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Gotifried Kothe, an active member of the “Comité Asesor”
of COLLECTANEA MATHEMATICA and one of the leading
authorities in Functional Analysis, died on April 30, 1989, in
Frankfurt.

He graduated from Graz, Austria, in 1927, and got his Ha-
bilitation at Miinster in 193].

At the beginning of his mathematical career he collaborated
with H. Benke in Miinster, with E. Noether in Gottingen and with
O. Toeplitz in Bonn. Fruit of his work with Toeplitz were the
sequence spaces that nowadays are known as Kéthe sequence
spaces and that have an extension to the Kithe function spaces.

His broad mathematical interests, his attention and care
for the students and colleagues of the universities of Miinster,
Giessen, Marburg, Mainz, Heidelberg and F rankfurt, where he
taught, produced a leading group of Functional Analysis in Ger-
many. Through his work, visits, conferences and his two-volume
book on topological vector spaces, his influence in this area has
also been of great importance in our country.

We dedicate this issue of COLLECTANEA MATHEMATICA
to his memory.
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ABSTRACT

In this paper we present the existence of equilibrium points for extension
of finite games having sum of quotients of expectation functions as payoff
function.

Introduction

It is interesting to see that the minimax theorem was generalized by von Neumann [6]
for games with payoff functions which are rates of expectations. On the other hand
Nash’s equilibrium points might be suitable for such a generalization which was
obtained by Marchi [3].

Here we will consider two existence theorems with different techniques for non-
cooperative n—person games with payoff function given by sum of quotients of ex-
pectations.

1. General games

Let us consider an extension of the finite n-person game with payoff
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with the set of players N. The player i € N has the finite set of strategies W;. Then
the extension is defined on the set

X?=1-I/Vi.= X

where n = |N| is the number of players and W; = X; the set of mixed strategies.
The payoff functions are given by

T E;;((L‘l,. . .,:En)

Ii(.’lil,...,.'lf ): 3
" ; Fk(il?l,...,.’l,‘n)

3 E;'zl HZ;J F,:'(:cl,...,zn)EJ‘:(:cl,...,:vn)
H?:l Flf:(xlv”-’zn)

where without loss of generality we assume all the functions to be strictly positive.
Introducing the notation

(ley) = (yla ceeyYi-1, TiyYit1y--- ’yn)
for z; € X; and y = (y1,...,Yn) € X we define the following functions

Li(ailz) = [ Fi(e) Bi(e) = [] Fi(eile) Bi(aile)

k#j k#j
and , .
M¥(zile) = ] Fi(e) = [] Fi(zile).
k=1 k=1
Therefore . o .
Ii(z) _ E' Ei(z) Ej'=1 Li(zi|z)
o Fi(=) Mi(zi|z)

We have that the functions L§ are concave in z; € X; for fixed z € X if and
only if the condition a)

(1) Vi Li(2fl2) - (zi — a0) > Li(zilz) — Li(2?]e)

is satisfied for each z¥, z; in X;. Here V; indicates the gradient and - the inner
product. On the other hand, the payoff M* is convex in z; € X; for fixed z € X if
and only if

(2) Vi M'(af]2) - (2i — 2?) < M(2i|z) — M(2?]2)

for each :c?, z; € X;. This condition is b).
As a first result, we have the following
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Theorem 1

Under conditions a) and b) the extension game has a Nash equilibrium point.

Proof. For a fixed y € X and any z; € X;, let
. T' - ri . .
Oi(ziy) = Mi(y) Y Li(zily) - > Li(y) M'(zily)
j=1 ji=1

which is concave in z; € X;.
Therefore the function

@(:D, ?l) = Z Oi(xi)y)

is also concave with respect to the variable € X. Moreover, it is continuous.
Defining the non-empty convex correspondence K(y) C X of those points z € X
such that

O(z,y) = max 6(z,y)

then, by virtue of Kakutani’s fixed point theorem, we have the existence of a point
T € X such that z € K(Z), or

0(z,%) > 0(z, %)

for any z € X. This is equivalent to
. r.‘ . Ti . .
0> M) Y Li(zile) =Y Li(&) M'(zi|z)
j=1 ji=1

for each player ¢ € N and each strategy z; € X;.

Dividing this inequality by M?*(z) M*(z;|Z) > 0, we have the existence of a
Nash equilibrium point.

