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ABSTRACT

A linear connection or a pseudo-connection on a manifold 44 cair by con-
sidered as 2 generalized conneciion, i.e., as a (1,2)~tensor field on 7M. fa
this paper we study the relationship between the lifts of V to Ty A when V
is consicered as a connection (resp. pseudo-connection) and as a iensor field.
We prove that certain isomorphims of commutation link both concepts. For
this purpose, we study firstly generalized connections, obtaining some new
results about them.

In this work we answer the following question: it is known ihat 2 linear coanection
(resp. a linear pseudo-conneaction) ¥V on M can be understood as a (1,1)-tensor field
(V) on TA. (We shall study carefully this fact in Section 1). If V is a linear
connaction, we consider its lift V™ to the fibre bundle of r-jets, T 3 (defined by
Yano and Tshihara [13]). Then, in which way F(V*)and (F(V)){") are related? (ihe
second one is the r-lift as a tensor field). The same question is possible if we consider
the (a)-lifts of a linear pseudo-connection V to 17 M (defined by us [3]), and w2 shall
study the relationship between # (7(®) zad (¥(7))® wher « € {3,V ..., 7}
We shall see thai the isocmorphisms of comrutation [9]

Xyt Ty M) — To(T M)

that, from now on, we call Morimoto’s isomorphisms, are the key of the answer.
Observe that if r = 2 and V is a lincar connection on M, we have

F(V) e THT(Tyat))  and  (F(V)® e TH(T: (' M)).
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Then, in theorem I3, we shall obiain ihat the local coellicients of F(% ) are ihe
composition of a9 and those of (F(¥))(?). This kind of answer may be generalized
{o arbiirary 7.

In the case r = 1, we shall absorve that a1y = 9 is the autowcephism
S :TTiM — TTM which interchanges both fibred structures of TTAS owor iy,
This automorphism was earlier iniroduced by Kobayashi [7]. And we obtaina 2a anal-
og()us result (theorem A) for the compleie and horizontal lifts of linear conneciions
to T

Yor linear pseudo-connections vi¢ have the same situation.

Another problem in this work is the f{ollowing: we develop here a ihesry of
generalized connections, firstly dofined by Spesivykh [11- 13), in such a way ihai lin-
ear connections and lincar pseude-conneciions on M may be thought as gencralized
connections on the tangent bundle of 47, So, in Section 1, we take Koszul and i
Comites’ definitions of linear counaciion and pseudo-connection on 2 manjiclt i
and Vilms’ definition of an infinitesimal connection on a vector bundle i . "*, - 27
Then, we obtain the generalized ceitnactions in a natural way, as a“genaczlizeliss”
of the above concepls. WWe can orpress ihein as in the following diagram:

Manifold VectorBundle

Linear Pscudo — coaneaciion —  Generalized Connection

_[

Tinesr Ceanaciioi —  nfinitesimz] Jonnecticn
“iorsover, in proposition 1 we shzil sbiain a characierization of jufiritesis

nections.
In Soction 2 we shall offer a shoirt description of Morimoto’s isomorghisms and
in Saction * we shall study the lifis to ’: A4, while in Section 4 e Toar. "izoveing

£ in Section 3 2nd T in Section 4 ere the wmain results.

Liinsctions

"['he simplest idea of a lincar cenneciion is due to Koszul {8]. A linear conacolon o
M is an operator
o T arY s T Tl
Vi T(ae)xj(ad) — Tg(af
(+,47) — Vx

ey

)

"‘\

satisflying
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(a) VxyvZd = VxZ+VvyZ

(b)Y Vx(Y +2)=VxY +VxZ

(c) VixY = fe VY

(d) Vx(JY)=fo VxY +(X[)eY.

Conditions (b) and (d) prove that Vx is a derivative. Remember that in local
coordinales,

VxY \1‘ YJ+ )x"

As it is well known, the set of linear connections on M is not a Ty (M )-module.
We obtain this structure considering the notion of pseudo-connection, which was
intrcduced by Di Comite [1].
A linear pseudo-connection on M with fundamental tensor field ¥ € TL(M) is
a TY(M)-linear map
V:THM) — D(M)

such that Vx is a derivative whose direction vector field is F(X), D(M) being the
Lic algebra of directional derivatives on M.

