BLOCK SEQUENCES OF STRONG M—BASES IN BANACH SPACES

by

PAOLO TERENZI

SUMMARY.

Let (Xn) be a strong M-basis of a Banach space, then:

in general the block sequences of (xn) are not strong M-basic, also if (xn) is uni-
formly minimal, moreover, if all the block sequences of (xn) are strong M-basic,
in general (x n) is neither uniformly minimal nor basic with brackets.

§ INTRODUCCION,

B is a Banach space, (x n) a sequence of B, [xn] = span ( xn), moreover we
say that (yn) is a block sequence of (xn) if there exists an increasing sequence

(q n) of natural numbers so that, setting 93 =0,

q
€ gpan (x n

y ) n for every m.
m n=q__+1

Some standard definitions:
Let (x ) ¢ Band (fn) C B* (the dual of B), (xn, f,)) is biorthogonal if

1 if m=n
f (x)= , for every m and n;
m=n 0 if m#n

this is the same as saying that (xq) is minimal (xm ¢ {XnIngm, for every m).
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Let (x_,f ) be biorthogonal with [x,1=B, (xn) is said to be
i) uniformly minimal if (||xn |l Ifn |I) is bounded (which is equivalent to
iglf dist (xm/Ibx I, [xn]n#m) >0);
i) M-Basis of B if [f,] is fotal on B, that is [fy]* (= { xeB; f, (x)=0for
every n}) ={0};

ig) strong M-basis of B if [X“k] = [fni]*, for every (n,) U (ng) = (n),

(ny) N (n) = ¢;
is) basis with brackets of B if there exists an increasing sequence (q )

of natural numbers so that, setting q,=0,

qm+1
X = 2 < Z f (x)xn) for every x of B;
m=0 /
L]

is) basis of B if we have i;) with q,=n for every n.

Finally (x,) is said to be M-basic (strong M-basic) (basic with brackets)
(basic) if it is M-basis (strong M-basis) (basis with brackets) (basis) of [x,1.

The Note concerns the general theory of the Banach espace B, in particular
the research of the best sequence wich can represent a separable B. Two famous
problems in this direction were stated already in the Banach book [1] (1932):
the existence of the basis and the existence of the uniformly minimal M-basis. In
spite of many efforts these two problems were solved only recently; precisely the
existence of the basis had a negative answer (Enflo [2] 1973) and the existence of
the uniformly minimal M-basis a positive answer (Ovsepian—Pelczynski [4]
1975). After this “bracket” of results the most important open question in this
direction seems to be the existence of the strong M-basis. Then it appears neces-
sary to know the structure and the properties of the strong M-basis. These
sequences have been characterized by Plans and Reyes in [5] and [6].
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In a mathematical meeting at Zaragoza (november 1982) the following
questions were raised by A. Plans and A. Reyes:

Question 1. Let (x ) be strong M-basic, are all the block sequences of (xn)

strong M-basic?
Question 2. If every block sequence of (x) is strong M-basic, is (x,) uniformly
minimal?
We add
Question 3. Question 1 with the further hypothesis of (x,,) uniformly minimal.
Question 4. If (x) is uniformly minimal and every block sequence of (x,) is

strong M-basic, is (x ) basic with brackets?
The Note answers these questions, precisely:

In § 1 we characterize the strong M-bases by means of two fixed complemen-
tary subsequences. After, by means of the idea of [8],in § 2 we are able to cons-
truct an example of a uniformly minimal strong M-basis (x,) U (y,) such that
not all the block sequences are strong M-basic (hence questions 1 and 3 have ne-
gative answers); moreover all the block sequences of (x ) are strong M-basic,
while (x, ) is not basic with bracktes (hence question 4 has a negative answer).
So proceeding in §3, always by means of the idea of [8], we give an example
of a sequence (x) which is not uniformly minimal, while all the block sequen-
ces of (x ) are strong M-basic (hence question 2 has negative answer t00).

