ON P-ANALYTIC TENSORS

by

P

ARUNA NIGAM

Department of Mathematics
Lucknow University, Lucknow (INDIA)

SUMMARY :

Covariant and contravariant p-analytic vectors in a Kihler
space were studied by R. C. Srivastava in i1]*, The object of the
present paper is to define and study covariant and contravariant
p-analytic tensors in a Kihler space, which for p == 1 reduce to
the covariant and contravariant analytic tensors studied by Yano
and Bochner. Necessary and sufficient conditions for a tensor to
be covariant (contravariant) p-analytic have been obtained and
relationship between covariant p-analytic tensors and harmonic
tensors of type p is investigated. It is also established that a con-
travariant (covariant) (p + 1)-analytic tensor is covariant (contra-
variant) p-analytic. Later a necessary and sufficient condition for
a tensor to be both convariant (contravariant) p-and (p - 1)-ana-
Iytic has been found.

(1) INTRODUCTION :

Iet us consider a Kihler space M,, with a positive definite me-
tric g;; and a mixed tensor I, which satisfy the following conditions

FiFh= — A%, (1.1)
F/Frg, =g, (1.2)

and
Ft., =0, (1.3)

* Numbers in the square brackets refer to the references at the end of
the paper.

Latin indices 1,7, %, ... take the values 1,2, .., %, 1,2, .., 7 and Greek
indices z, 7, u, v rum over the range 1, 2, ..., n.
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where semicolon (;) followed by an index denotes covariant diffe-
rentiation with respect to Christoffel symbols {%} formed with g;.
If we put

1:7.,. = th i s (]4)
then from (I.1) and (1.2), we can verify
F,=—F; (1.5)

1

and from (1.3), we get
Fjir = 0. (1.6)

For brevity we shall denote

T hyhaooch . syl hy, iy i3 i s iy iz,
1 Iy 12y T b} 1 0 133...1';r ) [ hyha..h, ])) 1 l!lllz...;l,. ([7)
and

rphihz b, . pinlh

T3 il igicamicn DY Tillificati,,- (1.8)

. .. .
A tensor T3 is called pure in 4, and /, if

*05 THolnir =0, (1.9)
where
£ — é (AAL - 12 1) (1.10)

rhilhy . ca e e
and a tensor T/ is said to be hybrid in i, and /, if

O Tizin =0, (1.11)

where

OF = S (gAY — 5 FY). (1.12)

N[ —

The operators O and * O also satisfy te following relation

0O+%*0=A4. (1.13)
Also if,

H/fi = % I<knh Fih: (1‘14)
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then we know that ([2], p. 72)

K Fp=H;; H.F=—K,. (1.15)

(2) p-ANALYTIC TENSORS:

hilhy

Tet us consider a self conjugate tensor eld 73" (1 <7, s),
which is pure in all its indices, that is, which has the components
of the form

Thllr — (TR, 0, 0,..,0, T2). (2.1)

i1 e

The fact that 77! is pure in all its indices is expressed by
l/ ¥ 1 p e

*OF Tl =0 (2.2)
or

Fe Ty — LT =0, (2.3)

the indices a, b taking all the positions.

We define a p-analytic tensor in a Kahler space to be a self con-
jugate pure tensor T7//" such that T7/!. ... ; is pure in 7; and 7,
that is, if

ba hylh
ity Tm':/-i:; iyaaliypb = 0 (24)
or
h]/’l nlh _
T ’M’h(”)lw-])(’ Fnb Fhl TIl'zli:; fsp2/isipb = 0 (25)

Multiplying by I';* and summing over a yields

FoTilt e — Tl T = 0. (2.6)

iy[isyiafispa Ualis; 1540l 't|p7

Differentiating covariantly (2.6) with respect to ¢ and multiplying
hy F%, we get
i hy /Ry i hyfhy
F” F]" Till‘//i:; isy2fisypat = F” Filn T(::?{/I"sy iss2ligypit = 0

or

aialis; '.x+2_/13+p7’ aiz]ts; is42lis4pti

; Tl | Iy Ik
Fit Fo Tilylllz’;;iﬂz_/i,ﬂ,nt —5 Fit Fot (T tiveativenit — Toileivgtiventi) = 0
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or
I '\
it T Iy lh ~pi Q% Ealitl IRy TRy
t t/hr b .a h 1s-1 !
F’ ]47_(1 T’il/is;'fsez/imn»M + 2 I‘ ]F'l ()‘l I<h_ﬂ , [ﬂllf'x;lx+2/'s+n
t=
§
17 hylhy o > ] lt_lll(, . .
— Zthm T abatiystivatiioativg — Kbja' T1hii ivealives
/_.
stp i
Y rd 1 [Ny ==
- ¥ Kyji! Taiayis f,,z/f,_ln.”/f.w,.) 0
tos -2
or
r
by U ! ~hylhe—y thy oy By
T igivertivepab + ;‘. Fi H T aiyfili sl

s
~ - ~Inlh 1 Ik
— S Fe H T — H}!Fy Thk

. aiafip—1 ligo1/is; s s2liss p liafig; iy 22lissp
(-2

1.

s--p
.

