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APPROXIMATE SOLUTION OF A CERTAIN CLASS
OF NONLINEAR SINGULAR INTEGRAL EQUATIONS

M. H. Saleh and S. M. Amer

ABSTRACT. In this paper we solve a nonlinear singular integral
equation with Hilbert kernel by the method of mechanical quadra-
ture in generalized Holder space. We also determine the rate of
convergence for the approximate solution.

Introduction

In this paper we shall solve the lollowing nonlinear singular integral equation

u(y) = %r- A-" F(y,s,u(s)) cot s‘_z Y ds (0.1)

in the generalized Holder spaces H g ., (2] and Hg’\',r,z [8]. Here the function F(y, s, u(s))
is 2m-periodic in y and s where y, s € [0,27] and u € [-M,M], (M > 0).

The function F(y,s,u) and its derivative Iy(y,s,u) satisly the following two
conditions respectively:

|F(y1,81.u1) — Fya, $2,u2)| < 111[4’1(]!!1 —yal) + é(lsy — s2|) + [wy — w2|], (0.2)

| (y1, 81, u1) = Fy(y2, s2,u2)| < Ax[o(lyr — p2l) + 6(ls1 — sal) + lug — 2] (0.3)
where &, é; € @, Ay, Ay are constanis, y;, s; € [0,27] and u; € [-M, M]; (i =1,2).

Our objective is to determine the rate of convergence for the approximate solution
of the equation (0.1).
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1. The solution in the space Hy

Definition 1.1.

(a) We define the class @ to be the class of all continuous almost increasing
functions ¢ defined on (0, x] such that

é(t) > 0, lim ¢(¢) = 0.

t—0+

(b) The class ®™ is the class of all functions ¢ € ® such that 0 < ¢; <ty < 7w
implies

7 ¢(L2) < c(m) 13" é(t1),
where m is a natural number.

(c) We denole by ¢ay the space of 27 periodic continuous functions with norm

llefle = panax fu(e)]-

(d) For a natural number m we define
Heom = {u € con : WI(6) = O(6(8)), ¢ € &™)

where W (§) is the modulus of continuity of order m of u.

(¢) For u € Hy m we define

Wﬂ'l(&)
Wlom = lull. + sup —2——=
” ”d’ n ” ” ()<621r ¢(6)

and
Hym(M)={u€ Hym :||ulle,m <M, M > 0}.

(Please see [2], [6]).

Theorem 1.2. [6] Let ¢ € H®™, then the operator

27

, = () = ot L2 4,
(Au)(x)_u(.r,)_‘zﬂ_ | u(y) cot 5 dy

transforms Hy (M) into Hgm(M) where

3 = 31 (catm) [ E a4 es(m) + catm) (m) )
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Lemma 1.3. Let the function F(y, s, u(s)) be a 2r—periodic in y,s € [0,27] and
u € [-M, M), (M >0), has (m — 1) partial derivatives. If the function I(y, s, u(s))
satisfies the following condition for arbitrary y,,s, € [0,2a] and u, € [-A,M],
(n=1,2):

&' . &'
‘W“—‘:f (y1,s1,u1) m (yz,sz,uz)

< (1) (W(ly = ya2l) + W= (51 = sa]) + [ug = ua), (1.1)

fori+j+k=11=0,...,m—1, where W(8), W=(8) arc nondecreasing functions
from (0, 7] into Ry and 1 (0) = 0, W*(0) = 0.