Therefore the following implications are strict (that is the inverse implica-
tions do not hold):

is strong M-basic

uniformly minimal ﬂ &

and every block se- (

(every block sequence)

strong

quence is strong M-basu:)

M-basic
N ( uniformly minimal) ﬂ

and strong M-basic

8§ 1. A characterization of the strong M-bases.

Next proposition gives a characterization of the strong M-bases by means of
properties of two subsequehces; this will be used in following paragraphes.
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Firstly we recall ([7] p. 243)
I*. (x,,) strong M-basic @ ( x"k + [x"’i 1) M-basic, for every (ng)J( n;{ )
= (n), (ny) Ny ) =9.
Proposition L. Let (x,) and (y ) be sequences of B, then

(x, +[J’k] ) s strong M-basic;
(x,) N (v,) is strong M-basic &>

()’n +[xm k] ) is strong M-basic for every

(my) C(n)
Proof. Let us prove =—>
It is evident, indeed let
(1) (mYum )= , (m)N(m,) =9¢,

by th.I* it is sufficient to see that (yn +[xmk] ) is strong M-basic.

Indeed otherwise there exist two subsequences (m, )and (my," ) of (n) so that

@IV =) L @) N @) =6, (5 1 H Ky ) U D i
n
not M-basic.
Hence by (1) and (2) it would follow that

(Ymyy + [Kmy) Y mpDI U Gmy, + [(Xmy) Y (Ymy )]) is not M-basic,

therefore by th.I* (x)v (y,,) would not be strong M-basic.

Let us prove <=
Let (m, ) and (m,) be the sequence of (1), set

3) Z=[(x,)V{y,")]
K K
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(we can consider a suitable permutation of (y,) ), by th. I* it is sufficient
to prove that

4) (x, *Z)U(y, +Z)isM-basic.

n n
By hypothesis (y, -+ [xm]'(] ) is strong M-basic; hence , by th.I* and by (3),
(5) (Ym,, +Z) is M-basic.

, "
Moreover by hypothesis (y, + [x]) is M-basic, hence there exist (H))
< (B/[x])* so that

(6) (v, HIx1 H o) is biorthogonal.
Set
(N h (x)= H_(x +[x,.]) for every x of B, for every n.

By (1), (6) and (7) it follows that

~

[04) U G D1 € [y 1
hence by (3)
(8) Z+ [xmk] C[hmn]“.
By (8) we can set

Hm}n x+2Z)= hmn (x) for every x of B and for every n.
By (5), (6), (7) and (9) €))
(ymn +Z, Hmn) is biorthogonal, with [Hmn] total on [ymn + Z). (10)
Moreover, by (8) and (9),
[m, + 2] C [Hy It (11)

By hypothesis (x, + [yi]) is strong M—basic; hence, by th.I* and by (3),
(xmn + Z+ [ymk]) is M—basic; that is there exists (I,-T\'mn) C (B/Z + [ymk])*
so that
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- ~
(xmn +Z+ [ymk], l?/mn) is biorthogonal, [an] is total
onlxy +ZF [yy II (12)
Set
~n -
an (x+'Z) =an x+Z+ [y‘“k]) for every x of B and for everyn.  (13)
By (12) and (13) it follows that
(tm, + Z,Fpy ) is biorthogonal, [y, +2]C [Fy, IL a4y

Finally by (10), (11) and (14) (xmrl + Z, an) U (ymn +Z, Hmn) is biortho-
gonal; hence let X € B so that

X € [Vl an x+2)= Hmn (x + Z) =0 for every n; (15)
in order to have (4) it is sufficient to prove that
XEZ.

],33/ (15 x + Z+—[ymk] € fxp + m]  moreover by (13) and (15)
an G+ Z+ [ym'k]) =0 for every n;hence by (12) x € Z + [ymk] ;that is
x+ Z€ [ymn + Z] ;on the other hand by (15) Hmn (x+ Z)=0 for every n,
hence by (10) x € Z; which completes the proof of prop. L.

