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INTRODUCTION

A new class of linear and bounded operators between normed
spaces is introduced. This class is more general than the classes of
operators from [4], [5], [8].

Using this class /,, , is also introduced a class of locally convex
spaces wich is more general than the classes of the nuclear spaces
(2], [3] and g-nuclear spaces [6].

For this class of operators are established similar properties
to the properties of the well known classes by, Ly, lg [3], [5], [8] and
also the stability of the tensor product is proved.

The stability of the tensor product is also proved for the (@, ¢)-
spaces.

1. PRELIMINARIES

Throughout the paper E, F denote normed spaces and L(E, F)
the space of bounded linear operators of E into F.

For TeL(E, F) the approximations numbers are defined in
the following way [4], [9].

a) o,(7) =inf||T —K|| , dmK <#»
K

b) 6,(T) =inf{6 > 0|TUz c 6U, + Fy, Us=xeE||x||< 1},
F"
UI'={yEF|”y”<1}’ F;LCF ’ dlanSn
¢) a,(T)=inf{|T|g|} , codimE, <n , EcE
E”

(T|g, is the restriction of T to E,) .
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Let ¢y be the space of all scalar sequences converging to o and
let ¢ be the subspace of ¢y wich contains the finite rank sequences
(% ec if x = {%1, %2, ..., %,,0,0,..}, << o0}.

The norm functions @ (norming functions) [7] are defined in
the following way

®:¢c>R, ; Dx) = 0iff x={0,0,..} ;D(x+y) < D) +
®(y), %,y €C;

®(Ax) = |A| D(x), AR, x€c; D(1,0,0,..) = 1;B(xy, ..., %y, -..)
= Q(I i |: ) l%i,‘l, ) ,

where %, %5, ... 1, is a permutation of 1, 2, ..., n *¥)
The functions ¢ are introduced in [5] in the following way

¢ i R, >R, ; p(x+y) <o)+ o) ;90 =0; 9@ < oy
iffx <y

and ¢ is continuous.

2. 1y, OPERATORS

Definition 2.1.  The operator T €lg ,(E, F) if D{(p (o, (7))} < ©
Replacing the elements «,(7) by the elements 6,(T) or dn(T)

result the classes 7;,¢(E> F) and respective Iy ,(E, F).

1
Remark 2.1. If @(x) == and @ (x) = P,(x) = (T |xl")?, p > 1
result the classes 7, 7;, 7,, [4] and if D () = P (x) = X |»] results
the class l¢ [5].

Proposition 2.1. lg,(E, P) is a linear quasinormed space with the
quasinorm ||T|g , = P{p(x, (1))}

Proof. Let be Ty, Tyelp, (Dl (0, (Ti){ < 0, k= 1,2).

D (p(oy (T1 + T2))) < 29(p(az,(T1 + T2))) < 2P(p(x,(T1)) +
(s (T2) < 2@ (@ (@u(T1))) + P(p(,(T2)))} < o0 ¥

*) Fo the others sequences x ¢c, D(x) = s;1p D (%!, %3, ..., %4, 0, 0, ...)

**) For the properties of the elements «,, 6,, d, see [4]. Since the properties
of 6,(T), d,(T) and «,(T) are similar, the propositions 2.1, 2.2, 2.3 are true
for Ig,, lo,g-
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Hence T')+4 Trelo, and [Ty + Tallo, < 2(1IT1llo,p + 11T2llo,g)-
If 2eR and T €l,,(E, P) results

12T g,y = @ (p(x,(27))) = D (p(|2 %, (T))) < [T la,p.
([1A] =inf{n e N | 2] < n}).

Hence 1 Tely,(E, P).
Proposition 2.2. If TieL(E, F) and Tye lg,o (F,G) then
T2T1€loy(E, G) and [|T; Tillop < [T . [IT2llog -

Proof.

T2 Tilla,p = P (p(2 (T2 T1))) < P(p(o(Ty) - o, (T2))) < [IIT1]1] -
D (p(2,(T3))) .

Proposition 2.3. If F is a Banach space, lo,o(E, F) is complete.

Proof. Lét be {T,} a Cauchy sequence in I, ,(E, F).

(V & >0,3 N(e) such that ||T, — T,lls, < &if n, m > N(e)).
Since @ (% (T, — T,) < P(p(x(T, — T,))) < &, results
T, — T,/ <eif n, m >N(e) (c=p-1(¢).
Hence {T'} is a Cauchy sequence in L(E, F) and hence lim T, =

n—>00
Tel(E F).
From the continuity of the functions @, @ and the continuity
of the elements o, (7)) results

Hm @(p(« (T, — 7)) = Ple((T, — 1)) < eif n > N(e).

”

Hencelim T,, = T in the topology of the space lo,y and T €ly ,(E, F)
Using the methods from [5] and [3] results

Proposition 2.4. The set of all finite rank operators is dense in
lo,o(E, F) if im @(s,,, %, . |, #,.2,..) = 0.

3. STABILITY OF THE TENSOR PRODUCT

Let be E; ®, E, the tensor product of the spaces E;, E,, endo-
wed wirh the tensor norm 6(s < 6 < #[3]) and let T, Ry T,
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be the tensor product operator (T;&,7T; : E; Qg E; — F1 ®, Fy;
Ti . E,'—?’F,j (2: 1,2))

Lemma 3.1. The approximation mnumbers satisfy the following
relations

a’) q'm'n(Tl QQO TZ) < O‘m(:rl) ||T2” + 2||T1||an (TZ)

b) (Sm . 1L(T1®0T2) < 67»(T]) (SM(TZ) + (Sm(Tl) ||T2|| + ”TIH 51;(T2)'
C) dm'n(Tl ®6 TZ) < dm(Tl) I(T2|i + dn(TZ) “Tl” .

