OPERATORS OF FRACTIONAL INTEGRATION AND
A GENERALISED HANKEI, TRANSFORM

by
V. M. BHISE

1. A generalised HANKEL transform is defined by the relation [3]

|k _7__ —ktmtgts )f(y)dy

(11) F(x) = l 624( _* 21;1 ————— 2m
2’ 2

=0

With & + m =% this reduces to HANKEI, transform in Tricomi’s
form.

As this in similar to the X, , ,, — transform of Roor NARAIN [8, p. 270]
we call I'(x) as X,;. — transform of f(x). When f(x) = F(x) then
f(x) shall be called self-reciprocal in X,,,, — transform and we shall
say that f(x) is R, (&, m).

In this paper we have applied the ERDELVI-KOBER operators

[4, p. 293], [6, p. 193] of fractional integration to develope the theory
of the generalised HANKEL transform (1.1).
2. We first determine the conditions under which a function f(x)
is self-reciprocal in the transform (1.1). I.et M(s) be the Mellin
transform of f(x). From (l.1), taking the MELLIN transform and
changing the order of integration we get (1).

1"',,¢(1 + s+ m 4 m) I'G —k4+m+2—ys)
F*(7—3—1- 1+m:|:m)](7 —k+m+ 5+ )
it being assumed that (1.1) is absolutely convergent and Mellin-

transform of |f(x)| exists.
So,

M (s) = M(1—s)

Ty(5 s+ m 4 m)
M (s) = N i
©) F(%—k+m+%+s)")(8) where y (s) = v ( s)

(1) For the sake of brevity we denote I'(a + b). I'(a — b) by I'yla + b).
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By Mellin Inversion Formula [10, p. 7].

c-+100 ]-1 v
(2.1) fx)=7— +(3 +S+Mim)-1p(s) x7S ds
271) o TG —k+m45+5)

where y(s) = ¢(l — s) and s = ¢ + 1.
We shall saynthat jf(x) belongs to A(w, «) where 0 < 0w < m. o < %
if (7) it is analytic function of ¥ = ye®, regular in the angle defined,
byy > 0,|0]| < w (i) it is 0(|x| —2~%) for small x and ¢ (|x|*~1*%) for
large x for every positive ¢ and uniformly in any angle |6]| <w — e< w.
A necessary and sufficient condition that a function f(x) of A(w, «)
be R,(%, m) is that it should be of the form of (2.1) where y(s) is re-
gular, satisfies relation y(s) = p(1 — s) in the strip a <o < 1— «
and is 0 [z~ +9] for every positive ¢ and uniformly in any strip
interiorto « <o <1 —aandcis any valueof sina <o <1 — a.
We now give a theorem of generalised HANKEIL transform which
transforms one R,(k, m) function into another R, (%, m). Srivastava
has given such theorem for w,, -transform [9, p. 58], [7, p. 826].

TuroreEM 1: If I} ,and K, , belong to L,and (I7 )" (K5 )" stands
for the operators performed m and #» times, in any order, then the
operator (I75,)"(K7q)" + (I4 )" (K7 )" transforms an R, (k, m) into
another R, (k, m) function. Similar property is obeyed by the ope-
rator (I7,)"(K7..)" + ([7,.)" (K 70"

Proof : Let f(x) belonging to L, be an R, (%, m). Then,

}+ico
(2.2) f(x) =J ' P(5 +it) x—% dt

}—ico

where
1 Ty(5+m 4 m+ 5 +if)

P(; +it) = :
220 (1 — k +m + 5 + it)

v(3 + i)

with (5 + i) = w(5 — if) and (3 — if) = 0 [¢'F~+9]. Hence,

54100 - r I
Ijz-.a /(%) = J P(% + gt) x— i (n +5 —1f)

" _di; Rip) > — 3, (@) R>0
3—ico I'm+o+ 5 — il)

This is obtained by substituting for f(») from (2.2) and changing the
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order of integrations which is valid dne to the absolute convergence
of both # and ¢ integrals. Proceding on these lines we get,

~+ico LY m a1 PN
TLAME 09 = [ PG i s oty =" o -5 H7 g
}—ioo L'(nto+z—iy"{I'(n+at5 +it)y”
Hence,
$+ico
[(Ln)” (K5 )" + (I ) (K7 )" f(2) = { P (5+dt). x4y (5 + it) dt
Y 3—ico

where p, (% + it) is a function satisfying the relation v, (% + i) =
=% (% — 1t).