§ 2.BLOCK SEQUENCES OF UNIFORMLY MINIMAL STRONG M-BASES.

Next proposition answers question 3 (hence question 1) and question 4.

Proposition II. There exists a Banach space B, with two sequences (x,,) and ( V!
$0 that

@ (x,)Y(y,) is uniformly minimal strong M—basis of B,;

(i) not all the block sequences of (x,,) U (v,,) are strong M—basic;

(iif) all the block sequences of (x,,) are strong M—basic but (x,,) is not basic
with brackets.
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Proof: Let (x,) U (zn) be a linearly independent sequence of vectors of a linear

space. Set

I =051 = 1,13 =219, 1 =02 QP + 1)1y (ma 1) ST2m+ 1T 202y

for every m 2 1. (16)
Firstly we define a normon a particular subspace of span (x,):
. r
B p-1 . 2m - . I2p-1
=X o X Wt (3 X, —
m=1 R =13 (ma1)* ] 2 n =13 (p1)* 1
I2p
2. %n)
n=r195.1+ 1
foreveryp=>1; an
m m
> ax |l = max{ la, 1;1<n< m} forevery %" anxn €span (un).
n=1 n=1

Now we define the norm on span (x,):

I{x,u}

m
= 5 lag I+ 1ulforxespan(x,), uespan (u,),
n=1
m
X-u= % ag Xy (18)
n=1

Il x I=inf { I{x,u} ;uespan (un)} for every x of span (x,).

Then we define the norm on span (x,) + span (z,) and we consider the

completion:
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m
“x + 3 g, an = lx I + max { lay 151 <n<m} for every x of span (x,)
n=1
and for every (a,))'= ; 5 19)
B, = completion of span (x,) + span (z,).
Finally choose the sequence (y,):
Yq =X T 2z, for every n. (20)
We pass to prove that (x,) and (y,) satisfy thesis.

We affirm that

m
|| Y a, xn” >max{ lay 151 <n<m},for every (ap )l = ; - 21)
n=1

Indeed, setting a, =0 for m + 1 < n <ryp, , by (16),(17) and (18) it fo-
llows that

m Iom I2m
> Xl = [ 2 anxn” = inf ‘ > la, =by |+
n=1 n=1 n=1
12 (m+p) o
z |bn\k + max‘ by I; 1< n < D (m+p) [
n=rgm+1
2 (m +p) 2m
3 bnxnespan(un)l = min ‘ > la, —b, | +
n=1 n=1
I2(m+1)

n=r2m+1
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r2(m+1)
2. by, X, € span (u,)P2 1
n=1
On the other hand
I2m I2(m+1)
S o dag-by I+ Y Iby |+ max {16,151 <n <1y, )
n=1 n=ryn+1
2m '
= 5 |an—bnl+max{lbn|;1<n<r2m}> max
n=1 1<n <1y,

la, —b, | + max{ Ibn|;1<n<r2m} >max{|an—bnl + lb, |5
1<n<r2m} >max{|an|;1 <n<r2m}=max{|an!;

l<n<m},

which completes proof of (21).
By (17), (18), (19) and (20) if follows that
I'x, =1 and ly, I =2 for every n. 22)

Moreover, for every (a,)P —=; U (b,)P _, of numbers and for every m, by
(19), (20) and (21) it follows that

P P
Xy, + > a, x, + z b, vl =
n=1,nFm n=1
p P
Xp (1 + b)) + z (ap + by)x, + z by 24| =

n=1,nF m n=1
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p
Xp (1+by) + z (a, + by) x, +
n=1,n¥F m
p
S baz| > |1+bm|+max{|bn|;1<n<p}>
n=1
l1+b, | + by, | =1
P p
Ym T z a, X, + z by Vnil =
n=1 n=1,n#¥ m
p
2+ Xp (L +ay) + 5 (ap + by)x, +
n=1,n# m
p P
z b, 2y (i +ay) + z
n=1,n#¥m n=1,n¥m
P
(g + bx, || +1| 2y + > bz, || = 1.
n=1,nt m
Hence by (22) there exist (f,) and (h,) in B* so that
(since llym=xm I =1) (23)

(%,. ;) U (¥, hy) is biorthogonal, If, # =1 and I h, | =4 foreveryn.

