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ABSTRACT

This paper concerns the sufficient conditions for the applicability of the
Newton-Kantorovich method to nonlinear singular integro-differential equa-
tion with Hilbert Kernel.

1. Introduction

Nonlinear singular integro—differential equations with Hilbert or Cauchy kernel have
been treated by many author’s, cf. Mal’sagov [5], Pogorzelski [6], Wolfersdorf [8]
and the monograph [2] by Guseinov and Mukhtarov.

In this paper the class of nonlinear singular integro-differential equations with
Hilbert kernel in the form

Pu)=u—- A(u) =0,

2m
A(u) = %/0 ¥ (o, u(0),u'(0)) cot

o—3s
2

do (1)

is investigated by means of the Newton-Kantorovich method [2, 3, 5] in the gene-
ralized Holder space Hy m (2, 7].
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Lemma (1)

Let the function ¥(o,u(c),u'(0)) be defined on v € [-M,M], v' € [-R,R],
periodic in o (with period 27 ) and have partial derivatives with respect to o,u,u’ up
to order (m — 1). If the function ¥ (o,u(0),u'(c)) satisfies the following condition
for arbitrary o, € [0,27], un, € [-M, M) and u), € [-R,R)], (n = 1,2):

oF Ok
FoaPaar L0 U ) ~ Graguge ¥ (on 1)

< Ck){ f(lo1 = aal) + lus — wa] + o - uj|} 2)

fora+pB+v=k,k=0,1,2,...,m— 1, where f(6) is nondecreasing function from
(0,7] into Ry and f(0) = 0. Then

f(8) + wl(6) + wl (6), atm=1
wg (8) < C(m) § wit(8) + §f(6)w—2(6) + wi = (6)wi (8)

+6f(6)wT2(8) + wik(6), at m > 2.
Wherev =1,2,...,m — 1.

Proof. For m = 1, the Lemma is true.
For m = 2 we have

A2Y(o,u(0),u'(0)) = ¥ (o + 2h,u(a + 2h), u'(a + 2h))
—2¥ (0 + h,u(o + h),v'(0 + h)) + ¥ (0, u(0),v'()).

Using Lagrange’s formula we get
1
|AL ¥ (0, u(0),u'(0))| = ‘ / [‘Ili7 (0 + h+ 0h,u(o + 2h),u'(c + 2h))
0
— ¥ (o + 0h,u(o + 2h), v/ (0 + 2h))] hdé
1
+ 2/ [\I’;(a + h,u(o + h) + 6 (u(o + 2h)
0
—u(oh)),u'(o + 2h))

— W (0 + by u(0) + 6(u(0 + 2h) — u(0)), w!(0 +2h)) |
X (u(o + 2h) — u(o + h))d
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+2 /01 V', (o + h,u(o) + 0(u(o + k) — u(0)),v'(02h))
X (u(o + 2h) — 2u(o + h) + u(0))dd
+ 4/1 [‘I’L, (0 + h,u(o + h),u'(o + h)
0
+6(u'(0 + 2h) — u/(0 + h)))

— U (04 h,u(o + h),u' (o + 8(u'(c + k) - u'(a)))]
X u'(o 4 2h) — u'(0 + h))d8

+4 /01 U, (o + hyu(o + h),v'(0) + 6(v'(0 + B) — /(o))

x (u'(o + 2h) — 2u'(0 + h) + ¥'(0)d8

- /01 [m;(a,u(a + ) + 0(u(o + 2k) — u(o + h)), ' (o + 2R))

— U (0,u(a) + 0(u(o + k) — u(0)), ' (o + 2h))]

x (u(o + 2h) — u(o + h))df

~ [ Wlo000) +0(uto 4 ) (@), (o 4 20)

X (uw(o + 2h) — 2u(o + h) + u(0))df

—9 /01 [\1;;, (0 + hyu(o),w'(c + k) + 8(w/ (o + 2h) — v/(0 + 1))

