INTEGRALS INVOLVING LEGENDRE FUNCTION
by
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1.1. In this paper we prove a theorem in operational calculus
and use it to evaluate a few infinite integrals involving LLEGENDRE,
Bessel and Appells’s function Fy. The results (3), (11), (14), (17), (20),
(23) and (26) are believed to be new.

As usual @ (p) = f(x) will mean

D(p)=19p ’. e ?* f(x) dx. e (1)

‘0

1.2. Now we shall derive the LAPLACE transform of the product
of the Bessel functions, which will be used in our investigation.

LauriCcELA had defined the hypergeometric function of three
variables F, as follow.

Fc(d, ﬂ’ Y Y2 73§ X, Y, Z)

(a)’”" #-p (ﬂ)m-i—n-i—p
=0 (yl)m (Vz)n (’}/3);, L™ [» L?

where (| Vx| 4+ [ Vy| + | Vz]) < |. )
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valid for R(A4v+o+ u+0)>0, R(p)> |R(x)| + | R(B)| + |R()[- .- (3)

Recently [3] has evaluated the particular cases of (3). From (3),
we obtain

=1 K, (ax) I, (Bx) I (yx) =

I'(—o)T'(A+ pu+ 8+ p0) 271 #0e

pr y° as
o T(u+1) (84 1) prtotitet
Adpu+0+0 Atu+o+o+1 a? B2 P
F, , ; 1, 1, 641;—, —,
[ 2 2 etlur +1>2p21>2]
valid for R(A+o+pp+90)>0 R(A*+o+u+4dd+1)>0
Ro+)>|RPBI+IRMI. . (4)
1.3. 'THEOREM :
If
Y (p) =1
and  (p) = x+} K, (ax) | (%)
then

o(5) =(—2“ )i}s [ 2 20) 0 (-t p)t Py (145) W (vbatp) dx
o 4
Y0

.. (5)

provided that the integral is convergent, R (p + «) > and R (p) <l1.

Proof : We know that

then [1, p. 129]

pop+oa+p PP +atp)=e P fx). ... (6)
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Also [1. p. 278]
A _ u x
prtt et kb, (ap) = (—) (%% 4 2ax) " Py, (l + —) )
2a o
using the relation (6) and (7) in GoOLDSTIENS’ result [4] that if
hy () = g1 (%), by () =82 (%)
then

J =1 Iy (%) ga (%) do = J @) g () dx .. (8)

0 0

and replacing g by p, we get (5).

1.4, We now proceed to evaluate a few infinite integrals by
applying the above theorem In what follows we have used Mac
ROBERTS’ definition of Q) (x).

(?) From [1, p. 198], we have
} (%) =x7" k, (x)

:\/g (1= ) pp®— 1377 P (3) = ¥ (p)

valid for R(1 — u4+#)> 0, R(p + 1) > 0. ... (9)
Also, from [1, p. 198], we gét
2 Ry (ax) [(x) = x7% &, (%) &, (ax)

= I't—n+0v Vd cos nm cos vnﬁ %
cos (m + v)® cos (n —v)m

0.2 (cosh y) 0, (cosh 8) = @ (p) ... (10)
where sinh y = d, sinh 6 = ad, cosh y cosh 6 =p d, |gm y|, |om 8| <

T RGp+ ot 1)>0, |R<n>|+|R<v>!<§.

Using (9) and (10) in (5), we get

u

[+ o+ 02 — 177F (24 2002 Py (14 ) PATS (abat p) di
o
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2, I'(} — n + v) cos nw cos v _,,
= “Vad 1 hy) 0,1 (cosh é).
n\/a I'(1— u—+n) cos (n+v)m cos (n—v)nQ ¢ (coshy) @y (cosh o)

where sinh y = d, sinh 6 = ad, cosh y cosh 6 = pd, |em y|, |om 6] <

<%,R(y)<§, RG+nto)>0.p 2>0,p>at 1 ..(11)

(¢¢7) StarTING [1, p. 196], we get
f(x) =x7"1,(x)

—\/ b — 1T (5)

= Y (p) ... (12)
valid for R(1— u+#n)>0, R(p)>1

Also [1, p. 198], we have

2 Ry (ax) f(x) =27 I, (%) k, (oax)

_\/c J”n—v—{—z)cosnnﬁ
cos (m + v)m

P (cosh y) 0,23 (cosh 6).