In what follows we use a known characterization of the M-basic sequences
([3]; see also [7] p. 225 Rem. 8.3) :

(wp) minimaland N7 _ Wyl > n = {0l (w,) M —basic. (24)

Fix (ng), (my) and (my) so that
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(M) € () , (my) U (my) = (n) , (my) N (my) =0,

We affirm that

=

Fix p.

np=l [xmk + [(x'm]’) U (Ynl)]] kK 2 p = {0} .

By (25) there exists ,q,p’,p",p'">4",4"",q " ""so that

I F-1) <mp—< Ig > Mg <1y G+ 1) < mg,q

: o’ np np " nE+1) =
(), 2, =mp=; Y@=, Y @R @

N =I,5+ 1

(mi()g(zp'.'_l U (ml’(,)lgzp”+ 1 U (ml,(”)(]l(=p”+1 ;

ﬁx@hgﬁzr

7 1 r2 - 1
For every (b, 'k)%=1 U (Cy i{’)g = Y (dy) IS

k=1

(s+1)

> dy X € span(u,) ,
k=1

by (17), (18) and (27) it follows that

p

of numbers, with

q Q"
I Z amkxmk+ z bm];xml'( + 2 ®my Xmy >
k=1 k=1 k=1
I2(s+1 "
(s+1) P
z dek = z a_mul— dm:u +

103

(25)

(26)

(27)
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P q
2 I Tt | Y 3 P T e | Y
k=1 k=1
Q" "
v |+ - .
k=plll+1 k=pll+1

max { ld 151 <k <r2(s—+1)}_

Hence by (17), (18), (19), (20) and (27) it is possible to verify that

P F
z amkxmk + [(xml') v (y“i)] = z amk xmk +
= k=1
' 4
[xmi]i=1 + [yl’ul]lzl .
" L]
Consequently there exists (b_, / )k_l U (T, ,,)q 1_, v (dk)k (s+1) of
numbers so that
P P
z amk my [(x )U(Yn )] = z amll(ll - dml,'(” +
k=1 k=1
pll q'
z mi(’+ lelcl+ dm]'('+ z bmf(_ dml,( +
ql!l q,,
P e D N e TIR CA
k=p''+1 k=p'+1
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1 <k<r2(;+l)} + max{

Emié’ ;1 <k<q"}.

Therefore it is easy to see, by (27), that

P
Y fmxmg t X ) VO || 2
k=1

g Xmy, + (G DU G|

™M e

k=1

for every x of [xmk] k> q -
That is we have (26); hence, by (23) and (24), it follows that
(xmk + [(x i') U (yni)]) is M-basic ;
therefore, by th. I*,
(x, + [y“i]) is strong M-basic. » (28)

On the other hand, by (19) and (20), for every (an);n= , of numbers,

m

m m |
z ay,t Xl = z a,z, + z a, x, + [x] | =
n=1 n=1 n=1
m m
S oz t x| =|| ¥ #nz || = maxih,l;1<n<m};
n=1 n=1

that is (y, + [x]) is equivalent to the natural basis of c,, hence is strong M-ba-

sic; therefore, by (28) and by prop. I, (x,) U (y,) is strong M-basic ; which, by
(23), completes proof of (i).
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Moreover by (17) it follows that

