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ABSTRACT

The notion of value functions and a necessary and sufficient condition for a
total subring to be a valuation ring are studied in the case of a *-field.

1. Definitions and basic facts

Let D be a #-ficld; that is, a skew field with an involution * (an anti-automorphism
of order 2). lor general valuation theory on skew fields one can refer to |5]. For -
fields, we need our valuations (0 also be compatible with the involution *. Following
[2], we define a *-valuation on /) to be a valuation w onto an additively written
ordered group with the additional property that w(z*) -- w(z) for all z in D* (the
multiplicative group of non-zero clements of D). A subring V of D is said to be
a total subring if it contains z or 7! for all x in D. A total subring is called
a *-valuation ring if it contains z*z™! for every x in )®. In [6], a necessary and
sufficient condition is given for a total subring to be a valuation ring for a division
ring. This is done by associating value functions to primes in the division ring. In
this paper, we carry over these results to the case of a x-field, were valuations are

replaced with *-valuations. We now recall some basic facts about *-valuations in
*-fields.

Lemma 1

(i) If w is a »-valuation, then the subring V = {x € D [ w(z) > 0} is a *-valuation
ring and P = {z € D [ w(x) > 0} is a *-closed maximal idcal of V..

(ii) Given a x-valuation subring V of D then there exists a »-valuation w such that
V coincides with the x-valuation ring of w.
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Lemma 2

(i) IV is a subring of 1) which contains x*z=! for every x in D*, then V is *-closed
and preserved under conjugation.

(ii) If V is a *-closed total subring which is preserved under conjugation, then V is
a *-valuation ring.

A couple (7, R) is said to be a *-prime in D if the following conditions arc
satisfied:
(1) R is a *-closed subring of D.
(2) P is a *-closed prime ideal in R.
3) faxRyC P withz,ye Dthenze Porye P.

A s-prime (I, R) is called semi-restricted if and only if for all € D\ R there arc
a,b e R\ {0} with aorb € P such that axb € R\ I’. I'rom [6], it is known that when
R is a total subring of /1) and P its maximal ideal, then (P, R) is semi-restricted.
For any #-closed ideal I, define DP = {z € D /2P’ C P and Pz C P}.

Proposition 3 (|3|)
A x-prime (1. D'’) such that D' is preserved under conjugation, yields a -
valuation of D with x-valuation ring D' and maximal ideal P.

2. »-Value Functions

Let (17, DF) be a #-prime in D. Consider the sets
P = {(b,¢) € D x D [ bxe+ (bxe)* € P},

for cvery 2 € D. Define an equivalence relation on D as follows: z ~y & Py = P,.
The cquivalence class of & will be denoted by Z.

Lemma 4

The quotient set 1D/~ is a partially ordered group, with respect to the mulli-
plication induced by multiplication of D, the ordering being defined by

TL<y<= P, CP,.

Proof. Let x, 2/, y, y' € D such that z ~ 2’ and y ~ 3/, if (b,¢) € DD x D for which,
baye + (bzye)® € 12 then (b,ye) € Py -- Iy, So ba'ye -1 (bx'ye)* € P and therefore
(bx',c) € P, -- I, which implics ba'y'c -+ (bx'y'c)* € P, this proves Py C Ppryr.
Hence the equivalence relation is compatible with the multiplication of D.

Clearly I’, C I’; defines a partial order relation on 1D/~. Also, it can be shown
that T <7 implies 72 <yz. O
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Corollary 5

The map ¢: )* — 1" (= D/~); x = T -= ¢(x); defines a value function, from D
into a partially ordered group, with the following propertics:
(i) o(xy) = &(x)d(y) for any x,y € D°.
(ii) If ¢(x) < ¢(z) and ¢(y) < ¢(2); z,y,z € D®, then ¢(x -+ y) < o(2).

Proof. (i)is clear. (ii) Let (b, ¢) € I’ then (b,¢) € Py and (b, ¢) € P,; so bxe-l (bre)*,
byc | (bye)* € P. Tlence bz 4 y)e + (W(z +y)e)* € P. O

DEFINITION 6. We call the value function ¢ a *-value lunction if it satisfies the
additional properiy that o(z*) - o(x).

From the definition it follows that the value group I' of a x-value function is
abelian. For, o(x)o(y) = o(zy) = o((2y)*) = o(y*=*) = o(y*)o(x*) = () ().

Let (2, DT) be a semi-restricted *-prime in D. Consider D - {zeD /¢ <
1}, where ¢ is the value function associated with (1, D”’) and where | is the unit
clement in ['. Clearly D is a ring which is -closed when ¢ is a *-value function.

Lemma 7

D. ﬂ 2DV 2!
zel)

Proof. Let ¢(xz) < 1, then for (b,¢) € P, we have be + (be)* € P. Also (bz,z7¢) €
Py C P, so that bzzz7'c -+ (bzwz_'c)* € P, for all z in /). Assume now that
zez™' ¢ DI for some z € D. Since (P2, DP) is semi-restricted there would be
elements b.¢ ¢ DU with b¢ € P such that bzxz=l¢c ¢ P. But then be | (be)* € P
and bzxz='e | (bzwz~'e)" ¢ P which is a contradiction, thus z € z~'DP 2 for all z
in D. 0O

Lemma 8

The value function ¢©: D* — I%; defines a homomorphism and its kernel is the
group of units U of D, i.c.. ker(¢) = {z / (z) =1} := .

