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ABSTRACT

Lynge (see (4)), proved that X vector field on a compact and
connected manifold A, is Killing in a Riemannian metric g, if and
only if there exist 2 complete vector fields X, ,..., X, such that:
1) The flows of the X; are all periodic, 2) [X;, X;] = 0,7,7 = 1,..., &,
3) X =2k, ¢; X;, c; real numbers.

We study a generalisation of this result in no-compact manifolds,
obtaining: If X is a complete vector field on M, ¢, its uniparametric
group; then X is Killing in a Riemannian metric g, if and only if : a)
&, acts freely and properly, or b) there exist & complete vector fields
in Lynge-conditions. We use some results of proper actions, contai-
ned in (3) and (4).

We generalise this result to proper and free actions of Lie groups.

Finally we study the Riemannian metrics, in which a vector
field in a)-conditions can be Killing.

§ 1. INTRODUCTION

We need some results of convergence in the group of isometries
of a connected Riemannian manifold, and we list these briefly.

LemMma 1.1. — (See (2). LEMMA 3, pag. 48).
Let {¢,} be a sequence of isometries such that {¢, (p)} converges

for some point p e M. Then there is a subsequence {@}, such that
{bn, (%)} comverges for each x e M.
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Lemma 1.2. — (See (2). LEMMA 4 pag. 48).

Assuming that {¢,} is a sequence of isometries such that {, (x)}
converges for each xeM. We define ¢(x) = lim. {¢, ()} for each
xeM. Then ¢ is an isometry.

Lrvma 1.3. — (See (2). LEMMA 5 pag. 48).

Let {¢,} be a sequence of isometries, and ¢ an isometry. If {$, (x)}
converges to ¢ (x), for every x € M, then the comvergence is uniform on
every compact subset of M.

From this it follows:
LeMMA 1.4.

Let {¢,} be a sequence of isometries, and ¢ an isometry. {¢,} con-
verges to ¢ with respect to the compact-open topology if and only if {$,}
converges to ¢ uniformly on every compact subset of M.

With the aid of these results we can study:

§ 2. NECESSARY CONDITIONS FOR X TO BE KILLING

Let X be a Killing vector field in (M, g). We suppose X to be
complete (we can suppose from now on, that M is complete).

T.et ¢, be the uniparametric group of X.F : R X M — M, F(t, p) =
=¢; (p). If H is the adherence of {¢} in G (isometries group of
(M, g)), H is a closed and abelian Lie subgroup of G, so H = R? x T*.

It can be shown:

THEOREM 2.1.
H=R or H=T"

Proor. — If H = R? X T*, we can consider {4y, ..., 4, By, ..., By}
a basis of the Lie algebra of H, L(H), such that all the Lie brackets
are zero, exp. t4; are closed uniparametric groups which are diffeo-
morfic to R, and exp. ¢B, are closed uniparametric groups diffeo-
morfic to S!.

b =exp. t(Z, 2, a’A; + 2,k 0'B,), and exp.t(Z; %, a'4;) is a
closed uniparametric group diffeomorfic to R, so g =1 or g = 0.
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If g=1, H= R x T% and taking {4; By, ..., By} basis of L(H)
in the same conditions that above; it is very easy to see that exp.
t(A+ 2,k B, is a closed uniparametric group diffeomorfic to

R, soifg=1, k=0.

When H = T* we are in Lynge-conditions, and this case is
studied in (4), but we think it is interesting to note:

THEOREM 2.2. — (See (1)).

If the X-orbit for some point p € M s closed, then H = T*, with
k < dim. M.
Proor. — Consider {¢,(p)}, t € R, which is a compact submanifold
of M diffeomorfic to S!. So for every sequence {4, (p)}, there is
a subsequence {¢,, (p)} which is convergent. Lemma 1.1. says that
there exists a subsequence of {w,}, {8,}, such that {&s (¥)} — ¢ (x)
for each x € M. Because Lemmas 1.2, 1.3, 1.4. {¢s)} converges to ¢
in the compact-open topology, so H is compact and as H is abelian,
H = T* with & < dim. M.

CoroLLARY 2.1.

Let X be a Killing vector field, with an orbit that is closed. Then
there exists at least a Killing vector field with periodic flow.
For more results on Killing vector fields with closed orbits, see (1).

