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1. INTRODUCTION. VARMA [6, p. 209] has given a generalization
of the classical I.APLACE'’s integral

) =p| e 1) (1.1)
70
in the form
P p) = | e () W () 1) (12)
0
which reduces to (1.1) when & = — m 4 1/,.

In this paper we have obtained certain new properties of VARMA
transform which enable us to evaluate certain infinite integrals in-
volving special functions occuring in Applied Mathematics. These
properties have been given in the form of three theorems. The results
obtained are very interesting and are believed to be new.

In what follows the notations

v

k, m

O (p) = h(t) and (p)

h(2)

will be used to denote (1.1) and (1.2) respectively.

2. THEOREM I. If
D (p) = h (), (2.1)

and
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then
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2+, a2 p
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provided that A4(¢) is independent of a, the integral in (2.2) is conver-
gent, R(p) > 0, R(a?) > 0, the VARMA transforms of |4 ()| and
=" K,, (at'2) h (¢)] exist.

Proof. Applying the PARSEVAL-GOLDSTEIN theorem of the ope-
rational calculus to (2.1) and [3]

?% K2m (“Pllz) etre Wk,m (ﬁb)

_'_l—k k _(2t+b),2
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where R (a?) > 0, R(p) > 0, we easily obtain

J t-é K2m (aﬁ) e__;:bt Wk,m (bt) h (t) dt
0
1%, _ (2t 4+ b) a2 azb
= — A k(¢ b)k-1 - W M
aJo et EXP{ BE(t+ 0) } Sk
X @+ b) dt, (2.4)

On interpreting the 1.h.s of (2.4) with the help of (1.2) we arrive
at the result.

ExamprLr 1. If we take

h(t) = te } 2.5

=T(e+1)p7 = D(p)
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where R(p + 1) > 0, R(p) > 0 we then have [5, p. 110]
i K, (at') b (£) = o= K,,, (at'?)

.1 i3 G
k, m i 2,3

4p
= Y(p, k, m, a),

|4 2,2( a?

— 0 — M, m—Q \
m, —m, k— o —1,

where R(p 4= 2m 4 1) > 0, R(p) > 0 and G-denotes the MEIJER’S
G-function.
Applying (2.2) it is found that

"’°‘;_k et exp { (24 p) az}

Jq 8t (¢t + p)
X I/Vk,m [ ﬂ_’] dt
4t (¢ + P)
_ a Gz,z(ﬁ '—Q—m:m—@) )’ (26)
207 (g4 1) 23\ 4p|m, —m, k—o—1),

where R(o 4+ 2m 4 1) > 0, |arg p| <=z, R(a?) > 0.
3. With the help of the operational relation [3]

P% IZM (“’P%) e%pb Wk,m (ﬁb)

2% (t + b) . {_ (2t—|—M}

T AT (fp—k—m) Tm+ 1) 8¢ (¢ + b)
2b 7]
W m _—a'—_ ) .
S [4t(t+ )l -1

where R (a?) > 0, R(p) > 0 and following a similar procedure, we
obtain

TurorgM 2. If

D(p) =h(®)

and

Y (p, k, m, a) _—_—V:zf“'” L, (at'R) & (2),

R, m
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then
2;b"‘+1/2
al' (k4 —k—m) I'(2m+ 1)

°°_g - ( (215—{—1))612} [ a? p ]
1=k - k—1 = AN M m R SE—
XJO B T E v Ll Prrvss

X D(p+1) dt, (3.2)

Y(p, k, m, a) =

provided that the integral in (3.2) is convergent, % (f) is indepen-
dent of a, R(a?) > 0, R(p) > 0 and the VarRmMA transforms of |A(Z)]
and [¢=™ I,,, (at}) & (¢)| exist.
ExampLe 2. Taking (2.5), we have [1, p. 85, eq. 16]
=" Iy, (at'R) h () = o= I,,, (at'?)

|4 a? I'(o + 2m + 1) I'(o + 1)
k,m 22m pe T'(1 4 2m) I'(3 — k + m + )

X 2F2(9+2m+1, o+ 1; 2m+ 1. @+M—k+3/z;Z—;)

= Y (p, k, m, a)
where R(o +m +m + 1) > 0, R(p) > 0.
From (3.2) it is easily seen that

[~ o]

tﬁ@+¢%¢*mp{—gﬁﬂ&f}

8 (¢ + )

X Mkm[——(—li—ﬁ—] dat
L4+ p)

_a?tt T'o+2m+1) I'(} — k + m)
201 T, —k+m+ )

S0

2
X o F, (g+2m—|— Lot1;2m+1,0+m—~k+3,; “ /4{)), (3.3)

| a2 |
where R (o 4+ 2m + 1) > 0, |arg p| <=, R(a?) > 0, Z_;bi <.
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4. THrorem 3. If
v

P (p) " h(t)
and
14
Y(p) — =t h(§),
(p)k*l/m m—+ 1, ®
then

Jﬁooxllz (axz -+ bx -+ g)—l (0] < a_afz—f—b—x—l—c ) ax

X
0

— il (b + 2 \(ca) 4.1
— oy Lo+ Ve, (4.1)

where R(a) > 0, R(c) > 0 and

focosh £0 (o4 cosh 0)~! ¢ (a+ B cosh 0) 40
0

_ 2 ¥+ p)
V(2B) (2 +B)’

where R (8) > 0, provided that the integrals involved are absolutel y
convergent.

