INTEGRALS INVOLVING G-FUNCTION
by

B. I,. SHARMA

1. 'The object of this paper is to evaluate some integrals invol-
ving MEIJER’S G-function.

2. We require the following results in the investigation.
(@) The Gamma- function formula [(1) p. 4]
D(mz) = (2m)e ™ (m)m=—4 m[_ll I'(z+ ﬁ)
k=0 m
where m is a positive integer. (1)
(6) The definition of MEIJER’S G-function [(1) p. 207]
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monl la. ... « I @—s1I I'(l—o+s)
, 1 b 1 i=1 j=1
x =5 . n x5 ds
poat b B I a—p+s 0T (-9
Li=m+1 j=n+1
where L is a suitable contour. (2)

(¢) The infinite integral

Jozzyo (sinh 0)24-1 ,F, (A —pu -+ %, B;6; 2¢7° sinh 6) 46
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valid for R(2)>0, R(1/2—A—pu)>0, R(6—p—2A+p—1/2)>0. (3)
(3) Can be established by writing down the series for the hy-
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pergeometric function in the integrand and integrating term by
term with the help of the result [(2) p. 311].

- 2—21F(2z)r(%—a—p)
e (sinh 0)%-1 40 =
1
7o l _
F<2+ A ,u)
valid for R(A) >0, R@— 41— u) >0, (4)

(d) The definite integrals

(2
[ i@ PP (sin 0)*~1 (cos 6)’~1 ,F; (a, b; B; €® cos 6) d 6
K 0

32T (AT (x+p—a—b)
Tatp—a) (@t p—0h

valid for R () >0, R(8) >0, R (8 —a — b) > 0, (5)

72 i0-=
(e) J ¢ th0 (sin 6)*~1 (cos 0)f~1 ,F, [a, b; a; e “~2 in 0146

0

_ 3L (et f—a—1D
e +8—a)I'(a+ p— D).

valid for R(a) >0, R(8)> 0, R(ax —a — b) > 0, (6)

(5) and (6) can be proved in a similar manner by using the in-
tegral [(5). p. 450].

Mo . iZa I'(x) I'(B)
i(a- B)6 a—1 B—1 — 2
.(Oe 18 (sin 0) (cos 0),-1df=e Tt p)
valid for R («) > 0, R(B) > 0, (7)

(f) The Infinite Integrals

(x"‘l (14 x)yi—e-1 ,F, [“’ a+1, c.d; ]dx
7o ta, 14+a—c. 14+a—ad

22 (14a—c)(1+a—d) (s +sa— NI (1+ta— NI (1+a—c—d—3)
T Val'Q+al(l+a—c—a)Tl'(1+a—d—ANT(1+a—c—A) [T (]!
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valid for R(4) >0, R(a—2A+1)>0.R(a—c—d—A+1)>0 (8)
and

f 114zt F,@ a4+ 1,b;%a,14+a—b; — ad ) dx
UK 14-x
2 A (U 4a—b) (AN E+ta—NT(1+5a—2)
VeaI'l+a)I'Q+a—0b—2)
valid for R(4) >0, R(a —244+1)>0,R(a—2b—22+2)>0. (9)
These results have been derived with the help of

rjc“—l (1 4 x)~*=# dx = B («, B).

=0
valid for, R(a) > 0, R(f) > 0,
Doucarr’s theorem [(6), p. 372] and whipples’ theorem [(6) p. 368].

3. THE FIRST INTEGRAL : — The formula to be proved'is

[o]

[ @ (sinh 0)22-1 ,F; 3+ A —pu, B; 0; 2 ¢~ sinh 0)

©0
bqy ,
lerrtﬂ (smh 0)2m 2
¥, S

(@)'=2" (m)i=+—5—3 T (9)

2).+ﬂ+ﬂ—% ]1(6__‘5)]1(_;_[_ 1_”)
p-|—4m,q—|—2m[ 2
v+ dm, s -+ 4m | 22"

where m is a positive integer, and

P ooor Poamy Kyy ovn &Ly Poippqg o-e 994",]
lpl...w4m;ﬁ1,... ...[35

(10)
1— A1+ k 1—22142k%
<Pk+1 = ¢k+m+1 = 0
m 2 m
14+6—214 2k 0 — 2+ 2k
Prt2041 = m » Pr3m+1 —

2m
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1 — 24— 2u + 4k, 3—2]»—2/A+4k
Yie+1 = s Ye4m+1 =
4m 4m
68— B —2A+2k 1— B+ 6—24+ 2k
Yet2m+l = s We+3mt1 = >
2m 2m
k=01, 2, ..... (m—1)

The result is valid under the following conditions
Mr+s<2@+q, largz|<(p+g—*t7r—3s)m
RO—P—A4+u—3)>0,R(A+mpj)>0forj=1,2,...5.
R(A4+p—2m —2ma, —4) <O0forh=1, 2, ...4

(i) r<s,r+s<2(p+q,lagz|<(p+q—ir—1ism
RO—f—24+p—4)>0 R(A+mp;) 0, forj=1, 2, ... p.

