NEW CHARACTERIZATIONS OF T,-SPACES
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ABSTRACT

Making use of the essential derived operator, we present some new charac-
terizations of To-spaces in the same way that the already known for Ty and
ETpy-spaces. It is also proved that an analogous treatment for Ty, ET; =R,
Typ and ETyyp spaces is not valid.

1. T,-SPACES (¢=1,D, UD, O)

(1.1) DEFINITION. In a topological space (X, T ), we call essential derived set
of a subset A of X, the set DA = A\U {< x>/ xe A\ dA} , where A is the
closure of A, dA is the derived set of A and < x > is the covering of x, that is
<x>={x}N({0/0eT,xe0})

(1.2) PROPOSITION. In a topological space (X, T ), if A is subset of X, then
DA =U { F/F closed, F C dA }.

PROOF. Let x be a point of U { F/F closed, F C dA }, then x belongs to A and
< x> C{X}C F C dA for a closed set F included in dA. On the other hand,
< x>#<y>forevery pointy of dAA\Aand<x>N(U{<y>/y e A\dA })=0,
hencexeK\U{<y>/yeA\dA}. '

Conversely, let us assume that there is a point x in DA such that {x } ¢ dA,
then {X } N (A\dA) is not empty and for every point y in { x } N (A\dA), x
belongs to every open set containing y and there exists O, € T such that
Oy, "A={y}.On the other hand, y belongs to < x >, otherwise there would
exist an open set O, with x-€ Oy and y ¢ O, and thus, O, N Oy would be an
open set containing x for which O, N O, N A = 0, against the fact that
x € dA C A. Therefore {X } C DA for every x € DA and consequently
DA C U {F/Fclosed, FCdA }. #
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(1.3) DEFINITION. [1]. A topological space (X, T) is a Ty, Tp, Typ or
To-space if, for every point x of X, the correspondent following assertion holds:

(Ty) d{x} isempty.

(Tp) dix} is closed.

(Typ) d{x} isaunion of disjoint closed sets.
(Te) d{x} isaunion of closed sets.

(1.4) PROPOSITION. [1]. A topological space (X, T ) is Ty iff, for every subset
A of X, dA is closed.

(1.5) PROPOSITION. A topological space (X, T )is To iff one of the following
conditions holds:

1) For every point x of X, d {x} =D {x}

2) For every subset A of X, dA =DA

3) For every subset A of X, dA is a union of clossed sets.

PROOF. From (1.2) it is immediate that d {x} =D {x} for every point x of X,
iff (X, T)is To. If (X, T) is Ty, that is < x> ={x} for every point x of X,
then DA = A\ {x/x € A\dA } = dA for each subset A of X. If dA = DA, A C X, it
follows from (1.2) that dA is a union of closed sets. Finally, the last statement
implies trivially that (X, T ) is To. #

The third characterization of Ty-spaces given in (1.5) may be obtained
without taking into account the essential derived operator, as we prove in the
following proposition.

(1.6) PROPOSITION. A topological space (X, T ) is To iff, for every subset A
of X, dA is a union of closed sets.

PROOF. If A is a subset of the Tq-space (X, T ) such that dA is not a union of
closed sets, there exists a point x € dA for which {X} N (A\dA) is not empty.
The same reasoning that the one followed in the proof of (1.2) would prove the
existence of a point y in < x > different from x, against the fact that X, T)is
a Ty-space.

The inverse is immediate. #

(1.7) REMARK. The statement “for every subset A of X, dA is a union of
disjoint closed sets” isstrictly stronger than the Ty;py-axiom, as it is shown in the
following example. The spaces defined by the above statement will be called
TGD-spaces.
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(1.8) EXAMPLE. let X be the set of real numbers and let the closed sets be
X, 0, {x}(0<x=1), {—xx} (0<xZ1), x,1] x<— 1), [x,1]xZ-1),

10.x[ (x > 1), 10,x] (x 2 1) and their finite unions. This space is a Ty;p-space
but, for A={0} U[1,2], dA is not a union of disjoint closed sets.

(1.9) REMARK. The statement “for every subset A of X, dA is empty” is
strictly stronger than the T;-axiom. In fact, it characterizes the discrete spa-
ces [3].

2. ET,-SPACES (@=1, D, UD, 0)

(2.1) DEFINITION. A topological space (X, T ) is a ET; (‘“essentially T,”"),
ETp, ETyp or ET,-space if its T -identification space [5]isa T, Tp, Typ or
T, -space, respectively.

(2.2) REMARK. 1t is known that ET, -spaces and ET  -spaces are respectively the
classes of R —spaces [3] and all topological spaces [4].

(2.3) PROPOSITION [2]. A topological space (X, T ) isaET,, ETp, ETyp or
ET,-space iff, for every point x of X, the correspondent following assertion
holds:

(ET;) D{x} isempty.

(ETp) D{x} isclosed.

(ETyp) D{x}  isaunion of disjoint closed sets.

(ET,) D{x} isaunion of closed sets.

(2.4) PROPOSITION. A topological space (X, T ) is either ETp, or ET, iff, for
every subset A of X, the respective following assertion holds:

(ETp) DA is closed.

(ET,) DA is a union of closed sets.

PROOF. The first assertion is stated in [2]. The other one follows from (2.1). #

(2.5) REMARK. The statement “for every subset A of X, DA is a union of
disjoint closed sets” is strictly stronger than the ETy;p-axiom, as it is shown in
the following example. The spaces defined by the above statement will be
called ETGD-spaces.

(2.6) EXAMPLE. Let X be the set of real numbers and let the closed sets be
X,0,{x}(0<xS1), {—xx)}0<xZ1),[-1,1], ]-x, —1[U ]0,x[ (x>1),
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[—x, -1[ U ]0, x] (x 2 1) and their finite unions. This space is a ETyp-space but
not Tyyp and, for A ={0} U[1,2], DA is not a union of disjoint closed sets.

(2.7) REMARK. The statement “for every subset A of X, DA is empty” is
istrictly stronger than the ET;-axiom. In fact, it characterizes the E-discrete
spaces [3].

In the following diagram aie related all axions mentioned in the present
paper:

: A
discrete spaces T, T, Top—Tup—T,

E-discrete spaces — ET, =R0_.ETD_.ETSD_. ET;p—ET =arbitrary spaces
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