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ABSTRACT :

We consider properties of sequences in a Banach space through the geome-
trical behaviour of the closed linear spans of their subsequences. We study new
families of intersection properties, generalizing the results of Courage-Davis,
Plans, and Reyes.

We end with a table showing the structure of a sequence by means of ifs
intersection properties. This table, in our opinion, closes the study of “‘finite”
intersection properties of a sequence.

INTRODUCTION

Let B denote an infinite-dimensional Banach space, N the set of natural
numbers, and [—] “closed linear span”.
In the sequel we shall consider complete ([ f ]= B) sequences in B.

Definition: A sequence [ = (a,), ¢\ in a Banach space B verifies the intersection
property relative to a certain condition C, if [ag; seS] M [a,; teT] = [a;; heSNT],
provided that S,T C N are restricted to the fixed condition C. Denote it by
i. p. (C).

The idea of obtaining properties of a sequence by means of intersection pro-
perties of the closed linear spans of its subsequences began with Plans | Pl; and
Courage-Davis | C-D| who independently characterized M-bases by means of an
i. p.

Later on, Plans and Reyes |P-Rl, |RI| gave a classification of sequences
through intersection properties.

We consider new conditions on the pair (S,T) examining the sets S,T, SUT,
SNT, S-T ant T—S, and conclude with a table of characterizations, that, we
think, gives a complete outlook of them and closes the problem of finite i.p.
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Remark: — By “finite” i.p. we understand those expressed by [ag; s€S;MN...NS, =
= [ag; seS; ] N...N [ag; seSy ], with the family (Si)}il restricted to some fixed
condition C.

(It is easy to relate them with properties where only two indices appear).
The “infinite” intersection properties are quite different (see | 11;).

1. DEFINITIONS AND PREVIOUS RESULTS.

Let f =(a,),en be a complete sequence in B.
Given S C N, call

WS=[aS‘,SeS] (Wd) ={0})

and

We say that S € g, if S is finite, S € o, if N—S is finite, and S € 03 if S and
N-S are both infinite.

We associate to [, in a natural way, the following closed subspaces:
Kernel of |:

K(f)zg?N [an’ an+l’ e ']’

equivalently, K(f) =, Ws.
S €0,

Strict kemnel of [:

K="\ Wg.
S €0,

Let Mf= {neN;a W, {n} }

Definition: [ has absorbent kernel (respectively absorbent strict kernel) if
WMf C K(f) (respectively WMf c K,(M).

Theorem 1.1: (See |P-Rland [R)

(i) [ has absorbent kernel if and only if it verifies WgNW.. = Wg ~.. for every
S,Teo,.

(ii) J has absorbent strict kernel if and only if it verifies WgNW.. = W¢ 1. for
every Seo, and Te 0;.
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Definition: [ is minimal if it satisfies the following equivalent conditions:
(m,) M r=¢,
(m,) W W =Wy for every Seo; and Te o,

(m3) There exists a sequence (a )pen in the Banach space B*(dual of B), such
that a (a )=8 (Kronecker delta of n,m).

Definition: [ is an M-basis (Markusevich basis) of B, if it is mimimal and K(f) =
={0}, equivalently (see |C-Dland |PI,) if WgNW.. ={0} whenever S and T
are disjoint.

Definition: [ is a strong M-basis if W; = WS, for every S C N.

Theorem 1.2:
The following statements are equivalent for a sequence f:
6) W W, = Wonrp forevery ST CN,
(i) WNWop =Wg . for every S,Teo,
(iii) f is a strong M-basis.

Proof: See |P-Rland |IR1

Remark: It isclear that Strong M-basis = = > M-basis = => minimal = => Absor-
bent strict kernel ==>> Absorbent kernel.
The converse implications are not true. (See |S1).

Definiton: f is called 0, —sequence (respectively 0, —sequence, o;—sequence) if
it verifies W =W for every Seo; (r. Seo,, S €a3).

Propositon 1.3:
(i) [isao;—sequence if and only if it is an M-basis.
(i) Sisa o,—sequence if and only if it has absorbent kernel.

Proof:
(i) Suppose that [ is a ol—sequence Let Seo; and Teg,. Then W NW.. =
—W*ﬂW C W*ﬂW’X< WSﬂT wSﬁT’ so [ is minimal.

Since K(f) C W¢ —W¢ ={0}, fis an M-basis.

* The converse is obvious.
(ii) Suppose that [ is a 0,—sequence. Let S, Teo,. It follows that WoNW,. =

—W ﬂW wSﬂT WSOT’ so, by 1.1, [ has absorbent kernel.
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For the converse, let Sea,, N-S=1{q,....q,} .

So W; = /77N Wy =W, by 1.1. Therefore [ isa 0, —sequence.[]
=1, .. x -{a;} s

i

2. CONDITIONS ON SUT.

Theorem 2.1:
For [ =(a ) .y in B:

(i) [ verifies WgNW,. = Wg . whenever SUTeo,; if and only if [ is a linearly
independent set of vectors.

