l') = 1/2 (see [7], [16] and [17]), whence it
follows that A(X) > 1/2. Since, the inequality A(X) < 1/2 is always true, we get
A(X)=1/2.0

Remark 1. Since A(X) < P(n,X) for any n € N(n > 2), Theorem 1 gives stronger
result for Banach lattices than Kottman thcorem which says that any P-convex
Banach space is reflexive.

Remark 2. There exists a reflexive Banach lattice X with A(X) = 1/2.

In fact, define X to be the Hilbertian direct sum @lm, where 1 < p; \ 1.
Every [",i=1,2..., is isometrically cmbedded into X, so we get for any 4 € N:

AX) > AI™) =1/(2+ 281y 71)2

(for the inside equality sce [16] and [17]). Since we always have A(X) < 1/2, it
follows that A(X) = 1/2. Clearly, X is a Banach lattice and as the Hilbertian direct
sum of reflexive Banach lattices 1" (1 < p; < +0c), X is reflexive.

Theorem 2

Let X be an arbitrary Banach lattice and X, be its subspace of order continuous
elements. If X, # {0}, then A(X,) = A(X).

Proof. Assume first that X has an order continuous norm, i.e. X, = X. Then the
equality is obvious. Assume now that X, # X and X, # {0}. Then X, contains
an isomorphic copy of ¢y (sec [1], [4] and [9]), and so, by the James theorem (see
[7]), Xo contains almost isometric copy of co. Hence, A(X) > A(X,) = 1/2, and
consequently A(X) =A(X,)=1/2.0

Yining Ye, He Miaohong and Ryszard Pluciennik [18] have proved that Orlicz
function space L? as well as Orlicz sequence space [? equipped with the Luxemburg
norm is P-convex iff it is reflexive, i.e. both ® and ®* (the complementary function
to @ in the sensc of Young) satisfy the suitable Ag-~condition (i.e. the Ay-condition
at zcro in the sequence case). We will prove now an analogous result for 1% in terms

of A(1%).

Theorem 3

An Orlicz sequence spacc I® is reflexive if and only if A(I?) < 1/2.
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Proof. If A(I®) < 1/2 then I? is reflexive by Theorem 1. Assume that [? is reflexive,
i.e. ® and ®* satisfy the Ay-condition at zero. Then (see [15] and [17]),

(6) D(I*) = sup {co>0:le(z/c:) = l}_
z€S(P) 2

To get this formula only the As-condition at zero for ® is important. Since ®* also
satisfies the Az-condition at zero, we have for a > 0 such that ®(a) = 1:

(7) Ip>1VAe (0,1) V]u| < a: B(Au) < ANP®(u).

Hence, taking into account that, in view of the As-condition at zero for ®, the
equality Io(x) = 1 holds for any x € S(I?), we get for any z € S(I*®):

T 1 1
o (577) < 3lete) =5
Hence, it follows that ¢, < 2Y/? for any z € S(I®). Therefore, D(I%) < 27, and
consequently A(1®) < 1/(2+2'Y/P) < 1/2.0
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