From now on, suppose H = R. A is a basis of the Lie algebra of
H, and A* is the fundamental vector fiexd on M associated to A4,
X = A*

From Th. 2.2 it follows that ¢, acts freely on M. Taking F, =
= F|{$} X R, we have:

ProrosiTion 2.1.

For each p € M, I, is an embedding from R into M.
Proor. — If it was not true, for some p € M, there would be ¢, € R,
and e > 0, such that F,(fy — ¢, # + &) would no to be open in F,(R),
so for each open neighborhood U of ¢, (p), it would be ¢, (p) € U,
with t”¢(t0 — &, to + E).

So we can consider a sequence ¢, (p), which converges to ¢, (p),
with tn¢(t0 — &, 2‘10 + 8) Va.
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It follows from ILemmas 1.1, 1.2, 1.3 that there exists a subse-
quence {¢,}, with {¢;} —é € G, with ¢(p) = ¢, (p), ¢ must be some
¢:, and as F, is injective, ¢ = ¢, , so {¢} - ¢,, with s, & (fp — &, ¢ +
4- ¢), which is wrong.

As H is an isometries group, H acts properly, (see (3)).

§ 3 SUFFICIENT CONDITIONS

In hypothesis (b), Lynge has proved the existence of a metric
g, in which X is a Killing vector field; for another proof see (6).

Before proving that (a) is a sufficient condition, we can observe
that if ¢, is an uniparametric group, such that it acts freely and
properly, then F, is an embedding for each p € M.

Consider F,: R X {p} - M, which is proper. We have to prove
that one can not have a sequence {#,} with ?,¢(fy — ¢, + ¢), for a
given & > 0, such that {¢,,(p)} - &:,(p)-

Take the CompaCt Q = {954.(?)} neNU {¢lo(p)} . FP—I(Q) = {(tn’ P)} neN U
U {(fo, )}, is a compact, and {(¢,, p)} is a sequence, so there is a sub-
sequence {u,} of {£,}, with {o,} - ¢, = £, and {¢,,(p)} — u(p) = ¢:,(P)
which is wrong.

Now we are going to prove the results we annonced at the begin-
ning.

THEOREM 3.1.

Let X be a complete vector field in the connected manifold M. §,
its uniparametric group, then X is Killing in a Riemanwian wmetric
g, if and only if :(a)d; acts freely and properly, or (b) there exist k-com-
plete vector fields in Lynge-conditions.

Proor. — From Th. 2.1, we know that (a) and (b) are necessary
conditions, we have only to prove that (a) is a sufficient condition:

It is known (see (3) and (6)), that in this case we can construct
a tubular neighborhood for each orbit. For instance if we take p € M,
it is possible to obtain an open cubic coordinate neighborhood cen-
tered at p, U, with coordinates (#!, ..., #"), such that the slices
{x2 = k2, ..., 8" = k"}, are the integral curves of X. And if D =Un
n{#)x!' =0}, FIR x D: R x D - M, E(¢, (0, #%, ..., ")) = ¢, (0, 22,
..., ") is an embedding.

It results then that (M, M/H, H) is a principal bundle and as
H = R, this bundle is trivial (see (5)), so M = (M [H) x H.
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Taking a Riemannian metric in M[H, g’. And taking df? in H,
we have that g = g’ @ d#?, is a Riemannian metric in M in which X
is Killing.

If we consider a Lie group H = R, which acts freely and proper-
ly on M, in the same form as above we obtain: M = (M /H) X H,
and we can give to M a Riemannian metric in which H acts as a
group of isometries.

It is known that when a group of transformations acts properly,
one can construct a Riemannian metric, such that the group acts
isometrically. But we think interesting to study this when this ac-
tion is also free, giving the construction of a Riemannian metric,
such that the group acts isometrically.

THEOREM 3.2.

Let H be a conmected Lie group, which acts freely and properly
on M.
There exists a Riemannian metric g, such that H acts isometrically.

Proor. — As above we have (M, M|H, H), principal bundle, but
now it is not necessarilly trivial.
In M|H we take a locally finite cover {U};¢;, such that z=1(U;) =
= U; X H, and take a partition of unity subordinate to it {¢}.;.
Consider g; a Riemannian metric in each U;, and ¥ a left inva-
riant metric on H. Now consider in z~!(U;) the Riemannian metric
n*g; ® YV = g..
Then X ,(n*¢;)g; is a Riemannian metric in M, such that H acts
isometrically on (M, g).