Then

sm (o) 4 W (E) 4 W7 (8) + WiH(8) at m =1
1§} r (((\) < C(I") { Vm((g) 4 ”r””_‘((“)(s [V(é) + ‘,V':n._z(b-)(s H'(é) al m > 9

Proof. For m = 1. the lemma is true.
For m = 2 we have
ALF(y,s,u(s)) = F(y+2h,s+2h, u(s + 2h))
=21y -+ h, s+ hu(s+ )+ Fy.s, u(s)).
Using Lagrange’s formula we get
AdF(y, s, u(s '/[qu+h+0hs+2h u(s -+ 2h))
- I-y(y—r Oh,s+ h,u(s + h)) ] hdo
1
+ / [Fily+h,s+h+0hu(s+2h))
Jo
— F(y.s+0h,u(s + h))] hdo
/ [Fily+h,s+hu(s+ h)+0(u(s + 2h) — u(s + h)))
— Loy + hys 4 hou(s) + 0(u(s + h)) — u(s)))]
(u(s+2h)—u(s+ h))do
1
+ / [Fi(y -+ hos+ hou(s) + 0(u(s + h) — u(s)))
Jo
— oy sou(s) 4+ 0(u(s + h) — u(s)))] (u(s +20) ~ u(s + h)) do

+ / [Fi(y. s, u(s) + 0(u(s + h) — u(s)))
JO

(u(s+20) = 2u(s + h) + u(s)) do|,
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for0<6<1.
On applying condition (1.1) we get

|Fi(y, s, u(s) + 0(u(s + b) — u(s M| < e(2) M + K,

where

— m—1 .
Km-1 = y"rg[%ﬁﬂ |F" " (y,8,0)]

Then
WE(6) < c(2) [Wa(6) + 6 W(8) +6W™(8)].

By induction we sce that

AV F(y,s,u(s)) = Zc’" '/ AL Fi(y+ h,s+ h,u(s)
+0( (s +h)—u(s)AF "u(s +vh)dl

1
+h./0 AR E (Y + 0 by s, u(s)) do

1
+h/ AT Fl(y+ h,5+ 0 h,u(s)) do
0

"The functions I%(y + h, s+ h,u(s) +0(u(s + h) — u(s))), Fy(y + 0 h,s, u(s)) and
F!(y + h,s + 0 h,u(s)) have partial derivatives to (v — 1) order, (v = 1,m —1) and
these derivatives salisfy condilion (1.1), then by the hypothesis we get

| Ty, s, u( s))| < ¢(m) [W"' h)y+ W7o~ 2(h)h W(h) + W,:"‘z(h)hW*(h)].
Thal is

WE(8) < o(m) [Wi(6) + Wi ~(8) s W(8) + W ~2(6) 6 W™ ()]

Remark. We say that (W, W* ¢) € BH®™ if

5™~ W (5) / ' ;55)1 &€ = 0(4(5))

and

5™ W (8) / jfff)l dg = 0(4(8))

where ¢ € IT9P™.
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Lemma 1.4. If the condition (1.1) is satisfied and (W,W*,¢$) € BH®™ and if
u(y) € Hy,m then F(y,5,(s)) € Hym.

Proof. This follows from the above remark, Lemma (1.3) and Marscho’s theoremn [8].

Theorem 1.5. Let the function F(y,s,u(s)) satisfy the condition (1.1) and for
(W, W*.¢6) € BH®™, then for

|A] < ]A0] (Ao arbitrary small),

the equation
A 2x _
U) == | F(y,s,u(s)) cot =2
27|' Jo

ds (1.2)

has a unique solution in Hy m(M). The solution is uniformly convergent and can be
evaluated by the method of successive approximations.

Proof. Let u € 114 m (M), then by Lemina (1.3), (1.4) and Theoremn (1.2) the operator

b s$—y
(Au)(y) = EA F(y,s,u(s)) cot > ds

transforms Hg (M) into Hy (|2 R').
Therefore |A| R' < M, hence the operator transforms Hg ,, (M) into itself.

On using M. Riesz’ theorem [3] we have
llallz, < e@)llulle,, 1<p<oo

where )
oo L[ 5—Y 4.
i(y) = 2= J, u(s) cot 2 ds.

