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1. INTRODUCTION. Recently F. J. Paras [1] has introduced a
k-set of polynomials {77},(x)} as sequence of polynomials such that
T}, (x) is of exactly degree kn, n =0, 1, 2,...; k is a natural number.
He has established that the k-set of polynomials defined by the gene-
rating function

(1.1) (1=t exp [#*u()] = X T (%) 2",
u=0
where
w(@)=1—(1—¢)*
satisfies the RODRIGUES] formula
(1.2) T (%) = exp (x%) D" [4* exp (— #¥)]/nl.

His explicit formula for such polynomials is

" 4
(1.3) Ths (%) = > B Y (— 1)’( P ) (k7 + 1),

7
where
(kr + 1), = (kr + 1) (kr + 2).... (k7 + n).

His differentiation formula is
(14)  (r+1) Tapiny ®) =2 Ty (%) + (7 + 1 — kx¥) Ty, (x).

This work of PALAS generalizes the results of a paper by P. HumM-
BERT [2] concerning a set of polymomials of even degree. It may be
noted that the polynomials set of PALAS reduces to the LAGUERRE
type of order zero, when &k = 1.
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The object of the present paper is to develop certain new pro-
perties which arise from a generalization of the LAGUERRE polyno-
mials. It is interesting to note that our generalized polynomials include
both the polynomials set of ParAs and the general I,AGUERRE poly-
nomials as special cases.

2. DEFINITION. We start with the definition
(2.1) T (x) = i’ 5~ ¢ D# (x2+n =)
n!

where %k is a natural number.

We first show that the polynomial T® (x) is of exactly degree
kn (n =0, 1, 2, ...). For this we notice the result [3]:
; : (— )’* : AR o
(22) Dif(x=X Dii(z) 2 — 1) \7.>zk‘7sz?

k=0

Thus from (2.1) we derive

TS (x)

. g—a P | n) n—S 40tn s ,—xF
= ¥ e L(s (D=5 x2+") (D5 e=*")

= —e" g(n)(oc—l- )(n—s)'x‘(Ds e=*)

S n
- BER L)
S5 (B0

Next we know that

i i jatny Ry
jgo(—l)y(]'>s§o(%—s)(s>—o
Thus we finally obtain

T§ (@)

- nev(H) BT

Xk
=0 1
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xk i ,('z'><a.+n+/ej)
] n ’

which is the explicit formula for T4 (%).

(23) =3

It may be noted that if « = 0, we have

no ki i : ki
) - xS B .(t n + y)
(2.4) Thin (%) = igo 7 f}o (— 1) i )( " ,
which is (1.3). Thus T8 (x) == Ty (%).
Again if 2 = 1, we have from (2.3)
T (x)
" x_’ ‘ 1 a+n-+47q
=i§0i!,‘§o(—l)7<]‘>< n >
ST
(2.5) 25}0“ (_1)(1’&—1)’

which is the explicit formula for the general LAGUERRE polynomials

LY (%). Thus T (x) = LY (%).

3. OPERATIONAL FORMULAE. Recently we [4] have derived the
general operational formula

n

(3.1)  x=Dr (wte V)= 11 @1 (8 +a+ k) Y,
j=1
k=123, ...)

where § = x di and Y is any sufficiently differentiable function of x.
x

The operators on the right of (3.1) commute only when £ = 1.

Thus we derive
x—% Dn (xa-{-n e—xk Y)
=e* Il (x D—Fkx*+a+1)Y
i=1

In other words, we have

(32) zee*Dr(atre*Y)=Il @D—kxt4a+j) Y
i
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Again we note that

Dn (xa n e——xk Y)
n ” .
— E ( , > Dr—r (x<z+n e—x) DY
r=0

n xr
ik (x+7)
=n! x* e * 20 P Tyn-n () D" Y,
/=0 7!

whence we obtain

1 X (atr
(33) et Dt et Y) = B Tl () D' Y

It therefore folows from (3.2) and (3.3) that

Il 0D — kvt +a+7) vV
i=1

(3.4)

x" (x+7)
A ;,_i Tk(n—?) (x) DY

o =

= (n])

4

If we set Y = 1, we derive from (3.4)

(3.5) ) T (x) = IjIl (xD — kx*+ o + 7). 1

Again if « = 0, we obtain from (3.5) the operational representation
for the polynomials of Paras:
(3.6) ) Tos) (%) = Il @D — kat + ). 1
j=1
Lastly if 2 =17 =1 we get from (3.4) the operational formula
for the general LAGUERRE polynomials:
@D —x+a+9)Y

1

7

(3.7)

n x’ - ')
=) ¥ T8 () D' Y,

which was previously obtained by I,. Carrrrz [5].
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4. SomE CONSLEQUENCES OF OUR OPERATIONAL FORMULA :

From (3.5) we note that

(4.1) n T (%) = (x D — kxt + a + n) Tl (%),
which is the differentiation formula satisfied by 7% ().