Observe that the sct of linear pseudo-connections is a 7§ (M )-module and that
a pseudo-cearection has the above properties. We cbtain

VXY = aizss u J+‘;i1ﬂ)x’°.

This construciion is generalized to an arbitrary vector bundle = : E — M in
such a way that a linear connection on M is an infinitesimal connection on the
tangent bundle mpr : THM — M.

The idea is the following [14]: Consider the exact sequence of vector bundles
over K _ ,

0 — VE-STEa Y (TM) — 6 (1)

where VE = kerm, = ker ', 1~1(TM) is the pull-back of TM and =’ the induced
morphism. Then, an infinitesimal conneciion on x : E — M is a smooth splitting
V:TE - VEie,Vi=idvg.

If we consider the canonical morphism p

. i, . _ pr
p:VE2 g (E)C kK x E=3E,

pr, being the secend projection, we define the map X = poV and call the connection
map.
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An infinitesimal connection defines the following maps

ViTlk — VE

K:Tk— I

h:ll — 1L (2)
Im:x=Y(Ti) —TFE

F:ThE —TE.

If we consider local expressions, we have

r:Fk— M r: U"XR" — U"
(z,09) — =

p:VE—-E p: U xB " x{0} xR — U"xR"
(x,a1,0,0a2) —  (z,a)

and the local expression for (1) is

0—- U"XxR " x{0}xXR" — U"XR" x8"XR — U'xXB xR —0
(z,a1,0,a2) - (z,a1,0,a2)
(z,ay,¢,a2) — (x,a1,¢2)

The local definitione of the other maps in (2) are:
V(z,a;,¢,a2) = (,a1,0,a3 + w(z,a1)c)

K(z,a1,c,a3) = (:l:,a2 + w(z,aq )(')
h(z,a;,¢,u2) = (:1:,(1,1,c, —w(z,a;)c)
(z,ay,¢) = (a:,a1,c., —w(.z.',al)c)
IF(z,a1,¢,a2) = (a:,al,c,—ag — 2w(z,ay)c)

where w: U™ x R — L(R™,R") is the local component of the connection. Then w
is linear on the mg-fibres.

Remark 1. h is the horizontal projection defined by the connection. IT has the same
expression and it is a smooth splitting of #'. V' is the vertical projection.

Remark 2. A connection is defined giving any of the five maps V, K, h, Il or F.
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A linear infinitesimal connection [14] is an infinitesimal connection such that w
is also linear on the (747) -fibres, i. e., such that

(w(z,a1)e)™ = (wi(z,a1)c')" = wé(z,ar)e’ = _l‘?ﬁ(x)afci.
This definition is equivalent to the classical one [2,10]: a lincar connection is a
smooth decomposition T =V E & HE, ILF being invariant by dilations.

Remark 3. An infinitesimal connection on my : 1°3{ — Al is a nonhomogeneous
connection on A in the sense of Grifone [8], which is € on the zero section. So.
FeTl(TM) and
Jol'=J and FoJ=-J,
J being the canonical almost-tangent structure on 7.3.
This last remark allows us 1o obtain the notion of generalized connection, which

is due to Spesivykh. First of all, observe that FL A,V € T(E) and that their local
expressions are

) - a -
h= —®dx*+ - s (—w®(z,ap)) 2 ds’
Sut " Pag (- (2, ) 7 de',
fa s
& - d
V — o ot v o
V = Ba? s wi(z,a1)Q dz' + 72 ® daf,
-y {/ i i o v ,
f = 55 @z e «,( AJJ|('L‘ (11),®(1.1: S!_ R daf.
if we comsider 7' € Ti( "7) as
o= —J—C‘ o dzd + —1"'3 @ dq? + 9 \‘I"’ 2 dz? + —(i—B‘; & da?
gt bz 17 Baf Jag P !

we obtiain its matrix expressicn

= [(" Mé]
f we gal -

J
Then, we have the matrix expressions for h, ¥V and F:
50
h-

_-.'_,,‘.‘7?'(1',(1.1) 0

[ 0 ')]
Vo
w

w3 (z,a) 65 ]

§ ¢

and

FO- 7
—2w¥(z,a1) &3
A generalized conneciion [13] on a vector bundle 7 : b — Al is a tensor field
FeTi(E).
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Remark 4. In the above situation, ki, V and [ are genecralized connections.