2p p+q-1
— 1
Ypra ¥ T 53 2 X+ X
n=r2p_1+1 m=p+1
2(+q-1
I2m z
2. Xt = (0T (pign]
n=r 2P+ q'l
2 (m-1)
2(p+q)
z X, ), for every pand q.
LT (peg-1tl
That is, by (17),
1 .
Upeq —Up || = ) for every p and q;

hence (up) is Cauchy sequence, that is there exists u of By, so that

— _ lim — || _
u p—>e u, ftufl= 1.
Set
I2m
Vg, = > x, foreverym= 1,V =[v;].
n -_"1'2 (m_1)+1
Let us consider
2p Im 2p
X = z am z xn =
_ m=1

m=1 n=rm_1+1

1
2m-1

(29)

(30)
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Tm

z bp Xn ;

n=rn,+1

by (16), (17) and (30) it follows that

I2p
= > by lifx€ span(vy) ,
p I2m n=1
2 | 2 b, |
" n=n @l "2p
1 .
<7 > b, if x€ span(uy)
n=1

Therefore by (16), (17), (18) and (30) it is possible to verify that

m m
hvg 1> 2Mana foreveryn; | S apvy || = F fag Ll
n=1 n=1
for every (31)
()=, 3 lu+V 1= lull forevery uof [u,].
By (17), (23), (29) and (30) we have that
p-1 2m
= lm () 2. f, (@) x, +
m=1 n=1‘2(m_1)+1
rzzp " p-1
a, x = _um 1
n=r2(p_1)+1 n l'l) P> ( z_ 2m-1 Vm +
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I 2 p

z an xn )!
"R (et

zp—-l fOl'I'2 (p-l) + 1 <n<x< r2p_1 ’

witha, =

_ _2% for Ip-1 + 1<n<r2p.

That is, by (17), (18), (29) and (31), u is not representable by a series with
brackets by means of the elements of (x,) ; hence 279 part of (iii) is proved.
Moreover, for every p, by (17), (20) and (30) we have that

I2p-1 I2p
¥n ¥n
z 2p-1 z 2p-1
nEI (et l n=rgptl
I2p-1 2p
(u, + V) +( Zn Zn + V) -
P z 2p.1 - z 2P'1 ) H
n=r2(p_1)+1 n=r2p_1+l
hence by (17), (19), (29) and (31),
2p-1 y 2p
n Yn
( z 2p-]_ - z 2p-1 + V) -
n=12 (p‘1)+1 1'1=I'2p_1+1
I2p-1
— — z
u+ =l @w,—w) + V| + .
@+ V| =] @D 5 -

nED (el
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I2p
)3 I O e
= 2p-1 P 2p-1
n-= Izp_l +1
— 1 1 1
uy—-u ||t = —= + — .
p 2p-1 2p-2 7p-1

On the other hand by (29) and (31) llu + V I = 1, hence by (24) (y,,
+ V) is not M-basic; therefore, by (30) and by th. I*, (y,) U (v,) is a block

sequence of (y,) U (x,) which is not strong M-basic; which proves (ii).
Let (w,) be a block sequence of (x,), that is there exists an mcreasmg

sequence (t,,) of natural numbers so that, setting t, =0,

tm
Wm = . ay Xg , for every m. 32)

k=tm_1+1

Let
(my) U (my) = (n), (my)) N (my) =0, (x,,) =

tmk
—1 (1) _1+ 11 [W k] (33)

In order to complete proof of (iii) it is sufficient, by th. I* and by (32) and
(33), to prove that (xnk + W) .is M-basic, since a block sequence of an M-basic
sequence is M-basic too.

We shall proceed as for proof of (26).

