AN ESTIMATE OF THE RATE OFF CONVERGENCE
Ol THE TRIANGULAR MATRIX MEANS OF THE FOURILR
SLERTES OF IFUNCTIONS OFF BOUNDED VARIATION*

by

S. M. MAZIIAR

In this paper a theorem conceming degree of approximation of a class of
functions of bounded variation has been established. Qur result includes, as a
special case, a recent result of Bojanic and Mazhar (1980).

1. Let A = (Apk). 0, k 2 0 be an infinite lower triangular matrix. Given a
sequence {sp} we define its A - means by

n
op = 2 ANkSk»
k=0

where Adk = Ank  Ank+ 1- Let Mg o =1 and we wrile ay = Nqp - Let
Ty (x) denote the A-means of the Fourier series of a 2m-periodic function f of
bounded variation on [ - m, 7], where {s,} (x) arc the partial sums of the Fouricr
series. We prove the following theorem:

Theorem: Ler {Ad x| be positive and non-decreasing with respect to k
and let { oy} be decreasing, then for every f of bounded variation on | =, 7),
we have

H(x+0)+f(x -0)}| 9 a, n-1 1 1
T — = g — ¥ V1r0lk Ay —. — —
n (x) 2 1 21-¢ k=o (¥x) o

»

where oy (D=f X+ +f(x ©=Tx+0) [(x- 0)and VE(f)denotes
the total variation of { on [a, b].
Pn-k
Taking ANq x = _P T Pho=po * pp +...%pp,

n
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with { px } positive and non-increasing such that P, —» o0, as n -» oo, we get the
following result of Bojanic and Mazhar (1980):

1|‘po
fx+t0)+f(x-0 9 P, n ——
Nn(®) - — 7 _<E B:P_n ki’o Pk Vo'k (ex),

where N, (x) is the (N, pp) mean of the partial sums of the Fourier series of f.

2. To prove our theorem we need the {ollowing lemmas:
n
Lemma I. Let Kp ()= X AXy Dy (1)
k=o

y sin (k + ) t
and N\, (y) = Kn (1) dt, where Dy (t)=- ———= - A=(Aq ), n.k=0
A 2 sin t/2

is an infinite lower triangular matrix with Ny o =1 and {A N, x| heing non-
negative. Then

Py <2, 0<y<mn
n y
Proof. | A (W) 2 Al / D (VDdt
k=0 A
i m n k sinvy
<AMo —F X — 1+ Z ANk - =
2 2 k=1 Tlv=1

it
<;+ 2/7<2m,

by using the well known estimate:

n sinky
> - k— < 24/7 for every y and n, Natanson (1964).

k=1
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Lemma 2. Let { A N\n x| be non-negative and non-decreasing with respect 10 k
and let

Tn () =/ Kan(dt.
Y

20

n

Then |y () < 0<ys<m

Proof of Lemma 2. We have

n

Kn (t) = K _2' 0 A )\n,n-k Dn-k (l)
1 . p n .
= Im{eiri)t A Annk o KUY
2 sin1/2 k=0 ’
$0 that
’ . ikt
Kn()|€<—| £ AN pxk e
n(®) 2sintf2 |[k=o n,n-k
. . |
< a, Max v it |

. — i >
2sin1/2 0<v<n | r=o

op T

< <
2(sin1/2)* 212

m 'ITz m d t
Thus Iy (W) < [ [KpWIdt < .oy
y 2 y 2

]

T g
2y

3. Proof of the theorem. Writing

n
Th (x) = ) Z ANk sk (%), where sk (x) isthe k- th
=0
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partial sum of Fourier serics, we have in view of Ap o =1,

{x+0)4f(x--0 n f(x+0)+1(x
B(n)z'[n(x) u¥= » A)\n,k<5k(x)" ( ) (
2 k=0 2
n 1 ™
= 3 Mn,k-~-/ ox WPy () 1
k=0 T

0

1 T n
- ex (t) 2 Ak Dy (tdt
m A k=o

:r /'T ¢x(t)Kn(t)dt=%(/6+ /r>

[1] 0 [}

By (n) -+ B, (n), say.

Applying Lemma 1,

&
B, () = / x () Kn (O d

m 0

1 5 1 ) ‘
= lvx (1) 2n(V)] - / An (1) dipx (1)

m (4] m 0

1 ‘ 1 6
=—ygx 6) M\ 6) — / An () dyy (t)
T T

0

8
S2 0 @) +2 / Id ey (DI < 4V (y)
0
Next applying Lemma 2, we have

By (n) = ]— / Kn (1) gx (1) d 1t
n

[
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1 m 1 m
= fya M) ox D] +—/ 7n (©) d gy (©)
T & m &

1 I
= — v (8) ¢y (6) + — / n (1) dox (1)
m n s

T Oy Qn T /" Idyy (I
< —. 28 (g) + —— —rx 7
= 5 5 o(trx) 2 A {

Toy Ta T AV )
= ~n V?) (vx) + i / -

25 2 t

n gl " VE(‘Fx)
=—V3i(s) +—a / dt.

5 Vo (¥x) 5 on 2

)

Thus

44 44 n/8 t
B @)1 <4V ) + 2 VE () +7"/ vt o) d .

1
Choosing 5 = m o, and using the hypothesis that { an } is decrcasing we have for
n=1

1 1

——— n

m
Qn l— n_1 QXk+1 T
Vo (gx)dt = X Vo (ox)dt
1 k=0 9

@k

n 1 1 1
< X2 Vgak (ex) ( - ') = dp,, , say.
k=9 Og, Qg

Also

a 1
Un dn,.p> n V(TJr n(¢x) (—— 1

Qn

= Vo™ (o) (- an) > (1 ;) Va™ ()
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and

a ‘ ¥
2— (t/ay 1) Vg (x)

a, n 1 TQk | 1 ap
<X Voo () ( — =)= Ly,
2 k=o oK 41 oy 2
Thus
On _ m o Op
'2'— Vo (vx) < - @ 7 dn,.,g,
and 4 V§ (5x) < - - oy - dy, - Combining these estimates, we have
o | '
N < 4 oy G n
IB (n)l = [ - a—l Qp d"“;’. - 1 al— 7 d"’e + - dn,,:-
9 ay
2 1 o e
‘This completes the proof of the theorem.
q ] n
Corollary. et Adqx = — where Qy = Z Q> {qk} is positive and
n k=0
: e | . ,
non-decreasing and | — 1 is decreasing, then
Qx
| &
_ fx+0)+{(x--0) 9 qn Q; n 1 Qk
S ——— S =y Ve )
| 2 2 Qn qo k=0
< Qx+1 Qk >
X = — ——1, where
Uk +1 dk

Nn (x) is the (N, q,) mean of the Fourier series ol I (x).
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