A generalized connection is called a pseudo-conection if VI C ker /. The local
condition is M}, =0 = Bj. We justify this name latter: a linecar pseudo-connection
on M can be understood as a pseudo-connection on iy : T3 — M in this sense.
We notice thai the original denomination of Spesivykh is different, but we use this
one for historical coherence.

Proposition 1

Let F € 1}(F) be a generalized conneciion on « @ £ - af. Then ~ is ai
infinitesimal connection if and only if ¥' is an almost-product structure on TE
(i.e., F? = id.) aund for each ¢ € i%, the subspace S.(—1) of 1.1 corresponding
to Lhe eigenvalue —1 is the veriical subspace V. [i.

I’roof. Let £ be an infinitesimal connection and h and V its horizontal and vertical
projections. Then, ' =h - 7.
Wee T 4,
FHE)y=(h—V)h-Y)?)
= h*(&) — h7/(8) — Vh(&) + V*(?)
W) + V(&)

= @
—_—

- o -

A =—-Fe= hE)- V()= -ald) - /(&) +=-hE) =0 = &€ Y &.
Conversely, let 7' be a generalized cennection such that

?=id and 5.(-1) = V. E.

e

h=(1/2)(F + &) and V=01/2){-F)
and, immediately, we obtain
R'=h; V?=V; h/=0; Vh=0; h+V=I h-V=4¢
Using the second hypothesis F(£) = —Z <= € € ¥ F, we obtain
FY(@) = (1/2)F( - F)E) = (1/2)(F = F2)(E) = (1/2)(F - )(&) = ~V(?)
= V(&) € V.F.
Finally, if €€ V. ¥, then
Vi(e) = V(2) = (1/2)(1 - FY&) = (1/2)(e - F(&)) = (1/2)(F+ ) = 2

We conclude that V is a smooth splitting of 7 in (1), and it defines a conneciion
whose horizontal projection is k. [
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Now we define the notion of covariant derivative of an infinitesimal or gen-
eralized connection. As we are interested only in connections defined on tangent
bundles, we restrict our construction to this case (for a general theory see [m

Lot us have an infinitesimal connection U on wyy : T M —- M given by V

in (3):

0—— VT M -7 M '—'--'ﬁ;_\_,,l(‘]'.-’\l')—»() (3)
The map
Vy:Tg(dM) — T (M)
Y — VyY=KoVY.cX

is called the covariant derivaiive of the given connection [1-].
If we have a generalized connection L' the construction is more difficult. We

define . . .
THAT) — 14(3)
Y — '\_-'X.Yz(l/‘Z)pol)oZ

where D = (Y.o(war).0F — F YoVY.oX omy and Z is any vector ficld on 3. s
local expression is [1]:

o o 1 /8yt oYk BY! oYk -
ViV = o = | o MiZ + 7 Gl - BLZ— — W) X
Szt 2\ O« OxJ et Ol 4

If I" is an infinitesimal connection we obtain:

. ) 3y - -
V¥V = - & - 4+ wh ] X7,
ouxt Ogi

Using local expressions, we have

Proposition 7 [13]
If F and F' are generalized connections such that F' — I = gl, for some

g € TQ(TMY), T being the Kronecker tensor field on TAf. then I and }' define the
same covariant derivatives.

Proposition 3

f.et F be an infinitesimal connection and consider its horizontal and vertical
projections h and V as generalized connections. Then, their covariant derivatives
rF h V
V.V, V are related by
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Finally, we obtain

Proposition 4

Let ¥ be a lincar pscudo-connection on Al with [undamental tensor field
G € 11 M) and let T' be the psendo-connection defined by

2G50
—2l%.af 0

Then, I as a generalized connection and 'V as a linear pseudo-connection define the

samoe covariant derivative:
I — . e el
VY = VY. forall X,Y € Ty(Al).

