PRODUCTS OF APPELIL POLYNOMIALS

by
L. CarriTZ
1. Let
oo t"
(1.1) FO =¥t (o=1)
0 n.
denote a formal power series and put
) o0 t’b
(12) f(l) 6” = }: fn (X) "“'1 >
0 n.
so that
(13) f,,(x): E (:L)fn—rxn: fn (O)qu
r=0

Thus with every power series f (f) is associated the set of APPELL
plynomials {f,(x)} defined by means of (1.2) or (1.3). The polyno-
mials f, (x) have the property.

(14) fln (x) = nfn—l (x) ,

conversely if a set of polynomials have the property (1.4) then there
exists a power series f (£) such that (1.2) holds.

It is convenient to put

GO =3l (fe=1),
0

n!
so that

=

(1.5) X" =

14

( i ) Fuor 1, ().

0
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In addition to f({) we also take

r=0 s=0 4
As in (1.5)
= 3 (0 sy ),
r=0 \ 7
where
(o] tn.
1.6 B))y = Y h, —.
(1.6) (h (2)) EO, oy
Thus
B (m rdsr+sy o,
fm(ax)gn(bx)zz ‘\_: ( )( )fm rgn ,(l’ bs E( + )hr{-s—i hj (x)
y=0 s=0 \7 i=0 ]
We put
m-+n
(1.7) fn (@%) gu (b%) = %, A" Iy (3)
j=0
where

I

(1.8) A () — ,.1 (m,n) (a,b) =

I [«'

S8t e

Then

ann o ,Hm.vn 131 " m 7’+S )
V Afomn Z 7 — Z Yy ( )( )( )fm s s Wy o @ T
s ]

)
=0 min! L a=omln! S0, S0\ 7

_ 2 (au)” ( v (74 s W . g ; w v
y! sl 75— od m 8n T
75=0 5. 7 m,n=0 min.
oo rLs
'M Q Al (' ) < + >h’, .
rs=0 r!s! 7
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=1 ()¢ v)E( oy 3 e o

r+s=k r! s!

k
— e 3 (k)h (ent oo}
K=i\] k!
o °_3 Y (au_i}:_‘bv) f( u) g (v) (au-}—_bz&i
=1g0) kéo * il R! h(au + bv) 7!

by (1.6). We have therefore obtained

oo LT N ;
(19) 2 A]_(m,n) uwmv — f(’l/t) g ('U) (dlt .| b'U)’
m,n=0 m! n! h(ailv + b‘l)) 7 !

’

a generating function for A, ™ with j fixed.

We remark that there is no difficulty in proving the correspon-
ding formula for the product of an arbitrary number of APPELL poly-
nomials. If

190 =Y f “) =1 (=1, ..., k),

oc
9 @) et =% £ (x) —
n=0
and we put
m1+...+mk

(1.10) £ (ay %) ... f) (@ x) = % Ao by (x),
i=0

then we find that

(1.]_1) ? A (mpa,mg) “7]”‘1 .. u};lk
“ o m, | m,!
ml,...,mk—-O R B
_ FO (ug) oo 9 () (ay vy + o oay u)!
hayuy 4+ ...+ apuy) 7!

2. In place of (1.7) we may write

m -

(2.1) Fn(@x) go (00) = 3 A0 By s ().

P
7=0

This suggests evaluating

Mmogn
(my n) uw” v
2‘ Am n-j —

m, n=0 m! n!
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By (1.8) this sum is equal to
o /I/ﬂn .vn m \nj ( m )( n > ( 3 + S

. )fm—' gn—.\’ . h"r S S— =i a bs

o m! n! S0 S0\ 7 s m—4+n—j
gyt M N\ (m\ (mt+n—7—S
=2 500 ) oW s
mon=0 M. N. =0 s=0 \ 7 N ]—7v —S

7 S oo ' ” i
= N f o k' uwv Z m+ n (_M
T e : "l
rd-s<g .S mn=0 \] — ¥ — S m! nl
i - Y "
= V f g h'; _11_‘1)_ O < m > M
S he i B
T rls! 2o\ —7—s m!
= sﬁ fr g, - h j-,r—_s_" ~ u ys °< ((ll[. + bv)’”fl—r—s
ded s 7 o
riss (1 —7—3s)!7is! =0 m

We have therefore proved

o u” " , w v° (au + bv)i-7—s
22) ¥ Al = Y fg W, (au 4 bv)

m, =0 m'!n! ras<i rls! (j —r —s)!