4m+1,for h=1,2, ... q.

R(A+ p — 2ma;) <

m(é “f—.}s‘_‘ Bj. —%)—(s—r)(l-{—‘u_m_g,)>0
j=1 i=1

(i) r>s, r4+s<2(p+q),lagz| <(p+qg—1tr—1is)m,
RO—B—24+p—3H)>0 R(A+mp;)>0forj=1,2,...9.
mtl e h=1,2 ... 4

RA+pu—2ma) <

2m< Y @ — Eﬂ, ) (r —s)(A—m)>0.
i=1 i=1

To prove (10), we substitute the contour integral (2) for the M-
IJER’S G-function in the integrand of (10), change the order of inte-
gration (which we suppose to be permissible) and evaluate the inner

integral with the help of (3).
The value of the integral then becomes

(2)—}.—”—ﬁ——:} I‘v(a) 1 71;1 (ﬂI - 6) HF(I - a} + 8)

F(a—mr(éw—u)nz"i T I—p+& M Io—&)

i=p+1 j=q¢+1
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P(é—ﬁ—l—m&)]“(—;—l———ﬁ/Z—l—mE). [2-2m2)¢ dE.
1
2

4

(m)}. p—i—l (n)l‘z’" I'((S) 1 H F(ﬂl - E) H r (1 — % + E)

_ - i=1 X
2"+u+ﬂ Yre— ﬂ)I‘( + i— ) 2m fI r(—g;+¢&) H I (o; — &).
j=p+1 i=g+1
m—1 A—2 4k
HF( + A )HI.,(1-|—21—|-2k+§>III,( —2 u _5).
m 0 2m 4m »,
m—=1 14+6—221-4 2k
r — .
kI=Io ( 2m E)
m—1 m—1 _ B m—1 —22— 2k
HF(3 2142/.L+4k )Hp(é B 2l+2k_§)HP(1-I—5 B+ —E)
m k=0 2m E—0 2m %
n P(LM ,5)
2m
[L]*'dg_ (11)
22m

by virture of (1).
The contour L runs from- 7 o to 4 ¢ o, so that all the poles

1—21—2y+4k_5)
4m '

of I'(B; — &), for j =1, 2... p, F(

F(3—21—2‘u+4k_§), F(é-—ﬁ—Zl—l—Zk_E) ond
4m 2m

r(”"“z’l—ﬁtz.?

— 6) ,for k=0,1,2,...(m — 1) are to the
2m ‘ '
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right, and all the poles of I' (1 — o; + &) for §=1, 2, ... g,

F(w%—f) and F(l—i_—n—_‘—z—A«I—E),fork:O, 1, ...m-1,
m 2m

are to the left of L.

Interpreting (11), with the help of (2), we get (10) under the con-
ditions stated there in.

In particular, on taking 8 = 0 and making the substitution
x = sinh?0 in (10), it yields the known result [(4) p. 347].

The following integrals (12), (13), (14) and (15) can be derived
in the same way from the formulae (6), (7), (8) and (9) respectively.

4. The second integral: —

/2 _i(*_
J ¢i@+P (sin 0)*~1 (cos 0)P~1 2F  [a, b; a; e (3-0) sin 0]
0

P, q . o ...

[6_“"0 (COS 0)'"2,' J de
7, S Bi-.. B,

P P, g+ 2m

= I'(a) z

m v+ 2m, s + 2m

T - Pou, % oo Ky ]

Igl S ﬂs: 1/)1 s You
where m is a positive integer, and (12)
1— B8+ k l+a+4+b—a—p+k
Cry1 = ————, Frimy1 = )
2m m

l4+a—a—pf+k 1+b6—a—B+k

Yet1 = s> Yetmyl = s

m m

B=0, 1, ... (m — 1). The result is valid under the following con-
ditions.

(2) 0<p<s5,0<g<r<s(orr=sand [z]<])

R(@>0, R(a —a—5)>0 R(B+mp)>0 (j=1, 2...).
(1) 0 <q<r7, 1<p<s<r, p+g>i(r+s), |argz| < (p+g—ir—is)m,
R(x) >0, R(e —a—0b) >0, R(f+mpB;)>07=1,2 ... p. -
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(i) r=s5,p+q=i(+s)lagz| <(Pp+g—tr—to)m
R(@>0 Ra—a—5b>0 RB+mpB)>0j=12...9

4 s 1
m[z a— ¥ ﬂj—{——] + @ —s) (/3—72—1)>0.
i=1 =1 2 2
5. 'The third integral: —
7tf2
[ et (sin 9)*~1 (cos 0)F~1 ,F, (a, b; B; €% cos 6)

-0
al...m,]de
/31---/33‘

% 2N [e""”“’“;) (sin 6)™ z
(; 7, S

B eiga. P(ﬁ) «

mbB
G?SJQ"*'Z’“ [ P1 - Pom, °‘1---‘751]
z
v+ 2m, s + 2m Bi - Bo Wi -.. You
where m is a positive integer and (13)
1 —a+ - l1+a4+b—a—pF+ 4
‘Pk+1= - ‘Pl\'+m+1 -
m m
l4+a—a—p+k 1+b—a—fF+Fk
Ye+r1 = s Yermyr1 —
m m
E=0,1,.... (m—1).

