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ABSTRACT
A1y separable Sanach siar algebra 4 with continuous involution can be em-
veddea isomerrically into a Banach star algebra &3 vrith one generator (ie.
is generared by one ¢f iis elements and iis adjoint).

The einbeding of a given siructure inio a lsss complicated one is a usual quesiion
studied in different situations. Tn [3] it was proved thai any countable ring with
identity can be smbedded inte a ring with twe generators so thai the embedding
preservas the unit. The meihod of [5] can be adopted casiiy to prove the similar
result for Banach algebras:

I / is a Banach algebra with the unit then there exists a unital Banach algebra
B with iwe generators and an isometric vaii preserving isomorphism f: /4 — JJ.

Clearly sae generator is not sufficiente as any algebra with one generator is
necessarily commutative. On the other hand it is an open problem wheiher any
separable commutative Banach algebra can be embeded into a Ganach algebra with
one genorator.

The aim of this papar is (o improve the above mentioned result for Zanach
star algebras. Any iianach star algebra with continuous juvolution can be embeded

* The rescarch has been partially supported by a grant of the Spanish Ministry of Educaiion and
Science.
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isometrically into a lanach star algebra with continuous involution generated by
one of its elements and its adjoint. "The embedding preserves the involution and the
unit (if there is any).

Kelated question concerning the generation of the algebra of all bounded oper-
ators in a separable Ililbert space was studied in [2], sce also [1,6].

The author wishes o express his gratitude (o profl. 1V, Zelazko. This paper
arised essentially in the discussions with him.

All ftanach algebras in this paper will be unital. i.e.. with the unit element of
norm 1. This condition however is nol essential and can be avoided casily.

Let A be aunital Ranach algebra, 21,....x, € A. We shall denote by (r).....r,)
the smallest ciosed subalgebra of /&4 comaining 2, ..., 2,

. and the unit of ..
Ly a Banach star algebra we shall mean a Banach algebra with an involuiion

(not necessarily continuous).

Let / be a unital Banach star algebra with finite number of generators, Then

there exist a unital Banach star algebra B, an element x € 3 such that B = (& ")
and an isomelric star isomorphism o : /4 — [} preserving ihe onit.
Proof. Tt is possible to find in /i a finite number of selfadjoint lomoents genaraiing 2.
i‘or Lthis, we may replace any generator g by the pair of selfadjoint ciements g + g7,
(g~ g°).

Also it is easy io see that there exist a finite number of selfadjoint generators

alg;)C{zeCT:lz—-1] < 1}, (i=1.....n).

(it is sufficieni to replace a genavator g by 14 4 ¢/(2]|9])).

3y ihe Yord’s square rect lemma (see, e.g.. [I, p. §3]) there exist invertible
square roots hi; such that h? = g;, hy = h;.

Comsider the Fanach space

vith the £1 ‘norm

Alhn+1
||(u]._...5(14,‘,‘_}_1‘)”‘\, =, llaill (a; €A i= 1. om0

i=1
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Let B(X) be the Banach algebra of all bounded operators on X with the operator
norm

71l = supd Tl : fleflx = 1}

i |lpexy =supgiid rlfx s helx = 1y

Lot further Mgapi(A) be the star algebra of all (4n + 1) x (4n -+ 1) matrices
over A with natural algebraic operations and the involution defined by

4n+1 ”_ PN ]
[(li.i)i.lj—.l] - (lji)i__.,'zl .

intl ¢ Myng1(A) defines 2 bounded operator 1': X — X by

Clearly a matrix (4;); 52,

(-11‘1+l dn+!
P'(ay,... qngr) = \/_ H e 2 I.|.,,+1_.,-rl._,-) .

=1 i=l

So we may identify Myngi(A) with the subalgebra of 3(X) of all bounded operators
T : X — A satislying

T(aya,aza,....,d4p410) = (@, ding )e.

Define the mapping & : 4 — M, C 3(X) by o(a) = diag(a,....qa). ie.
dla)(ay,...,d04ny1) = (aay,...,aa4041). Thon & is a star and unit-presesving 15o-
metric isomorphism A — Mg, (4).