Fix (an k)k =1 -

By (32) and (33) there exist numbers s, p’, q and m so that

Gy <0y SIy,npl <I2(741)
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(34)

’

tmq_-l <I'2 G+1) < tm"f , M =max {Ilp' , tm(’i_}
Then for every (bk)1?= L Y (ck)lin =, of numbers, with

m
> o X € span(up),

k=1

by (17), (18), (32), (33) and (34) it follows that

P q m
I z Enk Xnk + bk Wm]'( , z Ck Xk =
k=1 k=1 k=1
12 P q
lank ~ Cp | > Icnkl +
k=1 k=p+1 k=1
tml'(
Iﬁ-]

. z - [

Hence by (17), (18), (32), (33) and (34) it is possible to verify that

— , q
ank xnk + [wmk] k=1

P

\

Consequently there exists (bl’()kq= L Y (clé)lin= ; of numbers so that

P
z ankxnk+W
k=1 k=1

P P
> ;ﬂk Xy, W = é-nk ~ Cn, +
k=1 k=1
P q tmy
kz=p-+1 e | F s 2. bpaj — ¢f |+
i tmk_1+1
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max‘lcl'(l;l<k<ﬁ}.

Then by (34) it is easy to see that

M=

+tx+ W , for every

P
>Za_x+W

Ay Xny

=
1l
—

xof[xnk]k >p'.

That is by (23) and (24) (xnk + W) is M-basic, hence (iii) is proved. This
completes the proof of prop. IL
8 3. STRONG M-BASES WHICH ARE NOT UNIFORMLY MINIMAL.

Next proposition answers question 2.
Proposition III. There exists a Banach space B; with a sequence (x,,) so that (i)

all the block sequences of (x,) are strong M-basic; (ii) (x,) is not uniformly
minimal.

Proof. Let (x,,) be a linearly independent sequence of vectors of a linear space
and let (r,;), > o be the sequence of (16), we set

2 (m-1)+1 2m
Un = ) Xp — > X, , foreverym 21 ;
n=1 n=r2(m-1)+1+1
(35)
m ' m m
lay |
g x|l = X - for % a,x, €span(yy).
n=1 n=1 n=1

Now we define the norm on span (x,) :
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m

1
I{x,u} = 3 la, I(1 ——) + Hul,forx € span(x,),u € span
n
n=1 2
(up)
m
and X —u = z an X, (36)
n=1

x| = inf {I {x,u};u € span(un)} , for every x of span (x,) ;B; = com-
pletion of span (x.) .

Fix (a,,) nm= 1 of numbers and let (bn)rrln = f be another sequence of num-
bers such that
m+p

z b, x, € span(u,);

n=1

then by (35) and (36) it follows that

m m+p m
— < - 1
0y apx, > byx,l= la, _ b, |(1——n) +
n=1 n=1 n=1 2
m
lby | m+p m+p
> 3 by I(1--Ly + § lop I~
20 20 n
n=1 n=m=+1 n=m+1 2
m m+p
- 1 :
5 (lay, — by 1 (1 ——) + lo, 1) + % b, | >
n
n=1 27 2 n=m+]1
m _ .1 bn'
z (la, — b, 1 (1 — —) + >
28 20
n=1
m lig — by *+lbg | m lay |
2. = 2
20 2n

=1

=
Il
-
=}
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Hence by (36) we have that

m m _ I
z ap X, > z lan .
n=1 n=1 2n
therefore there exists (f,) of Bf so that
(x,, , f,,) is biorthogonal. 37

By (37) proof of (i) is similar to proof of (iii) of prop. II; hence we pass to
(ii). By (35) for every m and p we have that '
I2m

U ~Umep = =2 > Xy -
=I5 (my+ 1t

I2 (m+p-1)+1 I2 (m+ p)
2. X, + > X, ;hence
n=1ym+1 PE map-)+1t]
I2m 2 (m+p)
1 . 1
Ty —uy,p I = > + > <
_ 211-1 _ 211
n—r2(m_1)+1+1 n—r2m+1
1
272 (m-1)+ 11
Therefore by (35) and (37) we have that
lim u, =u ,withf, (u) = 1 for every n.
m—>w
On the other hand by (35) and (36) Il x, | = 1 for every n; hence by [3]

(see also [7] p. 167) (Il £, 1) is not bounded, which proves (ii). This completes
the proof of prop. III.
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