ExaMpPLE : We illustrate the use of the theorem, with m =#n = 1,
in using one R,(%, m) function to get another. Consider the function

Gl’ n(xldl, . u,,)
b, g\ b, .., b

TAKING its MELLIN transform [1, p. 337] and then applying the MELLIN
inversion formula we obtain,

RERL ('v Ly, aﬁ,%—k+1’n+-§>= Lf“wl"*(% TS EmEM s
p + 1’ q+ 2 N %’ % + 2m: bl: Tt bq) 2';” c—ioor(%_k+7%+%+s)

!

0 Ire+9I It—a—s)
j=1

i=1

where p (s) = . The G-function is self-

g p
I1 I'(l—0b; —s) II I'(a;+5s)

i=l+1 j=n+1
reciprocal if y(s) =y (1 —s), for which /=#, p=g and a, + b; = 0,
=12, ..., 9

Hence

f(x)=Gn+2’ n (x

ay, ..., ap, %—k—{—m—{-%)
p+1,p+2

14 v
3,3 t2m, —ay, ..., —a

is R,(%, m). Using the known integrals [2, p. 200, 212] we have

1 v
Kyl f@=c¢" T 5" 1<x e “P’?—k+m+7ﬂ7+“)
p+3 p+4 N3 5+ 2m,—ay, ..., — @y, —— &
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2p<dnt1,R(p)>—3, R+ m+m)>—1, Ra)<1,i=1,2,..., n;

0<R(x) <1+R(n); R(x) <1 —R(aj), <1,7=1,2, ..., p
which by the theorem is another R, (&, m) function.
Putting n = $ = 0 and using [2, p. 439], we obtain,

x_"_lE(Zn—[-l, 77-[—1-}—%,77-{—21%—}—1—{—%, l—a;x)

s—k+mt+rdn 2mtatl

is R, (k, m). Now with & 4+ m = % we have

x-n_lE(2n+1,n+§+1, l—m;x)
p+a+1

as a R, function.
3, In this section we consider the operation changing the pair of
functions f and its x,,, -transform to the second pair of functions,

one being the #%,14 .1 -transform of the other. We have the following
theorems.

THEOREM 2: If,

(31) F = Xv,k,m f:

then,

(3.2 K ) F ) dy = Xasom | [ ) 100 |
"0 70

provided

v

I'.(z — 't—l,—mj:mj:%) I’*(;—it—i—m‘iml—l-%)

3.3 .
(3-3) X T'(z+1—k+m4dt) I'(3 +1—k 4 m! +dt) Mt (k)

=Ty(5 + it +m 4 m 4 %) Fo(% + it +m! £ m! 4 3)

X PG +1—k4+m—it) D(5+1—k +m' —it)y M_, (k)
the integrals on both sides of (3.2) are absolutely convergent,
MELLIN transforms [4, p. 298] of |L.H.S.|, |R.H.S.| and |%,1p,m
-transform of Ry | exist, %,um.m -transform of k(xy) exists,
R(»'42m' £ 2m' +1)>0, 0 < R(k' —m!' — %) <1 and 2m'
is not an integer or zero,
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Proof : Taking MELLIN transform of [4, p. 298] both sides of (3.2)
we have,

(3.4) J x4+ dx (K (xy) Fy) dy
0

Jo

oo oo 1_ 1_1_”_‘ _pl 1 1, ” i
-:J vy G2 (xy| B » —kAmit s )dyI k() }(2) dz

0 o 241\ I"I,vzl+2m1 —' —Z ol 0

12
2 2

On the L.H.S. we replace xy by # after changing the order of inte-
gration which is valid provided the integral on the L.H.S. of (3.2) is
absolutely convergent and MELLIN transform of | [¢° & (xy) F (y) dy|
exists. So L.H.S.

= J F(y)dy y—t# { K (u). u=*i du
0 ]
= M_, (F) M, (K)
Ty (y —it+mtmag) Iy +1—k+mit)
T G titdmemty) TG+ 1 —ktm—it)

on using (3.1).
Also we have from (3.4),

M () M:(K) (A)

R.H.S.
1t 1% g1 1 l "
=J Wx(f(“lz(c;ﬂ("y L )k(zy)dy
Jo 24 5 5+, — %, —%5 — 2m!
V by __l.___ S | v‘
0 24 l% —+2m1, —”E, _”___2,m1
roo ~OQ i 1 ]ﬁl—_ B .
J (z)d7 k(zy Jx—HitGZl(xylf .m 3 k-[—m_]_ _|_2)
0 24 55+ 2m =5, — 3_ 2l

With the help of [2, p. 418] and putting zy = % we obtain, R.H.S.