Yol x € B(X) be ihe operator defined by

.’l.‘(.’l.].,. . -,(1471.+1) = ((),hl—]ﬂ| .,h](lg,h]_(ly;g,hl_l(l4,"lz_105,’l'z(1(;,,?2(17,

L —1 —1 =1 . —1
hy'ag.hy ag. ..., hy Bine3s Pnlan—2s Rn@in_i,hy, fl:m)-

Clearly & € Algpny1(A) (2 is the matrix with elements h,_] Lhy, b, Izl—l ey i L

By, hn, Rt on the first diagonal under the main diagonal). The adjoint element of
z is defined by

25 (dyy e s Uangr) = (h,"a-z.l'l.lu;;,h,]a,hhr'a.;;.,...,

,— 1 ,— |
B -2 hn@an—1s hn@an, by @angr)-

it suffices 1o show that é(A4) C {(z.27). We prove thal (z.x”) contains even all
diagonal matrices.
tora € A.1 < k <4n+ 1 denote by

(a)x = diag(0,...,0,a,0..... 0).

k-1
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i.c.,

k—1
We prove by induction on s that (a), € (z,2*) lor all @ € A. Suppose that
(a); € {x,z*) for all i < s and for cvery a € A. We show that (a),4y € (x,2") for
every a € A. We distinguish four cases:
1) Let s =4k, (k=0,...,n). Then

win—A4 km/l'n —4k

x = diag(ay,...,a4%,1,0,...,0)

for some ay,...,aqx € A. By the induction bypothesis (1)4x41 € (z,2*). Further

A3 4043 (

(1)4k+1$ h:?=+j+l)4,l‘-+-| (j=05"'7n_k—.l)7

(1)qpyy xtiH3gii+d = (h.i_j)“:+1 (G=0,....,k=1).

So (g:i)ak+1 = ("?)4k+1 € (z.z") for i = 1,...,m, e, (a)aks1 € (z,27) for avory
ac€ 4.
2)ilets=4k+1,(k=0,...,n—1). Then
#4n—38,  Ein—a

T z =d.ia,g((lq,...,as,h?ﬂ_h(),...,0)

for some ay,...,a5 € A, so (h-%f+1)s+l € (z,z").

Further
2 S w , —2 ne
(h.'c-l-1)3+1 e rr = (hk+1)_,+1 € (.T:Z: )a
-2 w446, 4j+86 2 . .
( 'k+1)s+11' it6y4i+6 (hk+j+2),,+1 (j=0,....,n-%k-2),
(hi_H)H_1 glitdg-ditt - (hi—j)s+l G=0.....k-1),
hence (g;)s41 € (z,2%) for i =1,...,n and (@)s4) € (z,2™) for every a € 4.
)Lets=4k+2,(k=0,...,n—1). LThen
"= 2gin=2 = diag (ay,...,a,,1,0,...,0)
for some ay,...,as € A s0 (1)g41 € (x,z*). Further
(Dapre™ et = (Wi, 500) 04 (j=0,....n—k=1),

(1)gqrztiHog 1345 = (h.:“;_j)s_H (G=0,....k=1).
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So (a)g41 € (z,2”) for every a € A.

Nlets=4k+3. (k=0,....n—1). Then
grir—spin-s diag(a.,...,as,h.,:il ,0,...,0)
for some ag,...,as € A, 50 (17,‘_.4"11)‘;_H € {z,z+).
Further
=2 W2ax2 (2 _—
(hk+])s+1.:, Tt = (I"k+1)s+1 € (x.27).

wljhd 4544 _ (hf

(h‘fc+'l)_.;+-|‘1: _-+_,-+r_>)s+1 (G=0,...,n—k—-2),

(h;i] )S+l .,”4.7'+6‘,l:=-:4j+6 _ (h'[lc_j)s-‘-l (] = 0. s k -1 )7

hence (@)s41 € (x,2%) for every a € A.
\We have proved that (z.z*) contains all diagonal matrices, hence o(A4) C
(z.z*) = B and this embedding satisfics all required conditions. T

Itemark. If the involution in A is continuous then the involution in B is also con-
tinuous. If the involution in A is isometric (i.e., |la*|| = ||aj] for all @ € A) then
oA — (B, is the isometric embedding, where ||b]]' = max{||bli, 1o*]|} for all
b € B. Clearly || - || is tire isometric involution.