We introduce the following notation:
(a) Let ¥V be a lincar connection on . When we consider VU as a generalized
connection on wa 1 1A — A7, wo shall write
63 ] .
K(V) = 0 .| € 170 M).
—2I'% e —63

(b) Let ¥ be a lincar pseudo-connection on 34 with fundamental tensor field
G € TE(Af). When we consider V as a generalized connection on my @ T4 — i,
we shall write
20" 0 )
(V) = _ € 1} (TAi).
-2I'%af 0

Remark 5. If ¥ is a linear connection, ¥ is also a linear pseudo-connection whose
fundamental tensor ficld is the Kronocker field. ‘T'hen. we obtain two different ex-
pressions for ¥V when it is considered as a generalized connection. By proposition 2,

both expressions define the same covariant derivative,
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2. wiorimoto's isomorphisms

Let T4 denote the tangent bundle of order r (or the r jet bundle) in the sense of
[15,19,3]. Morimoto [9] proved the existence of a diffeomorphism

Gy To(Ts M) == Ty(Tp )

in such a way that a,.s 0o ay = id and as. 0o ap = id.
Actually, its construction is more general because it is done for p™- jets bundles.
The diffcomorphism a, is characterized by the following relationship, for any
feTY(M):
(f('rl))((")) — (f(e))((’l)) 0 (ipg

where ¢ € {0,1,....r}, n€ {0,1, ..,s} and
() : TIATY = 1 (Trati)
() : T(87) — To(Tydd)
((€)) = AQ(Lpitd ) — T3 (T (L5 1)
((m)) - 5 (L) = Tg (To(274))
are ihe lilts of funclions defined in [9] and [15].
Proposition ¥
‘“'he local expressions of ayq and ey are:
gy TTar — T1A7

(wi,z.i+n_".".i+'2n,mi+3n) ' (.r ,r1+ln i+-n’xi+3n)

oy - ’(72 Vi) — Tz('r.\f)
(mi“,l.i-'r'n._",L.i+2‘n,l’.,J:i+3n-’.,l:i-|-4n’wi+5n) ’ (1. .L" |-'3n 2-+TL’$1'+=1.T7.":l:i+21L,mi+-r)1L).
‘The proof is obtainad by a straightforward and tedious calculation using the
characterization above.,

wemark 6. ajpy is the automorphism introduced by Kobayashi 17l
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3. Lifisto T M

Using the general theory given in section 1. we have:
(a) A linear connection ¥ on 147 has the following matrix expression, when v

is considered as a generalized connection:

8 0 0 0

| ; ) 0
F(V) = , , , € THIT M)
—20f; —2y; =6 0

g, —20h; 00 -6

Qs = [iten gFH@E0n with [HEon € INTT A, i

where 7+;1n k+~n* i+08n 4an

; =g [ = .l ),
| — t.!_‘r.; +2n +1 tl ,’:+nmk-r.3n

i ) k42n 4 +3n
1+n k4n €z

ol "irn 2n ' z-rn k4-3n
“LIUJ - lju' + J +nr

~ -_"1+11 L42n vidn k43n
”11,7' - ' i¥n X + 1 itn ~+n‘l; .

(b) A linear pseudo-connection ¥ on Tar with {undamental iensor
G € TE('1' i) has the following mairix expression:

field

2Gh 2, 000
Gt 9t 0 0
e - + . et
(V) = ’ ‘i_" € THITAM)
—'23!.60, —ZSL:HJ 0 0

n

—2§21]()! — Ll”j \J 0

with the same notation.
Lot £ € (T M). Then, as it is well known [13], its complete and vertical liits

to ‘I"7"M have the following expressions:

If
) T
i = , .
,;-z+n it
J titn
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then

0 0 0 0 I 0 T n 0 7
g r N ' . « "
I 0 -_]!+n. 0 < (Il) F; (]‘j;-n) ['.i-{- n |

J J+n

(Il:+u)( I;-{'-}-‘n (I_-i-{ n)(" I_-i+n

0 0 0 OJ ” Jritn 0 i 0
J+n

ain i n
A (S | it

and given a linear connection ¥ on 7'M, with symbols llfl_,’,', fgrns Qs 3o € {01},
the horizontal lift on I' to TT . (with respect to ¥) is

b 0 Fip 0

J
i ktan K i-k+3n —i i ckt-an i i-k+dn e
~1 k4an [[ + 1 k4-3n L 7 rl -1 k-i-amn [ j+n +1 ki .?"v.] J+m U idn