Proof.

a’) “m'n(Tl ® 7‘2) < inf Hj‘l ® TZ - I<1 ® I<2H ’
dim K; < m, dim K, € »n.

Hence

Uy (T1Q®TH) <inf |(T) — K )R T, + K, Q (T, — K))l|

Ky, K>

<inf {|T7 — Kq|| - |To]} 4 1K || - 11Ty — Ky|l}

< (o (T1) + &) T2l + (1T1] + 2,u(T1) + &1)
(04 (T2) + &) ¥

Or
o 'n(I‘l by TZ)) < O(.,"(Tl) : ||T2|| + 2HT1|| aﬂ(TZ) .

b) For é; > 6,,(Ty) and 6, > 6,(T,) are F,, F, such that
TUg € 6,Up + F,, and T Up, ¢ 6, Uy, + F,, dim F, < m,
dim F, < n.

#

Hence, for x; €Uy, %€ Up,, we can find J,€ F,, J,¢€F,;
%1 € Uy, % € Ug, with

Tl x] = jm + 61;1 and T2 My = j,, -+ 52 ‘;2
UKL = 1Ky — Ty + Tyl < [TV + [Ty — Kyl < [ITW]l + aw(T1) + &

(o (T1) < HTHN).
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Then

T1Q®T(x1®%3) —7,87, = (T1 %1 —7T,) @ Toea + 7, @ (T3 %5 —
Jn) = 6161 Q Ty + 7, 6, %5

Since [[7,I| < ||T4ll + 6; results [|6; % ® Thx, + J,, ® 6, 7all, <
11Tl + (1Tl + 8y) - 6,

Hence
T1 @ T2 Q@ %3) — 7, R T, € (81| T5l| + (I|T1]] + 81) 6,) Uk ®k, -

Or
(T\®T2) Up @, € F\y @y F, + [81]|T2l| + (IIT1]] + 1) 85] Uk, ®oE, -

Thus results 8,,.,, (T1® T5) < 8,,(T1) - 8,(T5) + O (T1) * T2l + 1T 11| - 6,(T ).

C) csm'n(Tl ® T2) < Minfvj {”Tl ®T2|51®E29M1®M2”}: dimM) <m, dimMy <p -
1, M2

Hence
dm-n(Ty® Ty) < inf {IT1® Talie; 0 sy © 220 w1 © 550 mpl}
1, M3
< inf {{|T1le; 0 s, @ Tall + [T 113, @ Taley 0 a0y |1}
My, M3
< am(Ty) - |Tall + ||T4]| dn(T) .

From these relations results

Proposition 3.1. The classes Iy, 7@,,,, and 1y ,, are stable for the
tensor product. (D{p (2 (T1 R T5)} < oo if D{p(a, (Tx)y < o, K=1,2).

This results from the fact that (for the lp , class)

D@ (o (71 Q T2) < T2l T 1llo,p + 20T 1 Tallg,p < oo

4. (D, p)-sPACES

Let E be a locally convex separated space. We only consider
absolutely convex neighbourhoods (of zero) in E. The gauge function
pu of a neighbourhood U in E induces a norm on E [p=1(0) [3].
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Let E; be this normed space and let K : E — Ey be the canonical
map.

If V ¢ U is a second neighbourhood in E then we have a well-
defined continuous map K : Ey - E such that Kppo Ky, = K.

Definition 4.1. Let U be a o-basis in E (basis of the filter of the
neighbourhoods of zero). If we can find, for each U e U a V e U such
that V. > U and Ky €lg , (Ev, Ey), then we will call E a (D, g)-space.

Remark. If @(x) = X |x;| results the g-nuclear spaces [6] and
if p(¢) =¢ and @ (x) = D, (x) results the nuclear spaces [3].

The (D, ¢) spaces and ¢@-nuclear spaces [6] possess similar pro-
porties.

In this paper we insist on the stability of the tensor product.

Let E, F be locally convex spaces and U, V neighbarhods of
zero in E and F resp. (U0, V0 are their polars [3]).

On EQ I we define the families of seminorms W, ;1 (£) in the
following way

1 1
Sl R
? g
where the infimum is taken over all representations Z = Y %, & 7, €
E ® F. For the normed spaces E, F ire consider E Qy, F, where

1 1
Wp,U,V (Z) = inf {,56151? (SI€ %, %" Y1) 7 js‘éfp’ (Z Ky, D97, =1,

1 1
W, (Z) = inf {sup (Z[{x;, x’>|")7“jsltllpl(2 KT, VYT [1], Z =3%R7T,eEQF.
<

<1
We can prove the following proposition

Proposition 4.1. If E, F are two (@, ¢)-spaces, then E Qy, , , F
is a (D, p)-space.
This results from the proposition 3.1 and the following Lemma.

Lemma 4.1. Let be E, F locally convex separated spaces. Then
(E Qw,, .y F)T s isometric with E¢: Qw, Fy-, where U= (ZecEQF
| Wouv (2) < 1.

Proof.
Letbe Ky : E ~E, Ki-: F — F.. We show that.

p7(Z) = |IKe @ Ky(Z)llw,, ZEEQF.
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The dual (Ey)’ can be identified with E’yo [3] by means of the cores-
pondence #’ — x’ defined by

Ky, "y =, %'y , #€E | x eE'po.
In the same way we identify (F;.)’ and F'p,.

Thus

l

1 1
Pv(Z) = inf {sup (B <%, # Y [))? Sup (Z1KT, 707

%' € Uo

1 1
= inf {sup (Z[(Kvx, ' [YP)F - sup (DK v;,0'|> 1% }7=

flwll <1 i<

= HZ Ky "i®KV}’iI|W,, = [|Ky ® KV(Z)HH',, .
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