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by
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ABSTRACT:

Let f(s,, s;) be an entire function represented by Dirichlet series of two
complex variables. We have defined for 0 <§ <ecandk;, k, > 0 the functions
Is (01, 02), Ag(oy, 07) and G5,k1,k2 (o1, 0;), then the Ritt-order p, the lower
order A and the orders p,, p, with respect to the variables s;, s, could be
expressed in terms of these functions.

1. Consider a double* entire Dirichlet series.
(1.1) f(sy,s2) = m’nZJ: 0 LR exp()\msl + ynsz)

of complex variables s, and s,, where the coefficients a, , are complex num-

bers, Ag = up =0, (?xm)m > 1 (#in)n > 1 are two sequences of real increasing

numbers whose limits are infinity, and further [2]

log(m+n)

1.2. lim su D<+ o
(1.2 m+n-o==»p A T ouy

log |- |
(1.3) lim sup %8 fmanl o,

m+n-e )\m + I.,ln

As usual, the symbole M(o,, 0,) and u(a,, 0,) denote the maximum mo-
dulus and the maximum term respectively for f(s,, s, ) defined as

1.4. M(o,, 0,) = Su | (o, + it;, 0, + ity)l
( ) (01, 07) —°°<tg,tg<°° f(o, 1,02 2)
(1.5) woy, 0,) = m}\rllla>xo lam’nl exp(A\, 01 + u,07)

* In this note, we consider the two variables case for the sake of simplicity, although our
results can easily be extended to any finite number of variables.
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It is known that [2] for all ,, g, > 0 and for some a> 0
(1.6.) uioy,0,) < M(oy,0,) < Kp(o; + a,00, + )

where K =K(a)

We define the Ritt-order p and the lower order X of f(s;, s,) as follows [3]

sup P
log logM(0;,02) _

(1.7) lim
0y, 02> (o1 ]+ 02

inf A

2. Let usdefine, for0<§ < oo

(21) IS (0'1, 0'2) = 15 (01, gy, f)
1 T 8
= lim f J lf(ol +it1,02 +1t2)| dtl dt2
T—>o0 (2T)2 T

where the integral in (2.1.) exists on account of the absolute convergence of the
series for f(sy, s5).

Note that the mean value for § = 2 has been studied in [3], but the single
variable case already dealth in [1], [4] and [5].

Theorem 1. If f(s;, s,) defined by Dirichlet series (1.1.), be an entire function
of finite Ritt-order p and lower order A, then

sup P
log log Is(0y,0
(22) lim 810,00
01,09 > 0 +02

inf A

The proof of this theorem is similar to deal with the proof of theorem 1
in [3].
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Corollary 1. If f(s,, s,) defined by Dirichlet series (1.1.), be an entire function
of finite Ritt-order p and finite lower order A, then

sup p
loglog Ag (01,02)

(2.3) lim
01,07 > ag; to,

inf A

where

1
As(oy, 0,)=As (01,02, )= {15(01’02) } b

Let for  k;, k, >.0(see [3], fork; =k, =k)

(24.) Gs k, ko (01,02) =Gy 1 4, (01,02, 1)

1 2

a, g
=eXp{ klkz exp—(0|k1+02k2) f f LOgAB(Xl,XZ)
0 0
exp (x; k; + x2k,) dx;, dx2}

Lemma 1. Let (s, s;) be an entire function defined by Dirichlet series (1.1.),
then for 0 < 0, < 0}, 0 < 0, < g5, we have

(2.5) Log Ga,k, ko (01, 02) < log A; (01, 07)
Log Gy y, i, (05, 03)

<{1 —exp (0, — 0}) k,} {l—exp (02 —03) kz}

Proof: We have

(2.6 -

l()g G&,k],kz (Ul, 02)=k1k2 eXp — (Ulkl + Uzkz)f j
0 0
log A8 (Xl,Xz)eXp(Xlkl +X2k2)dx1 dX2

< log As (04, 07)

Further, for 0 <, <0} and 0< 0, <05
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(2.7)

o

o [} o a1 O';
108 Gs i, k, (01, 02) Zkiks exp - (01k; + 03 k) [ [
gy O,

log Ag (x1,x2) exp (x1k; +x2kp) dx; dx,

>log Ag (01, 02) {l—exp (o1 — o?)k,} {l—exp (02 — 03) k2}

From (2.6.) and (2.7.) follows the lemma.