IR it
¥ 0 P 0

cibn prktan idn phk+dn il T1itn prkton 4 prk4-dn RIENT
-1 k4am Il 14 kt3n r; r i1 k+an 4 I+ + 1 k+.3n i itn I J+n
where
ritan _ piten j42n ) giton L i)
kd+~n — 1j k+~n¥ 1 lj+n kt~nt :

And now. we introduce the following

Notation. 1f F,GG € T} (1'T i) we say that I" and G coincide modulo oy il using
local coordinates we have

J - pifoen i o.iln

- _ - i2n L ivdnY g j+ 30
= ——(‘)J:"-_I ar S jin o }(1.1

and
G- pET N (f”_;l'z o ayy) (wh it gt Iy g b in,

i. e.. if the Jocal coefficients of I are the composition of ay; and those of (7. Re-
member that ayy ¢ agy = id. and so the definition is symmetric.

Thus we have



242 Iravyo

"‘heorem A

(a) Let N be a lincar connection on Al and let T beits complete Tift (in the

sense of [15]) to M. Then F(S)¢ and (V) coincide modulo o).

(b) Let ¥ be a linear connection on M and let Vi be its horizontal 1ift (in the
sense of [15]) to T'Al. Suppose that the torsion of ¥ vanishes. Then F(O!M and

I-'(\—”) coincide modulo aq;.

(¢) Let ¥ be a lincar pseudo-connection on M and let TC and YV be the
complete and vertical lifts to T'M (in the sense of [5]). Then ()Y and (V)

(resp. (V)Y and 1(SY)) coincide modulo ayy.

Proof. (a) The local symbols of ¥¢ are [151:

ll[h - ll,h l-‘l/ ket = 0: ]-,Ij+n k= 0: ]‘.Zj-{-n bdri 7
vidr i (O Gden i it RE
] ik ( IIA) . l .I"I\!-I-l"- b ]-_L',',l.;'. ] jrn kT ] l’g.
where _
-
(re .)( = AT AL
Jk Y
Then 1"(?"—3') is
[ (‘\’] 0
,_ 0 8
a V‘-’ = . ) ’
(%) o1t gtn 0
. J
9 (‘)117’\ A+n k420 l'i mh+3n 21! whE2n
e e A T =21 jkd

dr

On the other hand.

& 0
(V) = h erteran
—2l'3,r:rk'+"' —&
and
b; 0 0 0
N
. (64) é (] 0
HV)© = | _
—21".’;;,;.:L'k'+"‘ 0 - 6] 0 J
01 o kin (& o1 Lkin i « i
(=21 J-k_;l,'k ) --21 J-,\..‘l.l‘ ( l?j) —¢

it L.
I Jtw k4 "7 0.

0 0]
00
-8 0
n o —é ]

0:
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[ & 0 0 0]
0 &t 0o 0

J
B 2t 0 —& 0 |
aL . . ‘ _ _
o [ ok 20 kdn g i G kddn )y kdn i
-2 ( gl ! b ) 21} 0 45 ]

as we wanted, beacuse for cach [ € T§(T 7).
[‘(.‘),‘l..fl,‘i-l-”)(" — ()f ’_!'-{--'.Zn , (')f ’I'H 3:1,.

dut Juitn ™

(b) We omit the proof. The only difficulty is that we need l"'i,c = 1';'”- (i. e..
T = 0) to obtain the equality.
(¢) The local symbols of ¥V aud ¥ are the following [5. 31:

-V, Ti+an (T (a—383=~—1)
Vo T.H-.-’i'n ktan — (I iA-)
vl . iton _ (i yla=3-n)

\ : l+ dn k4-~n — ( l IA)

where a, 3,5 € {0,1} and

(i) =0, ifs<o:

Jk

(i) = (M) = iy, s =05

ot
ik .. e
N LA ifs=1.

(1) = (1) =

Now, we have

ox!

20
—2]'.‘;-,‘.:1."""' 70

0 0 0 0

and then

26" 00 0
F(V)Y = '
0 000

Tk 0 0 0
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and. on the other hand.