To end this section we observe that we have begun with a Lie
transformations group H, and this group is a subset of G (isometries
group of the manifold). We shall see that H is a closed Lie subgroup
of G, so the initial topology in H is the compact-open one.

ProrosiTION 3.1.

Let H be a connected Lie group, which acts properly and effectively
on M.
Then H is a closed Lie subgroup of G.
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Proor. — L(H) (Lie algebra of H), determines L(H)* Lie algebra of
fundamental vector fields associated to L(H). Let i(}) be the Lie
algebra of Killing vector fields, L (H)* c +(M), and (M) = L(G).
So L(H) is a subalgebra of L(G).

If we have an abstract subgroup H of G, and a subspace $ of
L(G), and a neighborhood U of O in L(G), diffeomorphic by expo-
nential map to a neighborhood of ¢ in G, V, such that exp. (Un ) =
= H n V, then H with the relative topology is a ILie subgroup of
G. The initial differentiable structure must be diffeomorphic to this
one, because if 4 is a subset of M, such that in the relative topology
has a differentiable structure, (4, 7) being a submanifold of M, there
exists a unique differentiable structure such that (4, 7) is a submani-
fold.

For these results on submanifolds, see (7).

We need an effective action, to be sure that H is a submanifold
of G.

APPIICATION.

We know (see (2), pag. 250), that if M is a connected Riemannian
manifold, whose Ricci tensor field is S and it is negative definite
everywhere on M, and if the length of a Killing vector field X, attains
a relative maximum at some point of M, then X vanishes identically
on M.

Then if X is a Killing vector field, with some orbit not relatively
compact, we know that ¢, acts freely and properly, and if S is nega-
tive definite everiwhere, then M/{¢} can not be compact.

§ 4. STUDY OF RIEMANNIAN METRICS

In this section we assume that X is a complete vector field, ¢,
its uniparametric group, which acts freely and properly.

We shall give all the Riemannian metrics in which X can be Killing.

We know that M = R X N, being N =M /{¢}. All the vector
fields in M can be expressed in the form (4, Y); 2e T(R), Y € T(N).

Ii X be Killingin (M, g), g((4, Y), (&, 2))e,y = (A Y. (1, 2))o, -

Let g’ be the restriction of g to T(N); then:
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g((4,Y), (u, 2))i0,m = 2 1&((1,0), (1, 0))0, + £ &((1,0), (0, ¥)), +
+ Ag((l’ 0)’ (0’ Z))(O, ) + gl(YJ Z)n

g((1,0), (0, Z2))(, n is linear in Z, therefore it is w(Z), when w is
a l-form in N.

g((1,0), (1, 0)), »y = f(n), it defines a differentiable function on N.

We have: ¢((2, V), (¢, Z))¢,ny = (A1) f(0) + 2w (2), -+ pw (Y),+
+g(Y, 2),

For g to be a Riemannian metric we need f(n) >0, VneN, g’
a Riemannian metric in N, and g((4, Y), (4, Y))y, » = 42 f(n) 4 27w
(Y)+g(Y,Y), >0, for all (4,Y) (0, 0).

So w(Y)?, < f(n)g'(Y,Y)]|, and as both expressions are two-order
homogeneous; without it being a restriction, we can consider S(N)
to be the unit sphere in T(N) for ¢’, and take Y € S(IV); the result is:

w(Y); < fln).

So the set of Riemannian metrics in which X be Killing, can be
obtained taking g’ any Riemannian metric in N. Considering w any
I-form in N, the function g(n) = Sup. {(w(Y)?; Y eS(V,)}, and
taking any differentiable function f:N — R+, with f(n) > g(n),
YV neN; then g(( Y), (w 2))n = (A1) f (0) + A0 (2), + pw
(Y), +&'(Y, Z),, is the Riemannian metric determined by g’, w, and
f in which X is Killing.

Therefore:

THEOREM 4.1.

The set of all Riemannian metrics, such that X be Killing, is com-
pletely determined by g' and w.

Observe that in the points where f takes a critical value, the
X-orbits are geodesics.

Finally we observe that if M = M; X M, (Riemannian product),
and X is a Killing vector field in (a) condition, X = X + X,, with
X, ei(M;), s =1, 2. It is very easy to see that X; or X, must be in
(a) condition, because if it was not so, the orbis of X; and X5, should
be relatively compact, therefore the X-orbits should also be relati-
vely compact.
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