Propositicn 2

i.ci A be a separable unital Banach algebra with an isometric involution. Then
there exists a unital Banach star algebra B with an isometric involution, an element
¢ € B such that B = (z,z") and an isometric star isomorphism ¢ : A — B
preserving the unit.

Proof. We may assume thai 4 has countable many gencrators gq1.9z,... satisfying

g =g, (i=12,...),

<
—
2 gl < =<.
L

Let K ={(i,§),i,j = 1,2,...}. Consider the Banach space

X = {ak}kEK €A Z Hak” e
keK
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with naturally defined algebraic operations and with the ¢! -norm
[{ax}llx = 2, larlls-
keK

Denote by B(X) the Banach algebra of all bounded operators on X. Let i a)
be the set of all matrices (ag. ., )k.'mEK of elements of A satisfying

sup L |ak,m]] < =0 and sup z Hak.mil < =o.
meK p e FEK ek

Amatrix T = (tp.m) ., € M (4) defines the operator T € B(X) by
. kmeK
( )
1 A
{am mCh 1 ) .»,m(lm} .
\n:EK Lek

In this way we may identify i (A) with a subalgebra of B(X). Define the involution
on Mg(s) by

[(tl"m)" mEK] = (t;‘v"‘)k,mEK
and the norm

([ . U PN ),

{ — )
= max‘ sup ) | llak,m|l, sup / llak,mll ?
L BEK e :

where T' € 2(X) is the sperater coirespeading to the mairix (igm). With the norm
and the involution just deﬁned i (/) is a Banach siar algebra with the isometric
involuiion.

Tefine the mapping ¢ : 4 — Mg (£) C B(X) by ¢la)r = ax (a € 4,z € X)),
i.e., ¢(a) is the diagonal matrix with a in the main dlagona,l Cloarly ¢ is an isonetric
star isomorphism prs‘sornng the unit. Denote by X' = {(i,1), i = 1,2,...} C &,
K" =K — K'. Lei u: X' — K" be a bijection.

Tor a € A,% € X dencic by (a)g ihe element {6pma}mex € X where g is
the Kronecker’s symbol.

Tet V = (""f'm).'c,rnel(v B =(brm), meK and C = (€x,m )y mex P2 the clements
of Mk (4) C B(X) defined by

v —{1 iftke X',m=u(k)

ko — \ 0 othe 1“”5”’

b =4 ik =(i,j)€ K, m=(ij+1)
™50 oi;herwise,

T k= (1 7), m={(i1)
Co.m =
ke.m { 0 ()1.1191 wise.
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This means that ,
. )l k ECK
\ (“)A: = {E) ) (#) E;\. € I\m))_

SN
Bla)ijy = (@)igeny () €N,
Cla)i gy = (g50)i6 (i.j)C K.
We prove that o(4) C VoV B.C).
Let L€ {1.2,...}. Denote by
Zy= OB Y VBT e (VYL BLO).
Let a € /o k= (i 1) € K'. Then

Zt((l),"- = (! !-'-':((I),‘(k) = (ﬂ,"[))!_l((l);\.
= C5" W a) iy = Cla)in = (ga)iay = (g.0).

Let ke K", u=' (&)= (i.1). Then
Zi(a) = ‘.-'C'Bl_'(u)“‘,) = VC(a)iy = V{ga)iay = {90k

Hence Z; = ofgy) € (.. B.C) and &(.1) is a subalgebra of the Banach star
algebra (V, V7. B, 3°,C.C").
The embedding o is an isemetric siar isomorphism preserving the unit. [

[as}! ) - O
L ARCYENRT G

Lot A be a separable unital Banach star algebra with continuous involution.
Then there exists a unital Banach star algebra I3 with continuous involution, an
element © € B such thati3 = (r.2”) and an isometric star isometric isomorphism
o: A - I preserving the unit.

Proof. Define a new norm in A by jlai|y = max {|la]|a.]la"||4}. Then || -]l is
equivalent to the norm [+l 4 and the involution is isometric with respect to ||-1j}. By

the preceding proposition (/.|| -|’y) cau be embedded isometrically into a Banach
star algebra (B, || - |'3) with an iscmetric involution. By [3], there exists a norm ||-1] 5
on B equivalent to || - ||}, such that || - || is an extension of the norm j| - |4, Clearly
the involution in (3.]| - |{1s) is continuous and (.|| - ||4) is embedded isometrically

into (B.]-]). O
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