Now,
”Aul - AU2”L’
2w A 97 - oy
= [/0 -2—7}-/0 [F(y, s,u1(s) — F(y,s,ua(s))] cot—2—-ds
< N el@) IF(y, 5, u1(s)) = F(y, 5, u2(5)]le,

2
= 1@ [ [ 178,16 = Plos s ()P ]
< [Ale(p) e(0) [jur — usl[r.,-

P 1/p
dy]

1/p
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If [A]e(p) ¢(0) < 1, then the operator A is a contraction mapping. Thus we have

A< 2o = min | 7. )

From the completeness of Iy ,,(M) in Ly, 1 < p < oo, the equation (1.2) has
a unique solution in Hg (M) and it can be found by the method of successive
approximations.

2. The solution in the space H ;1\2

For the integral

1 [T — 5 :
(Ju)(s) = 7 / u(y) cot %dy, w(y) € Hy m (2.1

the quadrature formula takes the following form, [4],

(Ju)(s My:l Uy sin® sk cot sk2—s, (2.2)
where b
U = U(sk) Sp = N
Forrula (2.2) at node points s, takes the form
S RN G (1Y ot TS
(Tu)(sj) = 537 ; Ur (1= (1)) cot = (2.3)
k#j

U(w) = f\— > Flyn e, uwe) (1= (-D4) cot £+ Ry(Fu),

where Ra (F,yr) is the remainder term, { =0,2N — 1.

If we put u(y) = z1 we oblain the following system of noulinear algebraic equa-

tions Nt

Y — 1
Z Ul ykvzk) (‘l _( l)k l) ol # 9 J_l- (24)
=

2=

A 2
N
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Lemma 2.1, If the function F(y,s, u) and its derivative l';(!/, s, u) satisly the con-
ditions (0.2) and (0.3), then the function

¥y, s.u) = F(y,s,u) — F(s,s,u)
satisfies the following condition
[y s.u) — oy.s,e)l < Ay ly - s Ju— v (2.5)
where u,v € [~AM, M] and A, Is a constant.
Proof. See [3].

Theorem 2.2, Let the function F(y, s, u) satisfy the conditions (0.2) and (0.3), then
the svstem of uonluwar algebraic equations (2.4) for arbitrary N > 3 has a unique

saiution in H,, m(’\f) and this solution can be found by the method of successive

anprox imations.

Proof. Let

N N N
i an = {z e ) |20 < M}
2= (20,21, 22v-1) € HGLIM),

Gz = (F(yo.50-20),-- - F(yan—1. 5281, 228 =1)).

mul since the space Il(‘ m( 1) of vectors of bounded norms is a closed subspace of

],,, "and the function F(y. s, z) satisfies the conditions of "F'heorem (1.5) and Lemma
(1.3), (1.4), then Gz € LV (1).

o:)m
Taking _.
BNz = (B2 BN 2,
where
) & Yk — Wi
(N oo 1 k=1
B,( )y = N 2 Fyi.ye, z1) (1— (-1) ) e I.T.
Ic;tl

In oiher words
BNz X AN G,

where

ANz = (A2, AR )

and
|!.‘1(N)!§”(.~) <e(m) ([8]. theorem 3).

@,m
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We get
" B(N)z"H(N) < |A]| Re(m).
é,m
Now, let
D = (20,20, ) e ufany,  (i=1,2).
We get
p 2 2N-1
| ) (1) _ pN) (D ;
|5 B I, ) = {N Z “\ kz;) [F(ur, yk. 2
kZl

:— Ye — ¥
I(UI,I/A,ZE: ))] (l (- l)" ’) cot.u

2
(5 2N-1
S“'i Z S

P}l/P
P}UP

2N ~1

Z [1 ULvJLyzk

=]

.l.