— U, (0 + h,u(0),u'(0) + (' (o + h) - u'(a)))]
X (v'(0 + 2h) — 2u/(0 + h))df

1
~2 [ Walo+ hu(o), (o) + 8(u/(o + ) - /(0)))
X (u'(0 +2h) — u'(oc + k) + u'(0))db
+ /01 [\1:;, (0, u(0),u'(c + h) + (v (0 + 2h) — v'(c + h)))

— 0, (0,u(0), v (0) + 6(v'(c + h) — u'(a)))]
X (v'(0 + 2h) — u'(0 + h))do

1
+ /0 ¥y (o,u(0),v'(0) + 0(u'(0 + h) - v/(0)))
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x (u'(c + 2h) — 2u'(c + h) + u'(0))d8
+2 /0 1 (¥l (0,u(e + 1), w/(0) + 8(u'(0 + B) - u/(0)))
— !, (o,u(0 + h),u'(0) + 6 (v (0 + k) — u'(a)))]
x (u/(c + h) - /(0)) o
+2 /01 [\qu, (o + h,u(o + k), v'(0) + 8(u'(c + k) — v'(0)))
~ U (0,u(0), ' (0) + 6('(0 + h) = ()]
(w'(o + h) — u/(c))df
+2 /01 [w;, (0 + hyu(o + h),u'(0) + 8(w' (0 + k) — w/(a)))
— 0!, (0, u(0 + ), u'(0) + 6(u'(c + 2h) — u'(0 + h)))]
x (u'( + h) — v'(c))d6
-2 /01 Vi (o,u(o + h),v' (0 + h) + 0(v'(o + 2h) — /(0 + h)))
X (v'(o 4 2h) — 2u'(c + k) + u'(0))db
+2 /01 [11:; (o + 6k, u(o + k), u'(s))

— ' (o + 8h, u(0), v (o + h))] hd8

- 2/01 [\Ilﬁ,(a + 6h,u(0),u'(0 + h))
— ' (o + 0h, u(0), u'(a))] hde\,

for0<6<1.
Using condition (2) we get

|¥, (o,u(o) + 0(u(o + k) — u(0)),u'(0 + h))| < C(1)(M + R) + Ki,

and
| (0,u(0),v(0) + 8(u'(o + h) — v'(0)))| < C(1)(M + R) + K1
where

Kpn_1 = max |¥(m"1(0,0,0)

0<o<2r

y
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and

Komo1 = max WLT“>(U,0,0)|
0<o<2m

Then
wy(8) < C(2) [6£(6) + wu(8) wu (8) + wWi(6) + wii (8)] -
By induction we see that
m-—1

AT (0,u(0),u/(0)) = 3 (m,;' 1) / AU (0 + hyu(o)

n=0

+0(u(o + k) — u(0)),u'(0 + h)) x A" "u(o + nh)db
m-—1

+ ; (m; 1) /01 ARV, (o + hyu(o),u' (o)

+0(u'(o+ h—u'(0))) Xx AR "u'(o + nh)dd

1
+ h/ AT (0 + 8k, u(o), v (0))db.
0
The functions
¥, (o + h,u(o) + 0(u(o + h) — u(0)),u'(c + h)),

w (0 4+ h,u(0),4/(0) + 8(u'(0r) — u'(0)))
and
¥, (0 + 6h,u(0),u'(0))

have partial derivativesupton—1,n =1,2,...,m — 1 and these derivatives satisfy
condition (2), then by the hypothesis we get

A7 (0, u(0), w'(0))] < C(m) [wi(h) + hf ()2 (h)
+ WP (R) x Wi () + hF(R)E 2 (R) + Wik (h)),

that is
wy (6) < C(m) [%’7(45) + 6 f(8)wi72(8) + wi  (8)wyi ()

81617 (8) + wIH(0)].
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Remark. We say that (f;¢) € EH®™ if

5™ 1(8) /5 ' angc_)l dCO((5)).

Lemma (2).