Now we would like to show the gradient formulas which are given by

i
Vi Li(adz) = Vi Ej(a?|z) H Fy(af]2)
s#j

T Ty
+)  ViFi(alle) [] Fi(a?le) Ej(a?le)
k# 3 sk
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and _ ‘
ViMi(|e) =Y Vi Fi(zllz) [] Fi(z?l2).
k=1 i#k
As an example, we have that when the payoff function are given by

Ei(z) = Ei(zk) = Y a} (wk) zx(wk)

wp
Fi(z) = Fi(zx) = Y _ bl (wk) z(wp)
w
then, it holds true
Vi Ej(afle) = 65 Vi Ej(?) = 6i5(al(w}),..., a}(w?)))
where 6,-1- indicates Kronecker’s delta. On the other hand
Vi Fi(22]2) = 6k Vi Fi(a?) = 6 (bl(w}), .. ., b(w]k)).

Therefore, it is easy to see that (1) and (2) hold true. In order to verify (1) it
is convenient to split the cases when j = ¢ and j # .

As a second example, we introduce the case when r; = 1 and Lj- = §;; L::, then
Vili=V;E! and V,M'=V,F

Then b) and c) are assured. Moreover if a) is assumed, we are generalizing von
Neumann’s case with n—players. Besides it, when F} is constant for each i€ N,
the existence of Nash equilibrium point is gotton. O

2. A further approach

As we have pointed out in the introduction, we are now going to study the existence
of equilibrium point for the extension already introduced. Here we will do this using
a different technique which is based on a generalization of Knaster-Kuratowski-
Mazurkiewicz lemma due to Peleg [5]. Using it we will present a different proof of
Theorem 1, only in the case for r; = 1. This second technique will be as powerful
as that using Kakutani’s fixed point theorem for such a case.
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Theorem 2 (Peleg)
Let Cfu_, C X be a closed subset for any i € N and any w; € W;, such that

U CZU.- {zEX:wi(wi)ZO for all w,-EVVi—Qi}
w; €Q;

Then

N () Ci #9

1EN w; EW;

Here () denotes the empty set.
Using this important Peleg’s result, we now have our second proof of Theorem 1.
Let us consider the set Di, of the z € X such that

Fi(:l:)[Ei('LT)il.’E) — Ei(wi|a:)] — E,'(IB)[F,'(’(TJ,"CI!) — Fi(w¢|z)] >0

for all w; € S(z;) where E; = Ei, F; = F}, and S(z;) is the support of z; € X;.
First, we want to see that such a set is closed. Indeed, consider a converging sequence
z(n) —  such that for each natural n, z(n) € Di, , then for each w; € §(zi(n)):

. Hi(w,-,u_)i,a:(n)) = F,(.'B(TL)) [E,(w,lw(n)) - E; (w,lx(n))]
- E; (:c(n)) [F,-(ﬁ)dm(n)) - F; (w,|x(n))]

>0

but since each term is continuous, in the limit because there is an ng such that, for
all n > ng, S(z(n)) D S(x), we have that the just written inequality holds true
also for z € X. Thus, z € D}, and D}, is closed. On the other hand, given any
subset Q; = {w},...,w}}, let &; with S(Z;) C Qi and & = (£1,...,%,). Therefore
fL",'(’wi) = 0 for w; € W; — Q;.
Consider a w; such that
in H:(w:.w:.7) = mi in H:(w;. w7
iy, Hileo 0, 8) = iy iy, Hilvown?)
which by finiteness always exist. For such a w; it holds true H;(w;,w;,#) > 0 for

each w; € Q;. Thus Z € Dfu._, and Peleg’s condition in the Theorem 2 for the sets
D¢, is satisfied. Thus

o) ) D,
1EN wieW

= n n {z € X : Hi(w;,w;,z) >0 forall w; € S(:v,-)}
iEN wi;eW;
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or equivalently there exist a point £ € X such that for each i € N and each w; € W;.

w; € S(z;): Hi(w;, w;,%) > 0:
Fl(.’i) E,(’(T),li) - Ez(i)Fz(’J),ﬁ) > F,(i) Ei(wilft) - El(f) Fi(wila":) . (3)

The right hand amount in this inequality has to be constant for each w; € S(x;).
therefore by convex combination of z; € X; since the function are linear:

0= F,(.’—I—I)Ez(if,ki) — E,(f) F,'(:Tfi|fl—2) > F,(:?) Ei(w,-|1':) — E,(:I_:) F,-(wili)
for all w; € W;. By combining in a convex combination for z; € X;:
Ei(z) Fi(zi|z) > Fi(z) Ei(2ilz)

for each z; € X;. Dividing by F;(z) Fi(z;|Z) > 0 by condition a) we have that 7 € X
is an equilibrium point. O

We would like to mention that the above results can be extended in a natu-
ral way for games defined on suitable linear topological spaces by using the Fan-
‘Glicksberg generalization of Kakutani’s fixed point theorem [1,2]. This can be done
using the same technique mentioned in the proof of Theorem 1.
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