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Given an increasing continuous function ¢ : R* - R+ such that
®(0) =0 and ¢ (f) > ¢ for large {, we can define the space L, of
measurable functions f: R* - R which verify

[, #0rOMmay < o

It is clear that every function in L, is locally integrable. When
(@) =1, 1 <p < oo, this space is L? (R*).

If a homothecy invariant Busemann-Feller basis % in R* diffe-
rentiates [ f for every fe L, then the Hardy-Littlewood maximal
function M associated wit % has a property which generalizes the
property of weak type (p, p). We proved in [3] this theorem in the
case ¢ (f) = t? and more general bases.

We begin with some definitions. A Busemann-Feller basis in R” is
a collection % of bounded open sets such that for every x € R* there
exists at least a sequence {R, c R such that R, -~ x (i.e. xe R,
and, given a neighborhood U of x is R, ¢ U for large k). ® is ho-
mothecy invariant means %t contains the homothetic sets of its mem-
bers. Being f: R* - R locally integrable, the upper derivative of [,
with respect to ®, in x is defined by

- , 1
D (If, x) = sup lim sup WJR f(y)dy
k

where the sup is taken over all the sequences {R,} c® such that
R, — x. The lower derivative D (jf, x) is defined setting inf lim inf
above. When D (If, x) = D ([f, x) = f(%) a.e. in R", we say that ®
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differentiatiates |f. The Hardy-Littlewood maximal function M
associated with R is defined by

reERePR

Mf(x) = sup I_Ilﬂ ( ()] dy.

Since {x: Mf(x) > A is an open set, Mf is measurable.
Then we will use the following covering lemma, which is a special
case of the Vitali theorem and can be proved easily.

LemMMA.  Let P be a compact subset of R* with positive measure,
and 6 > 0. Given a bounded open set G in R*, there exists a disjoint se-
quence {P} of sets homothetic to P such that |G — u P,| = 0 and, for
every j, P, G and diameter P; < 6.

Now we can state our theorem.

THEOREM. Let % be an homothecy invarviant Busemann-Feller basis

in R If ® differentiates | f for every fe L,, then there exists ¢ > 0
such that

[ Mf(x) > 3| <c Lﬂ .p‘[@] dy
holds for every fe L, and 1> 0. '

Proof. If the theorem is not true, for every %k we can choose a
non negative function f, e L,, 4, > 0 and «, > 0 such that

[ My f, (%) > 231 > ¢, .(Rn @ [’i”%] dy

where M, is the maximal function associated with the basis {R e % :
diameter R << o}, and the ¢,s will be fixed later on. Taking
& = felA, it is clear that {x: M, f, (x) > 4} = {x: M, g, (x) > 1},
and some compact P, contained in this set verifics

| Pyl > ¢, IR v (& (v)) dv.

Now for every % we can use the lemma to cover the unit interval
Q in"R* by a disjoint sequence {Pi}j~1,2,.. of sets homothetic to P,,
such that the ratios g;; of these homothetic transformations verify
ooy =0 as B - oo.
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Define g, in the following manner: g, (x) = 0 if % ¢ Py; and

€1 (*) = g (y) being x the image of y in the homothetic transfor-
mation which carries P, onto P,,. So we have

= < _
lpki! | Pyl G
and

1 5.
{ 9 (& (¥) dy < | Pyl.
J Py k

Now, define %, = 2, g;; for every &, and & = sup %,. We have

and

IQ p(h(y)dy <X ’(Q ? () dy <3 1

It is possible to choose the ¢, s to obtain [ o (h(y)dy < % o (1)
JQ

On the other hand, the construction above proves that D (_[h, x)>1
a.c. in @, and so we have also %(x) > 1 a.c. in Q, and

o onay=[ o=
e (]

This is a contradictiori.

As an aplication of this theorem we obtain the following: Let ¢
be the function ¢ (f) = £ (1 + log™* #) for ¢ > 0. It is known (soe Jessen,
Marcinkiewicz, Zygmund [2]) that the basis of intervals in R2 differen-
tiates [f for every fe L,. Then, there exists ¢ > 0 such that

(s Mf() > B| <o fm '“”'(1 +1og+ L) g

>
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for every fe L, and 4 < 0. In particular, if f is the characteristic
function of a set E with finite measure, it holds

. /] C l
[ M yp (%) > 3| S;(]- +log i)!m

for 0< i< 1.
With other methods, Burkill [1] obtained the inequality

c c
[ Mys (%) > 2| < log F|E|
in the same conditions.
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