If the condition (2) is satisfied and if (f;¢) € EH®™, u(0o),v'(0) € H¢,m., then
¥ (o,u(0),u'(0)) € Hym.

Proof. It follows from the above remark, Lemma (1) and Marshoud’s theorem [4, 7].

Lemma (3).

If the function ¥ (o,u(c),u'(c)) satisfles condition (2) then the operator P(u)
is Fréchet differentiable in the space Hy ,,, moreover

2m
P'(u)h = h(s) — 5-% /0 {w;(a, u(o),v'(0)) h(o)

g—38

+ ¥, (0,u(0),v'(0)) h'(a)} cot do ... (3)
Also P'(u) satisfies Lipschitz condition:
|P'(u) — P'(Uo)|¢'m < C(m)|u - u0|¢'m,
C(m) is a constant, in the sphere |u — u0|¢’m <r.
Proof. Let u(s) be a fixed and h(s) an arbitrary element in Hy ,,. Then we have

1 2m
P(u+ h) — P(u) = h(s) — %/0 {\If(a,u(o) + h(a),u'(0)) (o)

o—3s
do.

~ ¥(o,u(0), u'(a))} cot
According to the following identity
Y(o,u+ h,u' +h') - Uy(o,u,u') = V! (o,u,u')h + ¥, (0,u,uv)h
+ /1(1 —0) {\Pﬂz(a,u + 6k, u' + Oh')R
+ 2(\)IIZU.(0, u+ 0h,u' + 0h,u’ + 6h")RR'
+ 0" (o,u+ Oh, ' + OR')h.2 } do,
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where 0 < § < 1, we have
1 2T
P(u+ )= P = h(o) - 5 [ {L(o,u(0),4(0)h(0)
0

+ 9, (0,u(0),'(0)) () }

x cot =~ = % do + Qu(0, h,B') + Qa(0, b, B') + Qa(0, b, B,
where
1 27 1 .
(o, h,h') = — {/ (l—G)Wﬁz(a,u+0h,u’+0h’)h2 dO}
27‘(‘2 0 0
X cot z ; s do,
1 27 1
Qy(o,h,h") = —;{/ {/ (1-6)¥l . (o,u+ 6h,u' + 6h")RR' dO}
0 0
X cot =3 do
and
1 2T 1
Q3(o,h,h') = —— {/ (1-6)¥":(o,u+6h,u + 6h')h" d0}
2w Jo 0
X cot 7 g 5 do.
Since
L/” (@)eot Z=2do| < Cm)Iplym, [2] (4)
271 J, p 2 om Ply,ms
and
luvig,m < C(m)|ulgm |”|¢>,m-
Then
[Qulosh k], < COm)IAL . o1, 0
where

1
p1(o) = / (1-6)V!.(o,u+ 0h,u’ + 6h')do
0

in I‘I,b,m, h(O‘) € fqu,m, and

(0, h, b
| 1(0' )Itb,m SC(

B g,m ) tlaam 1],
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Therefore, we obtain
|Ql(a,h,h’)|¢’m _

im =
|hlg,m —0 lh|¢,m
Similarly
|Q2(o, h,h')|¢,m
im =0,
|7 1g,m —0 |h|g,m
and

|Qs(0, b, 1)) .

1m
1|6, m —0 |h!| ¢, m

- )

which proves the differentiability of P(u) in the sense of Fréchet and its derivative
is given by

27
P'(w)h = h(s) — % /0 {9,(0,u(0), w(0)) (o)

2

+ 9 (o, u(0), u’(a))h'(a)} cot do.