(i) S verifies W.NW._ = W whenever SUTeo, if and only if [ is a strong
b S T ST
M-basis.

Proof:

(i) It is obvious.

(i) Suppose WgNW.. =W¢ ~.. whenever SUTeo,.
Let P,R C N and consider P;, R; C N such that P;UR; €0, and P;NR; =
=PNR. We have
wPﬁR C WPﬂWR c WPIHWRl = Wplan = WPOR’ so [ is a strong
M-basis.
The converse is obvious. [

Definition: Given a property H on sequences, we say that a sequence [ = (an)n N

is almost-H if every subsequence (a ) & with Seos, verifies H, in the Banach
subspace [a,; seS).

Remark: Almost properties on a sequence [ have been studied in !Il,, and the
structure induced in the sequence [ is given in terms of “unitarian position”,
improving the result in Theorem 4.1 of IR
Theorem 2.2:

J verifies W MW = Wo o whenever SUTeo, if and only if it is almost-
strong M-basis.
Proof: 1t is analogous to 2.1 (ii).

3. CONDITIONS ON SNT.

Let f= (an)n eN b€ a complete sequence in B.
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Theorem 3.1:

(i) [ verifies WSﬁWT = Wg~ whenever SNTeo, if and only if [ is an M-basis.

(i) f verifies_WSﬁWT = W whenever SNTeo, if and only if [ has absorbent
kernel.

Proof:

(i) It is analogous to the characterization of M-bases given in | Pl, or {C-DI.

(ii) If SNTeo,, then S,Teo, and conversely. Apply now 1.1. O

Lemma 3.2:
Let f be a sequence having absorbent kernel. Then, for every Reo,Uas
there exist R, Ry €05, R;yNR, =R, such that WE = Wlesz'

Proof: It is a strengthening of Proposition 5.1 in | RI.

Theorem 3.3:
J= (an)neN verifies WgNW =W~ whenever SNTeo; if and only if it isa
03 —sequence.

Proof:

===2}1If [ verifies WSHWT = Wy Whenever SNTeos, by 1.1 it has absor-
bent strict kernel, and therefore, absorbent kernel.

Let Reos. By 3.2 take R and R, such that Wl"{ =WR10WR2.

By hypothesis, Wa . ﬂWRZ =Wp MR, = W - Thus, [is a 03 —sequence.
< ===) Given SNTeo;, it follows that

£ ® _ %

WnW,, C WNW = Werr-

But, by hypothesis, W;ﬂT =WSnT .0

4. CONDITIONS ON S—T AND T-S.

Consider now sequences | =(a,) verifying intersection properties accor-

néeN
ding to the cardinality (in terms of 0,, 0,, 03) of the sets S, T, SNT, S—T and
T-S.

There are four main cases. (The remaining cases can be dealt with by means
of these, or using the scheme in [ R).
Case 1. WSﬁWT :WSﬁT for every S,Teo such that S—T, T—Sea; and SNTeo; .
Case 2: WSOWT_ = WSﬂT for every S,Teo; such that S—T, T-Seg, and SNTeo;.
Case 3: WSﬁWT = WSﬂT for every S,Teo; such that S—Teo; and T—S, SNTeo;.

Case 4: WS ﬂWT = WSﬁT for every S,Teo; such that S—T, T—S and SNTeo;.
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Definition: [ is called M-basoidic (see |Pl, and | T|;)if it can be represented by
J={by, ... b} UJy, where [y =(b,, ) . isanM-basis, [by,....by 1T [f1],
and [by, ... b ] N (W +WN-(SU{1, N .k}))={ 0}, for every
SCN-{1,.. k}, Seos.

It is not difficult to see that the intersection property in Case 1 is equivalent
to the following: WgNW,. =W, for every disjoint S, Teos, but this property
characterizes the M-basoidic sequences (see | Pl, and | Tly).

With respect to cases 2 and 3 it is straightforward to see that they characte-
rize, respectively, the sequences almost—“with absorbent kernel” and al-
most—“with absorbent strict kernel”.

We study now Case 4.

Lemma 4.1:

Let [=(a ), o bea complete sequence in B, and xeB.

Then, there exist S,Teg; (which depend on x) such that x =x; + x,, with
X3 eWS and X, € WT'

Proof: See | Tl,.

Lemma 4.2:

Let [ = (a ), N be a sequence verifying WgNW.. =W ., for every S,Teo,
such that S—T, T-S and SNTeoy. (I)

Then, for every Seos, WNWy. ¢ C K(f).

Proof:

Let Seg; and X € WSnWN—S' Fix Reos. We canfind R, eo3 such that SUR;
and (N—S)UR; €03, with R; C R. So, we have x € WSUleW(N—S)URl =
=WR1 C Wy (for every Reoy)

Therefore x e K (f). O

Lemma 4.3:
If f =(a), o verifies (I), then it has absorbent strict kernel.

Proof:

Suppose, for instance, a; € WN- 10 - By 4.1 we can find S,Teo;,
S,TCN—{1} suchthata; =u+v,withu e Wg, veW,.