I"(u;,,l/;_,zfc ))] ( - (- 'l)k") col, Ye — 4t

2
2N-1) 28—l

+ |A |{N Z 2_17 Z [F(yrye, 2(V)
1=0 k=0

— Fye,ux,20) — Fy, m, 280)
ke Ye —
+ F(yx, Yk, z}c ))] (1= (=1)* ') cot Z_ Y% 5 i

P}l/l’

=1+ Qo (2.6)

where

2N -1

(21 IAI ! al Z 2]\,

2N -

Z [F(ye, Y, 2

! : b — Yk — 1
— F(yk, g, 28] (1= (=1)9) coLﬂTﬂ

P}l/P
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and
o 2=l jeNo W
Q=P w ; N ; (F (v ye, 2, 7)
- k£l

— F(ye, vk, 280) — Pyt e, 250)

< ark— .l : — 1
+ F(ye, v, 28] (1= (=1)%) col‘-%

p}l/p

Since the operator B(") is bounded on LSN), [7], and by using the condition (0.2)
we get

5 2N " 1/p
Q< Ir\I{ﬁ > |I"(!/k1?lk:zl(cl))“ 1"(:!/k-:'/k,z{.z))| }
k=0
<A\ A “z(‘) _ ~(2)"I(N) (2.7)
Also,
- 2N -1 1 2N-1 .
Q<A {T > [T 3 F e, 20)
=0 LT k=0

— Py, 56, 2) = By ge, 20)
Py i/p
U — U1 ] }

+ F(ye, e, 282)| leot —

On using Lemma (2.1) we have

x 2N -1 12,-.-_1 py 1/p
Q2 < Az |A| {N > [Yv > m,k] }

=0 k=0
k1
T (v/2 - 2N -1 i/p
< Az Al {K Slmtby+y 3 (v +<h)"} , (2.8)
1=0 I=[N/2]+1
where
’7lk:|2(l)-—z(2)| Yt — Yk I
¢ BT Isin((y — we)/2) |
I [an/2]
a) = ‘,T Z ,",-ki

k=0
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2N -1

b1=% > m

k=[3N/2}+1

C1

1/

and
LR
di =+ > m
k=[N/4]+1
Now, to determine a,, we apply Holder’s inequality and we deduce that
[3N/2 1/p
2 m _,@f
asit (53 b0 -0
- 3N/2 97 1/q
L (53,5 (w2
N\iZ 51, \sinl(y — w)/2)
Putting I — k = X in the first 3~ and k— I'= X in the second ¥ we get
[3N/2]-1 1/q
2 /2 \1¢
< Z |, _ 2 LY
"7 "z # ||L§,”’ Z+ Z (sin(t,\/2))
2 .
< T "2(1) - ||L§~) (@ +2)1/1,
where
1
T £r/2 q
Q= N Z(sm(t)‘/2))
and
o — 1[3.%1:]-1 /2 )q
2N o \sin(6a/2)/

For N > 3 we have

y <-r+7r_57r
H-l_p\. 2—

N
al 0<I< |—
5 at 0 < _[2],

(2.9)



APPROXIMATE SOLUTION 171

then

-7 (atdim)

i ta

L1 () -

/05 /6 (%)q és, (2.10)

TN & \sin(t/2)

[BN/2]-1

SE ()

A=1

s /0“"/6 (sif&f;z))q dz. (2.11)

From (2.10) and (2.11) in (2.9) we have

L [/0“'/6 (sin:z:2/2))q d’]w, (2.12)

I/\

IA

21+1/¢

a < ||z(')—z(2)|

for 0 <1< [N/2].

Similarly we can show that

2 " z/2 \? 1/q
2= ol / ,
b2 < ™ ||z II,(N) [ 0 (sin(a:/?)) dm] ) (2.13)

for 0 <! <[N/2],
1/q
2 . x/4 1'/2 q
2 (M _ ()
a7 "z ? "qum [/0 (sm(-r/Z)> dz (2.14)
for [N/2]+1<I< 2N —1, and

" [/07"“ (si:égl/'z))q d‘”] N , (2.15)

1+1/q
d] < 2

” (1 _ z(z)l




172 M. 1I. SaLen AND S. M. AMER

for [N/2] +1 <I<2N —1.
Using (2.12)-(2.15) into (2.8) we have

. 1/q
91A A, /””/6 z/2 \* W _ (@] 9 10
@< “alle |, sin(z/2) dz “z —F "1,;"" ' (2.16)