Moreover, using condition (2) and inequality (4) we get
|P'(u) - P'(uo)|¢’m < C(m)|u— ”°|¢>,m'

Then Lemma (3) is proved. Consider the following linear operator

a 27 b 2w _

Loh = h(s) - 37 Jo h(a)cota;S do — 2 ), h’(a)cot%do, (5)

where a and b are nonzero real constants.
To find the operator Ly 1 we investigate the solvability of the equation

Loh = g(s) (6)
in the space Hy ,, for an arbitrary g(s) € Hg,m -

By introducing the new variables 7 = €' and t = e'®, equation (6) is trans-
formed into the form

-2 [am | -] - [wo |- 5] e =c0 @
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where L-unit circle, h(s) = y(e'®) and g(s) = G(e'?).
Now we introduce the following piecewise holomorphic function of variable z
running in the complex plane. '

1 . 1 1
Y(z) = -%—i./Lzy(‘r) [T_ po 5;] dr
1 [ ay(r)
=— [ —2dr - 8
27ri/L1'—sz ¢, ®)
where )
C= —/ _y(r) dr.
dr Jp T
By differentiating the function y we get
, 1 / iy'(7) 1 / - 1 1
=— [ —=dr = — -—|d 9
Y'(z) 2m1 LT-—ZdT 2me Lzy(r) r—z 2r| " ©)
where o
1 ) dr —i
~Im Lzy’(T)T = ), y'(0)do = 0.
At z — oo we get
-3 2m
Y = — h(o) d 10
=7 [ oo (10)
and
Y'(00) = 0. (11)
Hence, according to the Sokhotskii-plemelj formulae [1], we have
Y+H() - Y~ (1) = ig(t), (12)
(k)
YO @) —y-®W(1) = _1.,/ W) g 2C, (k=0,1) (13)
w ), T—1

Substituting from (12) and (13) into (7) we establish the generalized Riemann bound-
ary value problem:

a—1

b

[Y+'(t) + GTHY+(t)] + [Y—'(t) +

Y‘(t)] = -%()-tl. (14)

Let .
Y'(2) + a:zY(z), for z € Dt
A(z) = (15)

Y'(2) + “]; '¥(z2), forze D™,
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where Dt and D~ are, respectively, the interior and exterior of unit circle in the
complex plane.

According to the limitting values of Q(z) given in (15) we obtain

a+1

Q*(W) =Y () + ——Y*(), (16)
Q) =Y~ )+ v =(0). (a7

From (14), (16) and (17) we have
@t +e-(n=-21. (19)

It is obviously, that the index of Riemann problem (18) is zero. From the theory of
linear singular integral equations [1], the solution of problem (18) is given by

_X() G(r)
2ibr Jp (T—2)X+(7)

Q(z) = dr + CX(2) (19)

where C is an arbitrary constant, which can be written as Q(o0) = C.
From (10), (11) and (15) we get

a—1
Qo) = ¥ (),
X(z)= €'
and i €D
i z
I(z) = / ar__ {
L T2 0 zeD™.
Thus

Xt(t)=-1 and X~ (t)=1.

From (19), according to the limitting values of Q(z) we have

_ 1 G(T)
+ — - - 7 -
QT (s)—Q () ori /. 7__td‘r 2C,
therefore
QF(s) = Q7(s) = = /2” (0)cot T2 do - —— 7 gloyio — 2221y ( )
K] S = obn A g(o)co 2 o 27 J, g 5 00).
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Using (10) we get

2w

og—3S ia
2 dO’ + % A g(O’)dO’

. 2r
Q)= () =5z [ a(e)co
= 21 + ago), (20)

where

1 [ o—3
(= 2—71_/0 g(a)cotTda,

1 27
go = 2_7l'/0 g(O’)dO’.
Also

@*(s)+ 0 (s) = -4 (21)
The equations (16) and (17) can be rewritten in terms of the real variable s as

follows.