- This suggests that we multiply by # and sum over j. Then

oo w v zj—r—s
NS r 8s h,‘—r—.f T

i=0 r-i-‘:gjf > rlsl (j —7—s)!

2 tu) (tv)* =, tz)i—r—s

= 2 t s (_L'(—_)‘ E h j—r—s —()
7520 ris! 55 (1 —7—ys)!
1 o tu) (tv)° tu tv
LS W (g )
b (t2) +5Z0 rls! h (tz)

We have therefore

oo 24 n
(2.3) SRRy PR AUDE 30 Ry
=0 m! n! h (t (ar + bv))

The generalization corresponding to (1.11) will be omitted.
Another variant may be mentioned. Rewrite (2.1) in the form

m-i-n h‘mv'_n_' (x)
(24) fm (ﬂx) n (bx) =y B.(m, ) —7___ )
¢ i=o ' (m+n—7)!

so that
B;'(m' M= (m+n—7q)! Ai::l.f,::)_j .
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Making use of (1.8) we get

Bf(’”’ " _ 2‘: 2 ( m ) ( n ) ( m-4+n—v—s m+n—il.j e hlj—r——s am—r s

r=0 s=0 v S ].—7’—8

23070

This evidently defines B;™ ™ for all m, n, 7; the condition m 4 »n > j
is no longer needed. We now find that

)I ’ .
fr gs h imres . am—r bﬂ—s'

@5 % Bma ¥ L e g M WU
. m,;‘-—-o ! m!n! l—a’lﬂ—bv rs<i "o (]—7—-3)' r!s!
and
(2.6) § B,-(”" ) um pn g —1— . f(t%) g (E))
m, 1, j=0 m! n! 1 —au — by h (t)

This formula admits of an obvious generalization analogous to
(1.11).

3. There are many well known instances of APPELL polyno-
mials. The BERNOULLI and EULER polynomials defined by means of

[g"“ (e} tn
3.1 - = 3 B,(x) —
( ) S —1 ,,‘:() ( ) n!
and
et oc i
(3.2) — 3 E,(x) —,
gt + 1 n=0 n '

respectively, furnish examples; more generally this is also true of
the BrrNouLLl and EULER polynomials of higher order [4, Ch. 5]
which may be defined by

z [oe] } t,t
3.3 ( ) et = N BO (x)
( ) ¢ —11 .,:o N ( ) n!
2 H4 (o 0] t}l
3.4 e’” = ‘ﬂ E(z) x) — ,
(3.4 (7=7) =SB @

where z is an arbitrary complex number. We may also cite NORr-
LUND‘S polynomials of order & defined by
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W ... tFc* oo ”

3.5 1 k = V' B® (g S, o) —
3 (et — 1) ... (2 B—1) = " (* | oy wk)n!
k px! o .

(3.6) 2k ¢ — 2 E(/\) (x l L Y, COk) _t_ .
(ewlt _+_ 1) .. (ewk! + l) = " n!

A less familiar example is that of the « EULERIAN » polynomial [1]

b () = o (51 1)
defined by
(3.7) e = S h ) L),

er— A n=0

This polynomial can be generalized along the lines of (3.4) and
(3.6).

In the next place the HERMITE polynomial H, (x) may be men-
tioned. We have the familiar generating function
t?l«

(3.8) 2 = Y Hy (1) ©
=0

" n!

thus the polynomials { H, (x/2)} form an APPELL set. In this case
we evidently have

f@) =e",
so that

7! (n odd) .

j = {(_ 1y (27)! (n = 27)

If we take

(3.9) F)=g(t) =h(t)=e"

we find that (2.2) and (2.5) can be simplified. We may assume j even.
Then

, u? 0% (aw 4 by)¥—2r—2
Y far 8o Mojoaras ( . )
risi (27) 1 (2s)! (27 — 27 — 29)!