In particular, when o = 0, we derive

(4.2) n TS (v) = (x D — kat + n) Thiu_1) (%)
which is (1.4).

On the other hand, if 2 = 1, we obtain from (4.1)
(4.3) n T (%) = (xD — x + o« + n) T (%),

which is also implied by the familiar recurrences satisfied by L{” (x).

Next we consider

(m + n) ! Talm (%)

#

=1I (xD — kx* 4+ o + n 4+ 7). I (xD — kxt+a+1). 1
j=1

i=1

M

=n' I @D —kv*+a+n+1). T (x)

i=1

m 4

=m! n' Ho Py kafﬁ,t",?") (x) D" T&) (x),
v 7!

which implies that

MIN(M,M) 47

m+ n o a+ntr o
(4.4) ( " ) Till (1) = X 1 TG (v) D7 TS (%).

r=0

If we set k= 1, we derive from (4.4)

min(m,n)  gr

(4.5) (m;")nii’n ()= X

7=0 7!

T (x) D T (w),

which is a well-known formula satisfied by the general LLAGUERRE
polynomials.
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5. GENERATING FUNCTION. We shall now show that the poly-
nomials T% (x) are generated by

(51) g t)=@0—t)*exp [# u(®)] =3 T& (x)t
n=0
where
u(@)=1—(1—¢)*
From the definition (2.1) we observe
® (— 1) kr n
(5.2) T () = o* 3 ')x’"( ot )
r=0 ¥: n

It is to be noted here that (2.3) is a consequence of (5.2).

Now we notice
glx, t) = X — [— g (x, 0)] = ’0 T (%) £,
whence we obtain

o 1 o
(5:3) @ =1| o 8 O

Again we note that

l j; { (1 —¢)y*lexp (x*u (t))}

0
__ ak & _ fy\—a—
=e [%{(1 t) 1exp l—t }]

(— 1) k(kr—}—ov

t=

(5.4) —=n! e’ 2
Thus a comparison of (5.3) and (5.4) with (5.2) confirms (5.1).
Now from (5.1) we notice that

(1— )k+13g§,x )+ 1)1 — ) — kg (v, )

whence we obtain

o0

(1 — g)k+1 § w1 T (1) = [(e + 1) (1 — 8)* — kx*]. 20 TE (x)
n=1

n=
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Performing the indicated multiplications on both sides and com-
paring coefficients of #* on both sides, we derive

k41 k+ 1 )
ygo(_ 1),< r )(" +1—7) Teafion (0)
(5.5)
k k
@t S () Tl @ — et TR
r=0
Now if in particular, £ = 1, we obtain from (5.5)

(5.6) (n+1) T2 (x)—2n4a+1—2) TP x)+ m+o0) TE (x)=0,

which is the well-known recursion relation satisfied by the general
LAGUERRE polynomials.
Again returning to (5.1) we deduce in like manner

k ] ]
67 S o)) prEs =k S () @

where D == dfdx.

As a special case, when k& = 1, we notice from (5.7)
(5.8) - DT (@) — T (0] = T4 (%)

which is another well-known recurrence relation satisfied by the
general LAGUERRE polynomials.

Lastly we remark that the generating function (5.1) leads to the
following finite summation formula for the polynomials T (x).

For we observe
(1 =ty lexp [x* {1l — (1 —¢)F}]= (1 —¢)"@h (1 —¢)-F-1
exp [#%{1 — (1 — £)~F}]
whence we obtain
X TR @ =1—n"n ¥ TE @) e
n=0 n=0

Now comparing the coefficient of #* on both sides we get

o = (OL _ ﬁ)r
(5.9) T =577 Tudtn @)

wehre « and f are arbitrary real numbers.
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