Theorem 2. Let f(s;, s,) be an entire Dirichlet series of finite Ritt-order p and
finite lower order A, then

sup
log log G 0,0
238) lim 8108 G kyiey (012 92)
01,0y > 0y t+ 0,
inf A

Proof: If 05 =0, +h;, 05 =0, +h, where h;, h, >0, then we have

(2.9) log Gg | x, (01, 02)<log Aj (01,0,) <
log Gs x, x, (61 thy, 02 +hy)

<
\{1 —exp — (hlkl)} {1 —exp — (hzkz)}

Theorem follows directly from this inequality and from the relation (2.3.).

3. Let us define the finite order (p;, p2), o1 and p, with respect to variables s;
and s, respectively as

log log M (0;, 04)

lim sup { lim sup = p
02'-)00 01—)00 01
3.1)
log log M (04, 07)
limsup { limsuyp ——— = p,
0, —>® 0y > 0,

As a consequence of the above results, we state the following
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Theorem 3. Let (s, s;) be an entire Dirichlet series of finite order (p,, P2), P1
and p, with respect to variables s; and s,, then

log log I5 (01, 02)
limsup { limsuyp ——— | = p,
gy>® 0> o,

3.2)
loglogls (0y, 0;)

lim sup { lim sup
g > 0o >

P2

g2

Corollary 2. With the same notation for f(s;, s,) in theorem 3, we have

loglog A (04, 02)

lim sup { lim sup = p
O'z—)uo 01—)00 01
(3.3)
loglog As (01, 0,)
lim sup { lim sup = Py
g, > g,> o,

Theorem 4. 1f f(s;, s,) is an entire function given by Dirichlet series, of finite
order (p;, p2), p1 and p, with respect to variables s, and s, respectively, then

log log G&.kl,k2 (01, 07)
lim sup { lim sup = p;
gy,—> > g, > o,

) log log G.s,k,,k2 (91, 02)
lim sup { lim sup = P,
0] —> 00 02—)00 02

Lemma 2. If {(s,, s,) is an entire function given by Dirichlet series and if
i of . .
Agj) (01,0:,)=A; (01, 0y s ), j=1,2.
J
then, we have

: As (01,02)10gA5 (01,07)
3.5.) AW (01, 03) > i=1,2
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Proof. 1t is sufficient to prove the Lemma for j = 1, and the auther case j =2
will follow similarly. We have

1) o 1 T |0 . . ‘5 51
Ag (01,07)= hm(2_T)2 j:r[ B_S—l f(o, +ity,0, +ity) 1 dt, dt,

T—>oo

: 1 T

" |4 TR ;[T'/
f(ol ‘I“lll ,02 +]t2) — f(01 (l'—€)+it1,02 +lt2) 6
lim
€0

1
dt, dt, ] 8

€0,

by using Minkowski’s inequality see [6] page 62, we have

(H >lim ~ _
A (01,02)/é£n0 o, {Aa (01,02) -As (01 (1 —e), 02)}

A (01 (1 —¢€), 0;)
=lim

€0 €0,

As (01, 02)
-1
As (0, (1 —¢),02)

Since, in view of [5], for a fixed g, > 0, log As (0,, 0;) isa convex func-
tion of o,

0
(3.6.) log Ag (01, 02)=logAg (0, (1 —€), 0,) + | v(x, 0,) dx
a,(1-6

where v (x, 0,) is non decresing function which tends to infinity with x, then
log As (01, 0;) =log Ag (01 (1 - €), 02) +€a,v (g (1 - €), 02)
we observe that