[ 0 000
) 23 0 0 0

F(TV) = '
0 0 0 0

as we wanted.

In the same way, the rest of the prool, T

4, Lifts io 1, M

First of all, we say that the results of this paragraph can be generalized to .41, for
cach r € Bl We choose r == 2 for brevity,
Using the general theory, we obtain:

(a) A lincar connection ¥ on 194 has the following matrix expression:

[ 0 0 0O 0 0
0 & 0 0 0 0
) 0 0 & 0 0 0
F(V) = . . g , € 1) (1(1y0))
=20, —20; -20,; -6 0 0
=20, —20,; —29f,; 0 -6 0
[ 208, —20%,; —2Q4,; 0 0 —&]

where

i _ qritan R (34
Qg = V5 gt

for cach a. 3.5 € {0.1.2}.

(b) A linear pseudo connection ¥ on I3 W with fundamental tensor field
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G € 1] (1347) has the following matrix expression:

T2
ayridn
ZCTJ'

.2(‘:i'+2 n
“J

BYel)
4(1J+n

arritn
2(’_i+11
orridn
2(‘"_j+n.

20

using the same notation that in (a).
ot £ € TN(TAi). Then. F admits three lifts FO), M p@ e (T M),

given by [13]:

Yal)
2,

< "i-é-'ﬂ.
2("j+2n.
aryi+2n
2('j+'.!n.
20,

20,

—2Q%,

22

]

0 0 07
0 00
0 00
0 00
0 0 0
0 0 0

ll I‘Z n
A I'.i+'r:

T 0 000
0 00

<) L0000

0 00

6 0 0

U‘_;'Jf" 0 0

r 0 90

i 0 0

o | Y E
0 0 0

Fin 0 0
{.(1"]“")“) IIHr 0

and

0 0 0'}
0 0 0

Fig, 00

6 00
0 00
Fir 0 0.
0 0
Flin 0
(Fie) Fin
0 0
Mmoo
(FEDY FE

e I (T(12M))

=

0
0

0

&

245
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i I; 0 0 1'}_,_.,1 0 0 7
( I:} )( ) Il: 0 ( I;+ n )(1 ) -I:-j_{_” 0
(2) = (":11;)(2) (Fj)(l) [; (-"f;i-l--n.)(z) (1'j+rz,)(]) [':1?+n
RN it
IJ- 0 0 l;+,: 0 0
G0 I RO L s
_(,,'-J{+n.)(2) (},j;+n )(I) lr,*;:-i-n (Flt:lr_::)(z) (I'JII;I: )(1) [7’11’: ]
where
f(l_) - (%L. pit2n 4 (‘)()i/:' piHan
T g
and
f(?,) — _O_f_ .’l!i+4n' + - af .,‘i+5-n (‘)Zf . :L,i+'..’nmj+2n
Jut Jritn GxtOnd ‘
02 02
¢ o pi2n i43n o f i+3n,.j4+3n
+2 Guwidgitn ¥ r Gritnhgitn © * )

Finally, we introduce the followiag

Notation. If ¥ € 7\ (1'(T34%)) and & € T] (12(T 7)) we say that #" and G coincide
modulo oy if using local coordinates we have the matrix expressions

F=(fii) and  G=(gi50)

with «,8 € {0,1,2} and then

iton _ _itan
Fitn = 9itpn © 012

Then, we obtain:

Theorem B

(a) et V be a linear connection on & and let V> be its lift (in the sense of
[15]) to Tydi. Then &(V)2) and #(V*) coincide modulo ays.

(b) Let ¥V be a linear pseudo-connection on M and let VD be the p-lift to Ty id,
n € {0,1,2} (in the sense of [3]). Then #(V)M and I' (VM) coincide modulo ays.
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Proof. We omit a complete proof, because this is similar to that of theorem A.

Remember that if ¥ is a lincar connection on M, then V™ has the following

local symbols [15]:

vitan _ pi ((e=8-7)
[.H-.’in kd+n — ( jk)

and if V is a linear pseudo-connection on M, then [3] V(" has these symbols

10.
11.

12.

13.

14,
15.

Siton _ (i yla=B=-~—(2-9))
P an kbmm = (T%) .0
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