V() + TErH(s) = @), (22)

a—1

V'~ (s) + SV () = @7 (s). (23)

We shall find the periodic solution (with period 27) of differential equations
(22) and (23). Assuming that the right hand side is periodic known function (with
period 27). Then the solution has the form

Y*(s) = Y+(0)exp <_a—;— : s> + /Osexp [a 2’ Lo — s)] Qt(o)do, (24)

Y~ (s) = Y~(0)exp (-“ > : s) + /Osexp [“T_i(a - s)] Q- (0)do,  (25)

where
_ JoTexp((a+i/b)0)Q* (0)do
YH(0)= = 1 —exp(—(a +1i/b)2r)
oy fzw exp(—(a — i/b)o)Q ~(o)do
Yo(0) == 1 — exp(—(a — i/b)2m) (26)
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From (24), (25) and by virtue of (12) we have

ih(s) = [Y+(0) — Y (0)] e~(/")* cos(s/b)
—i[Y+(0) + Y (0)] e~(2/8)2 5in(s/b)

[ et cos (252) [0 () @ (o)) do

. i/ose(a/b)(a—s) sin (o ; s) [Q* () + @~ (0)] do. (27)

From (26) we have

1
2e=(2/5)27[cos h(27(a/b)) — cos(2r /b))

2
(/D)o e (T _ (a/b)(o—27) (" + 27’)]
X € COsS|— )] — e COS
{ /0 [ (b) b

x [@*(0)+ Q7 (0)] do
2m
+ i/o [e(a/b)" sin (%) — ele/t)(e=27) gin (a 2271-)]-

x [@F(0) -~ Q7 (0)] da} (28)

Y+(0)+Y~(0) =

and

1
2e—(a/t")27[cos h(2ma/b) — cos(2m /b))

27
(a/b)o T\ _ (a/b)(o—2m) ("+2”)]
X € COS [ COS
{ /0 [ (b) b

X [Q+(0) — Q—(O')] do
+1 Azw [e(a/b)o sin (%) — e(a/b)(a-—zﬂ-) sin (0- _2271.)]

X [Q+(U)+Q_(0’)] da}. (29)

Y*H(0)-Y~(0) =

Substituting from (20) and (21) into (27), (28) and (29), finally we get

~ e(e/0)(27=3) cos(5/b)
h(s) = 2b[cos h(2ma/b) — cos(2m /b)]
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2T
X { / [e(“/b)” cos ((—7-) — e(a/0)(@=27) o5 (a * 27r>] (¢ + ago)do
0 b b

2m
_ (afb)o i (O (a/b)(o0—27) o (0+27r>] p
€ sin —e€ sin o)do
/0 [ (3) — )| 9(9)

N e(e/V)(27=5) sin(s/b)
2b [cos h(27a/b) — cos(27/b)]

2T
(@/0)0 eog (2 — gla/b)(o2m) ("+2”)} d
X € COS € COs g\o)aoc
{ /0 [ (b) b (@)

2T
+ /0‘ [e(a/b)a sin (%) _ e(a/b)(cr—Zﬂ’) sin (U -{;)271-)] (C + ago)dU}

s —
+ %/ ela/b)(o=3) (o (0' . s) (¢ + ago)do
0
— % / e(a/b)(o=s) o (a ; s) g(o)do

0
= Ly'g(s)

From (30) it is easy to see that

def.

|L51|¢’m < const. = ag

which is the proof of the following Lemma:

Lemma (4)

(30)

(31)

If conditions of Lemma (3) are satisfied, then the linear operator (5), effects

from Hg,, into Hg m, has a bounded inverse Ly satisfying (31).

Therefore, all conditions of applicability and convergence of modified Newton’s

method are satisfied.
Hence, the following Theorem is valid.

Theorem

If the conditions of Lemma (3) are satisfied and uo € Hgm is the initial ap-

proximation for the equation (1), and if

|L51P(Uo)l¢,m < Co;
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C(m)ag(o < 1/2,

then equation (1) has a unique solution u* in the sphere |u — uolg,m < 7 (T = 2(0),
to which the successive approximations

Unt1 = Un — L3 P(yg), (n=0,1,2,...)

of the modified Newton’s method converges with rate of convergence given by the
inequality

,.YTL
1-7
v =1-+/1-2C(m)aol -

|un—u"‘ <

Co;
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