Aﬁ (U| s 02)
(3.7) > exp {eo, v(o, (1--¢), 02)}
Ag (01 (1 —~€), 07)

therefore

As (01 (1 —€), 02)

A(sl) (0y,0;) = lim {601 v(a; (1 - e), 02)+0(62)}
€>0

€0,
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= A; (01, 00)v (01, 07)

On the other hand, let 6] > 0 be real number, such that 0 < Ag (07,0,)<1,
then from (3.6.)

log A& (01’02)
v(01,0,) 2 —————— = logA; (01,02)
g, — 0,

Now, if no o7 is possible as defined, we shall regard the right-hand side of

A; (01, 0;)log A; (0,, 0
(3.5)as(l +o(1) s (91, 02) log A (91, 02) where 0 (1) >0as gy >,

J=1,2. 93

Theorem 5. If f(s;, s;) is an entire function defined by Dirichlet series of finite
order (py, p2), p1 and p, with respect to variables s, and s, respectively, then

A (0, 0,)

log
_ As (01, 072)
lim sup { lim sup = p;
0’2—)00 03 —>00 0,
(3.8)
2
Ag ) (0'1 , 0'2)
log ] ————
Ag (01,02)
lim sup { lim sup = p,
01 —>00 0'2—)00 02

Proof. It is sufficient to prove the first equation of (3.8.). From (3.5.), we have
forJ=1.

log

A" (o, 0,) ’

Aa (0y,07)
(3.9 lim sup { lim sup = p,

o2} —>00 0'1 —>00 01

Further, for any g, > 0, log A; (0,, 0,) is an increasing convex function
for oy [5], this enables us to write log Ag (0, 0,) in the following form:
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0, +a 0X
log Ag (01 +a,0;) =log Ag (01, 02)+ |
o1 As(x, 02)

A(gl) (al s 02)

A6 (X, 02)
dx, >0

= a
As (01, 02)
then
1
A(5 ) (01 s 02)
logy —

As (01, 02)

(3.10) iim sup 1{ lim sup < py
g, > 0> o,

From (3.9.) and (3.10.) follows the first equation of the theorem.

Theorem 6. If f(s;, s,) is an entire function defined by Dirichlet series of finite
order (py, p2), p1 and p, with respect to variables s; and s, respectively, then

(1)
G (U], 02)
log 8,k ke
y . G,k 1.k, (015 02)
iim sup { lim sup p1
0y >0 01 > o1
(3.11)
(2)
G (04, 02)
log 8.kq,ko
. . G ky.k, (01, 02)
lim sup { lim sup = P
0> gy —>00 0,

Proof. In view of (2.4) and for small € > 0, we have

1) rr
log Ga,kl,kz (01, 02) =kik, exp — (01k; +02k2) /;) fO
A (x1%,)
{ logi————  +log A; (Xl,xz)}
As (x1,%2)
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exp (X1 k] + X2k2) Xm dX2

(1)
Aa(“x—f, 0,—€)
=l —cxp—-e€ek)(l —exp--eky)log{ —————
As(0,—€,0,—¢€)

+ l()g (36’](1,1(2 (01.02)

then
~ (1)
G (01702)
log 8,k1,ko
Gs kq.k (01,02)
(3.12) lim sup { lim sup o2 =

gy—>° 0> o,

Further, for any g, >0, log Gs,kl Ko (01, 07) is an increasing convex func-

tion for oy, then, we can write, log G k1.k, (01, 07)as

1
0; +a Gé,l)(x,kz (x,07)
IOgGG,kl,k2(01+a’ 02)=10gG6’k1,k2(01,02)+ _

03 GB,kl,kz (x, 02)

using the techniques similar as the end of the theorem 5, we find

[ (1) 1

Gﬁ,kl,kz(a“ 72)
log { (,—()}
1 Y5k, ,k 01,02
(3.13) lim sup { lim sup S : <p
02—)00 0] —>00 01

From (3.12.) and (3.13.), we prove the first equation of (3.11.). The second

equation will follow similarly.
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