(13) is valid under the conditions stated with (12) if we interchange
the place of « and B.

6. The fourth integral: —
oo L X
J 21 (1 4 x)e-l L Fy [d, ra+1,¢ 4d, . :|
0 fa,14+a—c¢, 1 4+a—d
ﬁ. q %y ... O,
X [2(4 x% + 4x)" ] dx
7, s Br... B

_ 22t (14 a—c¢) I'(1+a —d)
Vo (-2 T(1+a) T (1+a—c—d)
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G{)—I—3n,q—}—n.[ P .. Pu, ocl...oc,,tp,,;,.l...(p3,,]
z
r+3n, s+3n Yis -+ Y3, ﬂl o cee ﬂs
where # is a positive integer, and (14)
1—2+ 4% +a—d—21+k
Pr+1 = ————— Prgutp1 = — - ’
n n
l1+a—c—2+k 1+a—21+4+2k
Prront1 = y Yry1 =
n 2n
24+a — 22+ 2k l1+a—c—d—21+k
YVitnt1 = s Yeyonty1 =
2n n

k=0,1, ... (n — 1), the result is valid under the following con-
ditions

(?) r+s)<2p+g)lag 2| <(Pp+g—1itr—is)m,
Ra—c—d—A+1)>0, R(A+22 $)>0,j=1,2 ... 5,
R2A—a+ 210y, —2n— 1) <0, =1, 2, ... g.

(1) r<s,(r+s)<2p+9g) lagz | <(p+qg—ir—is)m
Ra—c—d—A+1)>0, R(A+228)>0,7=1,2, ... p.
R2i—a+ 2nay, —2n — 1) <0, =1, 2, ... gq.
2n[g G— 3 ﬁj—l]—(s—r)(ZZ—n—a—l)>0.

i=1 i=1 2 ;
() r=s,(r+s)<2p+9q)largz|<(p+qg—3r—1is)7,
R@a—c—d—A+1)>0 RA+218)>0,7=1,2, ... 5.
RRA—a+2noy, —2n— 1) <0, =1, 2, ... q.

Zn[iélloc,-—i};]l ,3,.+%] 4+ (r—s) (A —n)> 0.

7. 'The fifth integral: —

{o o]
[xl_l(l‘f'x)l_a_l3F2(a,-l?d+1,b;gf(/l,1+a—b;—- ad )X
7o I+
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G{J,q o] oo Oy
[z(4x2—|—x)" ] dx
7, s

Bi...Bs
_ @t i r4a—))
(@)"~% I'(1 + a)

G¢+2n,q+n.[z ’ Pioe Ou e G Puss e «;oz,.]
7’+2n,s+2n 'Pl---'PZn:ﬁl--- ---ﬁs

where # is a positive integer (15)

1 —A+k l+a—A—b+Ek

Pr+1 = ——— Priny1 = ’

n 7
14+a—2214+2k 24+a—2A4+ 2k
Yer1= s Yenp1=
2n 2n

k=0,1,...,n — 1. The result is valid under the conditions, stated

with (14) and having
R(@—2b—242+2)>0, instead of R(a—c—d— 1+ 1)>0.

A few interesting particular cases of the general result (15) are
given below :

(/) Assuming n =1, s=9p=2,¢q=r=0, f;=1v, fp= — v and
using the relation [(1), 216.]

G.. (-

in (15), we have the following integral

5 b ) =2t Koy 2 V)

a,%a—i—l,b;— i

Fx,q_l (1 + x)*~5-1 ,F, . 14 % ks, [4 Vz (x2+x)] ax
0 —a, 1+a—2>

20721 (1 4 a —b)
N Va I'(1 + a)

z"E(—;—l- s —i—l,v—{—ﬂ,l—v;l—i—a—b;z)

[ SRR
oS
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provided R(A4+9) >0, |arg z | <. (16)

further taking A =4 — &k, b =0, a = — 2k, v =m and z = p/4,
we obtain a known result [(3), p. 377].

(5) Assuming n =1, p=2,¢=0,7r=1, s=2, o, =1 — &,
Br=%++m, fp=%—m, a=1,b=4%, A=k in (15) and using the
relation [(1), p. 217]

Gl

we have a new integral representation for WHITTAKER function,

1 —k% 1
1 1 ) =e 2 Wk,m (x)
—dm, - —m

2+ 2

( wF1(1 4 )+ (1 4 2%) 7L o= 232 ED W, o, [42 (42 + )] dx
)

1

Va I (—1 Ry m)
= 2 eZ_z W_k, m (Z)

22k

ValidforR(%+k:i:m)>0,|argz|<g. (17)

The author wishes to express his indebtness to Dr. C. B. RATHIE
for his kind guidance and interest during the preparation of this

paper.
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