Substituting (2.7) and (2.16) in (2.6) we get

H BN, () _ gv),@

LM
94, 1x/6 z/2 \?
< _ \
By [A] + = =yp (./0. (sin(z/?) dr

From boundeduess of B(Y) in L;,N) and using the contraction mapping principle at

1/q
(1) _ ,(2)
[ =] g0

(2.17)

1/q\ !
. M 9 Ay /6 0 zr2 7
Al < min y om) (A1+ m=r ( /0 sn(e/2)) “ !

the system (2.4) for arbitrary N > 3 has a unique solution in II(M(M) and the
theorem is proved.

3. The rate of convergence of the approximate solution

et

-1
. M 9A A
|A]| < min m, (A1 + w_‘/% (A (5_1;(1:_/2)) d.'l:) v (3.1

then the equation (1.2) has a unique solution u*(y) € /4, m(M) and the system (2.4)
at arbitrary N > 3 has a unique solution

x L = * N
S (z(jazl 3o - "ZZN—I) € Ilé,ﬂz(‘w)

The function

2N —

Z (v, wi, 25) sin? ESEE cot et (3.2)

A

()

“’l
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at y = yi, (k and [ do not take the same value simultaneously) is called the approxi-
mate solution of (1.2).

It is easy to deduce that uj(y) =27 aty =y, (I = 0,2N —1). The norm of the

difference of the vectors z* and
u® = (u(yo), u(y1), - -, u(yan-1))

in L},N) may be found as follows.

Applying the quadrature formula (2.2) to (1.2) at node points y;, we get

- Ye — U1
w(y) = o kz_;) Flyyew () (1= (=1)*) cot ==+ Rw(Foyr)  (33)
k2l

where

F = F(y,s,u(s)).

Put z(!) = u* and 2(?) = z* in (2.17) and using (3.1), we get

llu® = 2"l o < [MN B (Fy )l {1 = 1A [A1

+ % (/ﬂmls (si;ﬁ%)q d.z:) 1/,,] }_1. (3.4)

Now, we evaluate ||u*(y) — uy(y)|le; from (3.2) and by applying (2.2) on the
equation (1.2) we get

2N-1

u'(y) —un(y) = > F@ e (W) — Fy,yr, 23)]
) L=0

sin? -";y" cot y‘“z'y+|,\|RN(F,y),

from Lemma (5.2) in 1] and condition (0.2) we deduce the following

llw*(y) — uh (W)lle < Av || maxju™(w) — 2]

2N -1

1 L2 Y - \ .

(v Y [sin® E5HE cot #o ”D + RN (P, )le
! k=0

<2A A (L+7)(1+1In2N) max lw* (1) — 21|

+ RN (F, )l (3.5)
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From Theorems (1.5) and (2.2) and since u*(y) € Hy m(M) then

u* = (w(yo), w(y1),...,u(yan-1)) € H;{Q(M)

and
v — 2" € H{V(2 M).
From the inequalities (3.4), and
N N\ nh .
max u* (1) ~ | < e(m, M) [(;) " = 2l + ¢ (T)] . ()
" T
IRN(F.p)le < em)é (5) In N (6], [7]), (37)
we get

N 1/P T T"h
ax [um(y)) — 27| < ¢ mi - N N /|
max [u”(y) = 27| < e(m, M) 2<h<(N/2(m +1)) [( h) ¢ (N) Ve ( N >]

Taking h = N*, 0 < & < 1, then

. . In N T T .
max [ (x1) — 27’} < const [m¢ (TV_) +¢ (Nl_u)] . (3.8)

Conscquently from (3.5), (3.7) and (3.8) we can conclude that

« . . . InN T w
la* = whlle < 2[A] A (14 7) (1 +In2) [mds(ﬁ)w(,\,—l_:)]

+ M e(m)¢ (1) m v

In? N
< const (m)

for 1 < p< oo,
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