= @ (p) . (13)

valid for R(n +v) > —%, R(p +a + 1) > 0, sinh y =c.

sinh 6 = ac. Cosh y cosh 6 = pc, [omy|, |om 6] < g

Using (12) and (13) in (5), we get

£ _
2

oo 1
[[(x+a+p>2—u T (24 2ux) T L (14 %) Q4% (s-tatp) d

©0

Vo I't+n—v)cosnm
cos (m 4+ v)m

P, (coshy) Q.24 (cosh 8) ,
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where

sinh y =¢, sinh § = ac; cosh y cosh 6 = pc, |omy |, |om 6| <

<§. R(t+n+v)>0, R(,u)<§,¢>>0,oc> 0,p>a+1...(14)

(¢77) TaxiNG [1, p. 146], we get

B
f ) = amnd 2

= ¥ (p).

valid for R ( B ) =0, R(p)> 0. .. (15)

o2

Also from [1I, p. 198], we get

B
2t by (ax) f(x) =21 e 2% ky(ax)

o () (V)

= ®(p)

where S = p + (;52 — %3)* R (-i-) ~0,R(p) > — R(x). ..(16)

Using (15) and (16) in (5), we have

1

ﬁx2+2ax)"§ (x+a+¢)g‘sz‘_%(1 + i‘) Fut [‘/_2—5 (x+a+¢>*] dx
o o

)= (V)

( )>o R(p)>0. ...(17)

2i g(a\l/;(lgl?‘? (\/

o3

where S = p+ ({)Z—E) —1<R(u)<

~I°°l

wlN
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(tv) TaxinG [1, p. 198], we have
f(x) = 27" Ry (Bx)

=\ S P p 5 — )7 P (‘—;)
= ¥ (p)
valid for R —m +#n) >0, R(p + ) > 0. ... (18)
Also [2, p. 373], we get
4 ky (ax) f (%) = 21 By (ax) B, (B)
'—oyI'(—n) I'(p+v+n—m

- wgv n;_:n Qrmt2 putvtn—m—1 o’ B
u—m-+v+n ,u—m-l—v—{—n—i—l
F4[ e, : kLt ?l—
valid for R(u —m + v+ %) >0, R(p +a«+ ) > 0. ... (19)

Using (18) and (19) in the theorem, we have

J T4 o g1 — P17 (24 20002 Py (5 +¢‘) P, (1 + 9_6) ix
o

0 B
— L I'(—o) I'(—n) I'(p+ v+ n—m) oot prit
\/7; v,—v n;—:n utntl puptrotn—m (L — 9 4 n)
F4[ﬂ—m+v+n’u—m+v—{—n+1;v+l s az ,82]'
’ 2 P

valid for R(u)<i.R(u—m+v4+n)>0,9,0,>0,p>a+p. ... (20)

(v) TaxiNe [1, p. 196]
f(x) = 2"} I, (Bx)

=\ b — 7 o

= IS

)

. (21)
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Valid for R(} + m + n) > 0. R(p) > | R(8)].
Also [2, p. 373]
x4 Ry (ax) f(x) = amTeT I, (xB) Ry (ax)

I'(—o) I'm 4+ u 4+ n +v) o« g*

::v,}:v 2v+n+1 F(%+ 1) ﬁm-i—uvi-v+n—1
7, 'm+n+,u+v’m+n+u+v+l;n+ljv_’_l;ﬂ_2’£]
2 2 p* P
= @ (p)
valid for R(m + p+n4+v) >0, R(p + ) > |R(B)]. ... (22)

Using (21) and (22) in (5), we have

JoEx + o+ p)P?— ]32]_721 (2 + 2ax)_§ Py, (f 4+ 1) or_, (x+;+¢)
0

T(—v) T(m+ p+n+o)

dx =.,,§, I'(n + 1) 2ntort pmtntuty oo+t ‘3n+g
mt+n+put+v m4+n+ut+v+1, B2
F4[ 2 ) 5 ,n+1,v+1,;;,ﬁ

valid for R(m+ u+n+v)>0, R(u) <3, p, «, >0, p>a—+p. ... (23)
(vz) TakiNe [2, p. 373]
f(x) =271 I, (yx) I, (6x)

L e Tetmtn
T2m+n {)g+m+n".-1 I'im-4+1) I'(n 4+ 1)

2 2
F4[Q+m+n, 9+m+n+l; m+ 1, n+1;y—,6—}

2 2 pZ 1)2
= Y (p)
valid for R(e +m +n)>0, R(p)> |R®)| + |R(0)|. .. (24)
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Also from (4), we get
2t R, (ax) f(x) = xT#7E L, (yx) I, (0x) &, (ax)

I'(—v) I'e+u+m+n4+v—13) y» 6" o

;0,2—:11 I'(m-l— 1) F(%—|— 1) pq+p+m+n+v—1 omtntotl
E[e+u+m+n+v_1’y+#+m+n+d+1;w+L
2 4 2 4
' a2 ,y2 52
menn i |
= @ (p)

valid for R(p-+a)>| R()|+|R(8)|, R(e+p+m+ntvtd>0. .. (25)
Using (24) and (25) in (5) we obtain

oo _x

J(xz—l—-Z_ocx) 2

0 _
2 62

F g+m+n,g+m+n+1; +1,n4+1: — 14 X ]

4[ 2 2 T T e at p) (b atp)

(x+ o+ p) e Phy (1 +ff) :

' d‘;= 1 (= Tle+upt+tmtntov—13 ot
- V2 2, I'(o + m -+ n) perutminto=i

ﬁ{3+”+?+”+”—§9+”+?+”+”+%v+Lm+L

X

2

. I
valid for R(u) <%, R(e + p+m+n+ov—3)>07p0a7y36>0,
p>aty+ o ' ... (26)
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