TG +ittm b m +5) I+ 11—k 4+ m! —it
= MM _(k) == — CLENSS D e
Iy(z —it+m' £m! +3) I'G+1—k'4-m'4-4t)
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The change in the order of integration is permissible provided
I3 k(2y) 1(2) dz is absolutely convergent. X, -transform of k(zy)
and | {5° & (2y) f(2) dz| exists. MELLIN transform of | X, 41,1 -transform
of k& (zy)| exists and R (v'+2m'+ 2m!4+1) >0, 0 < R(k'—m!— %) <.
2m! is not integer or zero. From (A) and (B) we have the relation
(3.3) established.

THEOREM 3: If F=X,,;, f

then,
6.9 [SKE)FO) &= X { REIEE: !
0 0 :
provided
(3.6) I"*(%-l—m:{:m—{—it—{—%)F*(g—i—m':tm‘—it—l-%)

x (3 4+ 1 —k4m—it) ['(5 + 1 — k' + m! 4 it) M,(K)

=Tu(z +mtm—it+5) Tu(3 +m £ m' +it 4 5)
XTG4+ 1—k+mit) ' +1—k 4 ml—it) M_, (k)

the integrals on both sides of (3.5) are absolutely convergent, ME-
L1IN transforms of |L.H.S.), |R.H.S.| and |X, m -transform of
% (5)| exist, X, p,m -transform of % () exists, R (v'4-2m! 4-2m'+1)>0,

0 < R(¥ —m’ — 5) < 1 and 2m’ is not an integer or zero.

The proof is similar to that of Theorem 2.

4. We now obtain the representations for the kernels used in theo-
rems 2 and 3.

From (3.3),
K (x) 1 ” Lo y o1
by =M TG bt i ) TGk mE it
(4.1) ”

I‘('% +1—Rk4m —d)(3+1—k+m —it)cﬁzt)—t)}

and from (3.6),
f(;’;) — M { Ty(34mtm—it+d) Ta(o+m £ml 4+
(4.2)

F(%_I_1_k+m+it)F(%+1—k‘+m‘—it)§§t) t)}
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where @(¢) is an arbitrary function such that the R.H.S. of (4.1) and
(4.2) exist. Let @(f) = M, h where h(y) is an arbitrary function.
Hence, we have from (4.1).

Kuhﬁj(rﬂg+m%“”+”+%>RA%+mim+ﬁ+9
k (x) Zn. B
DG 1= R fm—i) TG+ 1—k+m—it) xi- g
M _ih

Replacing y by —i— and changing the order of integration, we obtain
the representation for Theorem 2,

K(x) _ [ 1h(3)
k(%) _J wy) LY

where
1 (. . . v .
ll(x)=é;[F*(-z——{—ml:tml_{_zt—}—%) F*(i—{-m;l:m—{—zt_{_.;.)
=0
PG +1—kdm —ity (5 +1—k4m—it)yxt-"adt
and R (%) — 3, R(%)—%, R(”—; — k' +m'), R(3 — k + m) are not

negative integers, 2m, 2m! are not integral or zero.
Similarly for Theorem 3 we get from (4.2)

szf%h@

20 4 ) @
e ), v P

where

lz(x)=2lI ]’*(%—{—m:i—_m—it—{—%) I’*(%—{-m‘imlﬁ—it—{—%)
7
0

TG 4+1—k-bm+it)y T3+ 1—F +m —it)yx~4% di

and R(3) — 3, R(3) — 1, R(G —k+m), R(3 —k+ m) are not
negative integers ; 2m, 2m! are not integral or zero

We obtain other representations of the kernels of Theorems 2 and 3
using an operator T,, defined by ERDELVI [5, p. 113] as

Touf (%) = Lim. 273 J V3 Tansa V) F00) dy

0
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with R(n) > — 5, R(«) > -
So,v

I(n+ 3 +1)
I'(n+ o+ 5 —1t)

M (Tyo f) =

Hence we have from (3.3) and (3.6),

. ( h(x)
v u | Ke v {I» 1 1(Ip 1 1
k(x) 35 [ 33 { §+i—k+m,k+m——2- ( 7+—2——L+n.,k+m—-§- _l h(l)
x x
) i b (x)
Iu v B K~ uw v ' Ku 1 v Ir 1 ©
Ftom -5 —2m 5 +2m o — 5 —2m ! 3 +5 —ktm,s . 3 tg—kdim 5 % h (%)

I wish to express my thanks to Dr. B. R. BHONSLE for his gui-
dance in the preparation of this paper.
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