(4.2)

Proof. From (1.2) it follows that

roQ
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On evaluating the x-integral by author’s formula [4, p. 663]

[ ojc—s <“L2_":_bi‘_i"._c)m—1/z exp ( _ Z"_ZVT_',’M‘) W (f’ﬁ"'_bx_if)dx

x 2% x
0

4

1 - - —_
= (—) (b—|—2\/ca)’” “hexp {(—% (b—1—2\/ac)} Wi yma (b+2Vac), (4.3)
a

where R (a) > 0, R(c) > 0; we obtain (4.1)

If we put a = ¢ =#/,, b = « and use the substitution x = €°
(4.1) then reduces to (4.2). »

The interchange of the order of integration can easily be seen to
be permissible under the conditions stated with the theorem.

The theorem is useful in obtaining the integral representations
of the VARMA transforms of certain functions. This is shown by the
following example.

Examprk 3. If we take
g(t):tVE(oc3,of_4,_..,u,:ﬁz,...,ﬁsll/,)
then [2, p. 133]

D(p)=p"E(y+1, y+2m+1, 0, ..., 0. y+m—Ek+1, B, Bs: P)

where R(y +2m + 1) > 0, R(y + 1) > 0 and E-denotes MacRo-
BERT’S E-function.

Applying (4.1) and (4.2), replacing y + 1 by oy, y + 2m + 1 by «,
y +m — k + 1, by By, it is found that

ree 2 —o 2
x—lh(?ﬁ_‘*:_beF") E[mi;s;ﬂj;w]dx

X X

Y0
= \/ m (ib-+2Vca) == E (a; — Yy, otgy oovy 03 By ooy Bs: b+ 2Vea), (4.4)
a
where R (%) > '/,, R(a) > 0, R(c) > 0 and

oo

[ cosh 36 (e +p cosh 0)~ E (r; o;: 5; Bt oo+ B cosh 0) d0

70
= \/:ﬁﬁ-(a + B E (a0 — Y 09, ooy 4 By vy Bt + B), (4.5)

where R (o) > !/, and R(f) > 0.



Certain properties of Varma transform 199

The following particular cases of (4.4) and (4.5) are worth men-
tioning.

(¢) Putting » =2, s =0, oy =% — 12—y, 0, =% — 2+ p and
using the well- known property of the E-function
EQ@G—2d—pi—2+pux)=TE—2A—p) I'E—2+p) W, u(x) (4.6)
it is seen that

o 2 —1; 2.4 p 2
J U (ax -+ bx + c)” exp (ax + bx + c) W, (ax -+ bx c)dx
x 2% x
0
_I(—A—pa=ni
I'(f;—A—p)at

b+2Vca

(b -+ 2\/0_(1)”—1/4 exp < )I’Vﬂ TAESIA (b+2\/§),

(4.7)
where R(A+ u) <0, R(a) > 0, R(c) > 0 and

o[ cosh 6

[ cosh# 0 (« + B cosh 0)*~'> exp ( 5

)WM («-+ B cosh 6) d6
“ 0
I'(—2—p)n}

_ «+p
I'd—21—p)2:p%

(o + B)e—"+ exp ( ) Wiiyjou:ys (@ +B),

(4.8)
where R(A + u) <0, R(f) > 0.

(ii) On the other hand if weput7r=4,s=1, 0, =% — 1+ u
o =%—A—p, 03=%—24, au=1—12, f; =1 — 22 then by vir-
tue of the following property of the E-function

EG—24+p t—2—p3—A1—24:1—22:2
— T() T — A+p) T —2—p)z=* W, (2i) Wy, (— 2i2),  (4.9)
it is found that

f’;_*(axz—l—bx—l—c )—M_&Wx,,,{ 21.-\/<ax2—|- bx —1—0‘) } Wz,,,{ _zi\/(axz—i—bx—i-c)}dx
x x ¥

0

_ (b+2Vea)! "
~ @ TE—itp) T—A—p)

E(—A+p, 3—A—p, 3—A, 1—2: 1—-22: b4+2Vea),

(4.10)
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where R(A — u) > 0, R(a)> 0, R(c) > 0 and

J cosh } 0 (4B cosh 0)=#—% I, , (2 B cosh ) W, (— 2iVa+ B cosh 8) d0

0

o (o + B)**

BT — 2+ @) TG—7— )
XE(p—2,%—r—mt—2a1—21—24atp), (411)

where R(A — u) > 0 and R(f) > 0.

REFERENCES

1. ERDELVI, A. et al (1954). — Tables of integral transforms Vol 2 (McGraw-
Hill ; New York).

2. RarHIE, C. B. (1955). — Some results involving hypergeometvic and E-func-
tions. Proc. Glasgow Math. Assoc., 3, pp. 132-138.

3. RATHIE, P. N. (1965). — The inverse Laplace transform of the product of
Bessel and Whittaker functions. Jour London Math. Socz. 40, pp. 367 —369.

4., SAXENA, R. K. (1960). — An inlegral involving G-function. Proc. Nat. Inst.
Sci., India, 4 26, pp. 661 664.

5. SaAXENA, R. K. (1962). — Thesis on «A study in integral transforms»,
approved for the Ph. D degree of Rajasthan University.

6. VarMA, R. S. (1951). — On a genervalization of the Laplace integral. Proc.
Nat. Acad. Sci., India. 4 20, pp. 209-216.

Department of Mathematics
McGill University

Montreal - 2

Canada