The following possibilities arise:
(a) SNT, S—T and T—Seo;.

Thena; —ue Wou {1} OWT waﬂT° and thusa, € WS'

On the other hand, since 1£8S, a; eWN_S. So, by 4.2, a; e K (/).
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(b) S—Teo;, SNT and T—Seo;.
Then SUTeo4 and a, € WSUT'
Since 1¢SUT, it follows that a; € WN— (sUT)> © by 4.2, 2; e K (/).
(c) S-T, T-Seo,;SNTeo;.
It is similar to (b).
(d) S-T, T-Seos; SNTeo,.
Then Wg =Wg ..+ Wgpand W, =W, o+ Wsnr
TakeaeWg _1,beWgnrandceW g suchthata, =a+b+c.
We have a; — a eW, N W{l}U(S—T) .So,by4.2,a; —aeK([)C Wo_
Therefore a; € Wo_ 1
On the other hand a; € W{ 1}U(T-8) S0 We conclude that a; e K(/).

T

Consequently, [ has absorbent strict kernel. O

Theorem 4.4:
A sequence [ =(a ) .\ verifies (I) if and only if it is a 03—sequence.

Proof: 1t follows from 1.1, 3.3 and 4.3.
5. STRUCTURE OF 03 —SEQUENCES.

We consider now some properties of the kernel and strict kernel of a com-
plete sequence [, which characterize [ as a 0;—sequence.

Lemma 5.1:
For a sequence [ = (a,), e

K() C F\e_é (WpNWy 1)
Proof: See |P-RI.

Corollary 5.2:
Let [ =(a,), N bea 03—sequence. Then K(f)=Ky(f).

Proof: 1t is a consequence of 4.2 and 5.1.

Lemma 5.3:
An M-basis [ = (a ), . is 2 strong M-basis if and only if it verifies (I).

Proof: 1t follows from 1.2, 3.1, 3.3 and 4 .4.



260 Felicisimo Garcia-Castellén and Esteban Indurain

Proposition 5.4:
Let [ = (a ), .y be a 03—sequence. Consider, in the Banach space B/K(f),
the set [y () = {a +K();ay ¢K(f)} - Then we have
@G If fK(f) is finite, it is a linearly independent set in B/K(f),
(i) If fK(f) is infinite, it is a strong M-basis in B/K([).

Proof:

(i) It follows from the fact of J having absorbent kernel.

(ii) Since [ has absorbent kernel, [—K(f) is a minimal sequence, and fK(f)
is an M-basis.
Let fK(f) = {aqn + K(N} 1ex and take 5, Teds such that S—T, T-S and
SNTeos.
Let xeB, we have, applying (1)

x+K(ela

g, TKU)seS]N [ag +K(); teT]<==

=-=>xe[{aqs;seS} JKININTH aqt;teT},K(f)] = (%)

[aqh;heSﬁT] ==>x+K()e [aqh + K()); heSNT]. (**)

So fK(f) is also strong. [J

Theorem 5.5:
J=(a, )N Is @ 03—sequence if and only if it verifies the conditions

(@) K()=K())and
(ii) The set fK(f) is a) linearly independent, if finite,

b) A strong M-basis in B/K(f), if infinite.

Proof:
===2>)1It follows from 5.2 and 5.4.
< ===) Let S,Teo; such that S—T, T—S and SNTeo;, let xeB.

xe [ag; e8] N [a; teT] <==>>xe [ {agseS}, K ()] N
N[{a;teT}, KN} Ti)=>x€[{as;seS},K(f)]m

N[{ay teT}, KNI <==>x +K(f) € [ag + K(f); 5eS] N

N [a, + K(J); teT] <=(i=i)=>x +K(f) € [a, + K(); heSNT] < ==>

<==>xe[{ay;heSNT}, K(f)](?)[ah;heSﬁT]. O

(*) Apply here that K(J) = K()).
(**) Observe that [—] stands here for closed linear span in B/K(/) and also in B.
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Properties of intersection in the geometry

We conclude with the following scheme for intersection properties:

261

W W =Woqr
S T SUT | SAT | S--T | T-S |KIND OF SEQUENCE
— — — — — — | strong M-basis
a — - — - — | minimal
g, - - - - — | minimal
03 — — — — — | strong M-basis
- — 0, - — — | linearly independent
_ — g, — — — | strong M-basis
— — 03 — - — | almost strong M-basis
— - — 0 — — | M-basis
- — — o, - — | absorbent kernel
— - - g, — — | 03 —sequence
0y ai — — — — | linearly independent
0, 0, — - - — | minimal
o, 03 — — — — | almost minimal
(o 29 0, - - — — | absorbent kernel
o, [ — — — — | absorbent strict kernel
03 G, — — - — | strong M-basis
o g, — 0, — — | M-basoidic
03 03 — 04 0, 0, | almost absorbent kernel
03 O3 — 03 0, 03 | almost absorbent strict kernel
03 03 — 03 03 03 | o3—sequence
— - o3 0, — — | almost M-basis
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