Al ThioTr i ] Iy lh .
}.J I I'h” ]\:ift "I Tfllei:; ignalip=rlip 1 fisepy ~7 0. (27)

s 12
By virtue of (2.3) and (1.15), above equation becomes
¢ h i
hy/h, hylhy—rahygiath
g T3liivaativopar + Sl KT o
1=

s
_ E 1{1" T’I]//I,-
L
t=1

ifimvaipaliGisealisep

s+p
& P Julh
+ X R FU T3 Ko Taisfl igaatioatienitive = 0, (2.8)
t—=s--2

which is necessary condition for T}/ to be p-analytic.

On the other hand, putting
Siiilishilhysic.alis:p — (F)’a T jilishlhriissalisen — Fia T j2lishlhe i =~2-’s+n7‘), (2.9)
we have

SiilisIlhe; isi2lisip S

Fialishifhy; isaalis: p

ol —

— Glishylhyyisalisepd
= (Tlihibesieealicn T i iy safiscty )

+ Fie P (T tiiieston) (Tginsis i) (210)
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and
UT s it tesatinn,d) (T 01Tl resaliser)
4 Fie Fi (T2 mriedlioen) (T ing iyativep ) 157
= (8% Tirtighitngsigralicspas) (THIMIniselisen)
F (Tistiomtnssia alive ) (THliMlbsissalisad)

]v‘jﬂ IT i1 (T’“/”r ) ( :flhl:’/;: 2/i3~e-1u)

liafigisy2/isspaj

!
T

i e (Tl ) (T

lalig; iy 2lisipa ]

- PRALITLI . 11]dg; is 2] is 2 p
= (g Tabyfisivsaticep) (T )

it @ (il it issalinen
- F" Fil (Tlullis;'l.r!»2/".s+p7't) (Th]/h; )

—I»- (Y\illis}ll/’lr; iyw2lis 3-117') (Tillixhl/”r;’is-g-zlis-!-pfi)

i gag iafis Iyl riis olies
-+ Jria J7lia (Ti| shifhysisy Hpa) (TliZI'fs"l,’hr;I.s-yZ/is:,)j)

r
__ [gab T lhe Y he ki by ahea by
- I-g T’l/"x; iy:2[fg; pab + t}‘l I<a T’I/’s;1n+2/is+n

s
3 hy/h
- 2‘ K{‘a Tu/ Ity

Pl iy [t —1 @ig o115y i v2[Eeap

s+p
A P a Lahylh 1y/ig; 15 2] isy
+ }‘ Fbi Fﬁ I(ji,h 7 1/hr 1 Thl]/i:r s+2/isep

aiz]ig is 2/ ft—1 bipar [isap’
t=s5-1-2

+ % Sjil/ix Tafhes isialis p S

jirlishy/hy ’in‘|»2/'.3+r N

Thus assuming the space to be compact, we apply Green’s theorem
and obtain

[ AT H.S. of (2.8)) Tt
M

ldeo = 0,

f’s+2/“s+p_

| -
—1-. i Siirlis i isi2lisep Sﬁl/'} T

which using (2.8), provides the proof of the following.
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THEOREM 2.1

. .. h
A necessary and sufficient condition for a pure tensor, say Tl

i a compact Kdhler space to be p-analviic is

r
ab 1'11/.11,. . 1 7'1/.111—'1 ahgy1/hy
g Tllllx; s ;.2/1“.,.11’) + }‘1 [X'ﬂ- Til/’s; 75+2/‘ix+77
fos
s s+-p
A Add hyfhy S A a 1~ Lhy|hy _
- LII\ it Tflift—l aip oy i iy 2/icop - }J 7]' i fo Aﬂ;" Tt'fz,/'l}; igp2fip—y ligst/isip = 0.
i L5422

As corollarys to this theorem, we have following two theorems

THEOREM 2.2:

A mecessary and sufficient condition for a pure covariant tensor
T, 1n a compact Kdahler space to be (covariant) p-analvtic is that

st — YK T
s=1

oSt - . . .
&S infiptie 2l ifis—1aismfip iy . 2/iv. p

=0. (212)

irs2lts—1 bigarfiy p

r-ip

. A i ra gy b o

+ X , F9 I Kyt Taisgiy;
s=r+2

THEOREM 2.3:

A mnecessary and sufficient condition for a pure comtravariant ten-
sor Tilir in a compact Kdihler space to be (contravariant) p-analvtic
is that

r
gst 7‘ i1]ipy fraalirs vy + }] I{al-" ]'1'.!1“_1 aig1fipira2livep

s=1

r-p
J— E Ftl I"”“ Kb’;‘ Tl71'2/'1'r}"'r+2/1':—1l”:x+l/1'r-:~p — O. (2 l 3)

s=r--2
In particular, if p = 1, (2.11) becomes
I/ > bt pahafiy Ty hifly-ra
g"b Ti‘:/i::ab 'l” I\-n“ [‘;'llll?ixl "|'" + I(a’r Ti?/i,: H
hylh a hylhy
— K" Tasyi, — . — K.*T}\i7a =0,
Iy[hy

which is a necessary and sufficient condition for a pure tensor 7T
in a compact Kédhler space to be analytic. (Yano, p. 101, theorem 9.1)
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(3) RELATION BETWEEN p-ANALYTIC AND pH-HARMONIC TENSORS :

A necessary and sufficient condition for a skew symmetric tensor

field T, to be harmonic of type p is that [3]
SAT iijivsipaativas} = 0, (3.1)
where
ST wpiniestivy) = & Tistigyipatiy pst

4
Y yroa

- A-dl S iy T"!:"’.\'—-I aigo/ipiraalipop

r
~ > ba -
T ]\im',c 1illix—lni.\':-l.”(—l’”’l-"l”l‘”‘l"3.”.7’7‘
s, t—1
st
7 r+p

A Al b
+Y YK
s—1 f—=ri42

a .,
7“1/fx—1/1f.»--.~1;'ir'- Traalit o big ey — 0. (32)

iviy

But, if T, is pure in all its indices, then K, being hybrid in 7
and /i, equation (3.2) reduces to

S {Tnlrr;rr.;zlr.;,.} =g T11[1'T'11r+2/1‘r+‘p~"

r
—YK,'T

i1 /is—1 Qigy 1/ir;iys2liy; »

s=—1
r  rlp
Q) Y b a -
—i_ 24 I\ iy ds 1 Tfis—1 aigarfipirsafit 1 bipa1lir.p = O (33)
s—1 t=7r1+2

and a necessary and sufficient condition for a pure skew symme-
tric covariant tensor 7T, in a compact Kihler space to be (cova-
riant) p-analytic is that

7

st ) N7
g ‘11|/’r7 'rl?!"rs]r\" L '[‘
§i=

Vst @iy )iy ips2]ip, P

ri-p
~ i agr b
_[— e FU F’ll I\f’is T"”l/"‘rﬁr+2/”s—l bisi1/irep = 0' (3'4)

seoret2

(3.3) and (3.4) provide the proof of the following
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THEOREM 3.1:

A mecessarv and sufficient condition for a pure skew symmetric
covariant p-analvtic temsor in a compact Kdihler space to be p-harmo-
nic 1s

r+p
Y PYTER DENCEL 22 e
pX ST K Laiagiiysticeavic i
s—r-t 2
r r--p
Al ABRTR) > a
- L }d 21i:li.v-lﬂi',.u!-u’l'r;frezv’fz_lbflfl.“r:p K iy T 0. (35)
sl -7

Next, a necesary and sufficient condition for a skew symmetric
tensor 77/ in a compact Kéhler space to be p-Killing is i3]

G {Tilinir: z/ir;,,} =0, (3.6)
where
G { ’[‘i-/ir;ir;z.«"fr.p} . gs‘t Tivlin [7'2!irq~]1S,
1y ;
—I— — E ’I"’l/"s—lflfxillir§’-r|v2/1'r;,z I\Y”""
Y -1
1y i
_I_; J T ulis—r@iserlig—1bigsa]irirealivep K“"‘Im
s, t=1
s <t
1 r 7--p .
- Y XY Tidiaicdiniealicbicaliog 4 = 0 (3.7)
s-:l te=r-2
and

Tilig,li,; ir.2fippi — 0. (38)

But, if T'/ir is pure in all its indices, then K,j" being hybrid in
and %, equation (3.7) becomes

1 r
gst ’]"Il/lrUrzZ/lr.L]»“ 4= 2 ]Xr”zx Tirlisor aiserlivs iv.2lirep
£ 3

4

s==1
1 r ri-p o
- E] ’ E , T idis—vaisliip2lie=thivalipgp [ = 0 (3.9)
s =r

and a necessary and sufficient condition for a pure skew symmetric
contravariant tensor 7%/ in a compact Kéahler space to be (contra-
variant) p-analytic is equation (2.13). Equations (3.8), (3.9) and (2.13)
provide the proof of the following two theorems,
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THEOREM 3.2:

In a compact Kdhler space a contravariant p-analytic temsor T ili-
is p-Killing, if 1t satisfies

r
(1/ —_ 1) 2 I{'"’" T‘il/fx—l"isavl/ir;ireZIlirey»
s 1

7 rtp .
- ‘\_: ‘\J [\’h'”*‘”Tl'llfx—xm'.r.1.’fr:‘ira:,’fz—|"fz tlirep
sl te=-rt 2
ri-p

— ¥ .\.: ]"Ij Fn'i, I\r[;ljis Taizliripialisabiya/ir p — 0 (3 ]O)
r-i-2

s

and
'1‘_ i2fir; x'r:Z/ir--p"l — 0.

1
THROREM 3.3:

A p-Killing tensor T, in a compact Kdhler space is contrava-
riant p-analytic, if it satisfies (3.10).

(4) Suppose tensor T';;, is a covariant (p - 1)-analytic, then
from section (2), it satisfies

;o pit]is ia T 12lis
I'/.“ 1” I - Fuu 11L1 Ii'is-zzlis:»rﬂf == 0 (4])

s ise2/fsapata

Multiplying by Fi:r+ and summing over j and #.,.1, we get

gnb Til:/ix; i 1]isa - Fib Fira Tuiz/i.e; i :/f.\»:nhj =0
or

g"” Tillix; iy ..2/im.,."b _ Fib F,,i' Tm':/ix; 1}+z/fx:~pjh — 0. (4_2)

After simplifying the above equation, we get

S
g,,], ’[‘ ifisyiscalis Fp b _!_ E ]’\,’“"r ’[‘f]!f,__| alp . tligisialisyp
re=1
sip ) .
b Y FUE) K, Toetsisticiciation = 0, (4.3)
tois-2

which is necessary and sufficient condition for the tensor to be (con-
travariant) p-analytic. Hence we have
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THEOREM 4.1:

A covariant (p + 1)-analytic tensor is contravarviant p-analytic
Next, let 7%/ be a contravariant (p 4 1)-analytic tensor, then
again from section (2), we get

~a a
I'j T'il/is; isr2/issnsr@ Fil" T iZ/”s;is-cvll'iHmH]. = 0' (44)

Multiplying equation (4.4) by Fiis»+t and summing over j and #pa1,
we get

. e
& Tirtiyiyativepar + T L3 Taingiiyativepip = 0. (4.5)

Solving equation (4.5), we get

S
A _ > a
& Thjigigeativepar — Ll K" Titivy aipaticisosiieon

P

s+p
>‘ [ 7] a > C 7 —_—

+ X YT K Tangigivestiverciarfives = 05 (4.5)
r=:5--2

which is a necessary and sufficient condition for the tensor T3,
to be covariant p-analytic. Thus we can state

THREOREM 4.2

A contravariant (p - 1)-analvtic tensor is covariant p-analytic.
Theorems (4.1) and (4.2) together give the following two theorems.

THEOREM 4.3 :

A covariant p-analvtic tensor is contravariant {p — (27 +- 1)}-ana-
Ivtic and covariant (p -— 2r)-analvtic.

THEOREM 4.4

A contravariant p-analytic tensor is covariant {p — (27 + 1)}-ana-
Iytic and contravariant (p — 27)-analvtic,



On p-analytic tensors 191

Next, assume that 7%/ is a contravariant (p -+ 1)-analytic and
p-analytic tensor. Irom theorem (4.2), it is also covariant p-ana-
Iytic tensor and therefore

ab s
O34 Taistiiy iy o = 0 (4.7)
and

# 0;!1[)}‘ ’1‘”[2."'-;-; ‘..v-rl./'vmpb = 0' (4‘8)
Adding (4.7) and (4.8), we get
(* O 4 08) Taizsigiv,aticnyp = 0

i e. AL AT Tagigivatives = 0
i e Tijigioativ.,i = 0 (4.9)
and consequently from (i4l, p. 170)

Tiigj = 0. (4.10)
Counversely, if

Lijigi =0
Tls is contravariant p-and (p 4 I)-analytic. This proves that
THEOREM 4.5:

A mecessary and sufficient condition for a ftensor to be contrava-
viant p-and (p + 1)-analvtic is that

Tiyizi = 0. (4.11)
Using similar technique, we can establish the following

TurorEM 4.6

A mecessary and sufficient condition for a lensor to be covariant
p-and (p + 1)-analvtic is thal

:[‘,‘I:‘{x;]‘ == 0 (412)
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