Proof. ¢ is a homomorphism by Corollary 5, and as in [6] we can show that z is a
unit in 1 if and only if o(x) = 1. 0
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Assurne now that ¢ is a *-value function. From ¢(z*)  é(z), o(z*2=1) -1
follows, i.e., 221 € D for every x in [). For every x,y € 1) we have

'y (@) (@) 7 (") (v e) " Ty
Hence D contains the commutator subgroup 1), D] of 1*. Thus we have shown the

Lemma 9

If ¢ is a *-value function, then the ring T is preserved under conjugation.

Lemma 10

If ¢ is a %-value function, then D is a x-valuation ring in D.

Proof. Since ¢ is a *-value function then T ~ 1)* /U is abelian. llence U contains the
commutator subgroup |1, D] of ). But, then D > U > |D, D] (by Lemma 7), and
DY is preserved under conjugation. In view of Proposition 3, D’ is a #-valuation
ring in D. O

Next consider the following subgroup of 1%:
U == {(lb(.'z:) er / zeD’ andz ' e DP},

i.e., the image of the group of units of D' in T. As in [6] one can show that Uj is
normal in 1" if and only il it is trivial.

Let V be a tolal subring of 1. One can show that the left ideals of V are
totally ordered by inclusion. ‘I'his can be extended to the set ¢ - {wV / x € D}
of V-submodules of D. Define w: D* — @ to be the canonical mapping, and write
w(w) > w(y) if and only if 2V C yV. Ivom |2, Theorem 4.4], w has the following
properties:

(1) w(x) > w(y) = w(zr) > w(zy) for all z in D*;

(2) wlz I-y) 2 minw(e),wy)) @ +y /£ 0);

(3) w maps onto ¢; and

(1) wlz) > w(l) = wx*) > w(l).

IT w satisfies w(x*) = w(x) for all 2, then the set G becomes a commutative ordered
group and w also satisfies w(zy) - w(x) | w(y); thus w is a *-valuation (sce [2,
Theorem 4.6]).
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Theorem 11

Let V' obe a x-closed total subring of 1D, P its maximal ideal. I['1" is the valuc
group associated with (12.V), define
il — G
o) — w(x)
then o is a well delined map and the following are equivalent
(i) ¢ is a x-value function;
(ii) w is a =-valuation;
(iii) Uy is trivial; and
(iv) & Is injective.

Proof. 'l'o show that @ is well defined we assume that o(xz)  ¢(y) and so o(zy~")

1. Suppose that y='z € V but 2~y ¢ V. Then y~'a € P which vields 27 'ey~'2 |
(x'xy~'2)" € P. 1vom o(ay™') 1, il follows thal (z~'x) |- (2~ 'z)* ¢ P, (hal is,
2 ¢ P acontradiction. Thus y~'z € V and 27 'y € V so that 2 € yV and y € 2V
and 2V yV lollows.

(i) => (ii) I o(x)  o(r) then from above w(x*) - w(x) follows and w is a *-
valuation.

(ii) & (iii) Il w is a =-valuation, then Vois a s-valuation ring and so Ug is normal.
Henee Uy is trivial. Assume now that Uy is trivial, so the units of V are invariant.
under conjugation in /). Hfp & Vis not a unit, then p 1 1is a unit and so. ford € D,
dp i Nd=' e V. I'romdpd=" | 1 € V, it [ollows thal dpd=' € V and V is closed
under conjugation. Henee Vois a x-valuation ring.

(i) = (iv) a2V  yVihenax yzandy axz' for z,2' € V. Therelore y  yz2!
which implies zz2/ I and z is a unit in V. Now. if ¢(x) # &(y), then we may
assume thal there is an element (b,e¢) € 1 x I such that bre | (b.tz,'(c)* e I’ but
bye | (l)yc)* # 1. So bye ¢ I which yields ¢='y~'b~! € V (where V is tolal). Next
we show that a bre € PP Indeed, from the identity

a(l ta'a*) ai1a’

wegeta (a1 a*)(1d a"a.“)_l ¢ P (where (1 a-"'u.“)_'I €Vand Vis a *-
valuation ring). Now. we have (¢7'y='67") (bre) € P, that is ¢ 'z¢ &€ P. Similarly,
from z "' is a unit in V we deduce that ¢'z7'¢ € P andso | (e7'27e) (¢ '2¢) €
P which is a contradietion.

(iv) = (i) Let o(2) € Ug. then 2 and 27! € D and x is a unit in V. llence
w(x) - 0. Thus ¢(r) 1 (where 3 is injective), and Uy is trivial.

(iv) = (i) If ¥ is injective then Uy is trivial and w is a *-valuation. 'Thus from
w(x)  w(z) it follows that ¢(x*) - ¢(x) for every x in D®. Henee ¢ is a x-value
(unction. O
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Corollary 12

A x-closed total subring V of a x-field D is a x-valuation ring if and only if i
is injective.

It was known from T'heorem 1.8 in [6] that for skew fields which are finite di-
mensional over their center, all total subrings are valuation rings. This is falsc as
J. Gréter [1] has given an explicit counter example Lo that theorem. Also the *-field
version of that theorem; which asserts that for all x-ficlds which are finite dimen-
sional over their center, all *-closed total subrings are #-valuation rings (Theorem
9 of [3]); is false, where counter examples have been provided by P.J. Morandi and
A R. Wadsworth. In {4], they construct Bacr orderings on finite dimensional *-fields,
of every possible finite dimension, such that every corresponding order subring fails
to be a x-valuation ring. As the order subring of a Baecr ordering is known to be
*-closed and total, these examples are counter examples to Theorem 9 of |3].
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