27 028 ] 2j—2r—2§
~ oy (- l)rsu V% (au + by)¥ =.1_(1—a2 w2 — b2 o2y,

vt rlsl (J—7r—ys)! 7!
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Thus (2.2) becomes

3.10) y Ay, Y L

m+n—27

= — (1 —a?u?— 202 gty
m, n=0 77?/‘%! 7 !

Similarly we find that, when (3.9) is satisfied (2.5) reduces to

oo nogyh 1 (] —(12 %2__b2 vZ)i
3.11 ~ gy M 2
( ) m,}n‘=0 Z m ' n !

7! 1 —au-bv

We remark that (3.11) was derived in [3] for the product of an
arbitrary number of HERMITE polynomials.

4. T'or the LAGUERRE polynomial L,®(x) we have the two gene-
rating functions

(4.1) 301 Ls,u) (x) P = (1 _ t)—a—l e—*(1—1) )
n=0
(4.2) YL ()t = (1 4t e,
n=0

Thus the polynomials {L{ "

" (— x)} constitute an APPELL set and
therefore the results of §§ 1,2 apply. This is however not true of the
(L® (¥)}. We therefore consider the following situation.

Let f(t) be of the form (1.1) and let

F(t)=Y F
n=1

be a formal power series without constant term

. Put
(6] tn
4.3) t) T = . (%) —
( (@) Eof (%) o
We also put
E e = 3 g, (1) o h(H) T = N B, (1) L
n=0 %1 n=0 n!

where G (f), H (t) are series similar to F (¢).
Let

"om ton > In )
)= % (Vw60 = B () g w2 = 3 (7w
r=0\7 r=0 \¥/ r=0 \7
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Then we have

m+n
(4.4) fm(ax) g, (bx) = ¥ Ci"" h; (x),
i=0
where
LA AYEAVEE S AN ,
(4.5 Cmn = ¥ E( )( )( ] )a B fonr 8u s Wy s i
r=0s=0 v S i
and
(4.6) =y <”)h, B (x) .
i=0 \]

It follows that

oo I T T < (au vy [ r+ s ,
(4.7) ¥ Cjmn — = (au)” (b ( )h,_s]-

=0 mln! L5520 7!s!

]
(%) um gn
E fm~-‘. r,r gn s, s ) ) .
m,n=0 min!

On the other hand, we have

oo fm oo gmm oo (xt)v oo m
D m \X) — = vw ( ) m,r = ¥ y mir,r T
m: f ( ) m! m-JO m‘ 720 f 7:0 7! mh--‘()f m
*® xt)
E_] )
say. But since by (4.3)
o0 m . i x’
Yl ) —=7@) et =% [0 F () —,
m—=0 m ! r=0 7!
it is clear that
(4.8) vf @) =70 F ().

Thus (4.7) becomes

1” v"

a0 min rs=07

(49) % oY _ S bs(r-;-s)h’,;s',-.f(u)F'(u).g(v)G‘(v)

a b Fr () G* (v)

risek r!s!
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— 2k, (@F(w) +bG(@)
= f(u)g (v) kgj(j)hk,, =
. ;
= f(u) g (v) (a F (u) ‘1: bG (v)y ’ E h’;\..‘;,“j (a F(u);—Y bG (v)) -
E=0 !

We now make an additional assumption concerning
[o o]
H{)= ¥ H, t",
n=1

namely H; # 0. This is equivalent to assuming the existence of a
series I(f) such that

(4.10) HI@)=I1IHE)=t.
Using (4.6) we get
exH(t) = 5 hi (x) HI. (t) S h”n 9,9 Hn (t) M
i=0 71 a0 n!
Since
1 = 7]
etH) — = h (x) -
h (t) 7';0 ! j'
it follows that
. o H» ) b
Hi (t Wi - .
“ﬁ "l k@)
Now using (4.10) it follows that
oo r Ii (#)
4 Wosii
2 T )
Thus (4.9) becomes
@i § cmn WV fgw)  D@F@+6E)
. ne0 m!n! h{l(aF(u) + bG(v))} 7!

The generalization corresponding to a product of 2 polynomials is
immediate.
We now examine the special case suggested by (4.1), that is

Hi)=—— | 1@t)=—"

1 —¢ 14+t
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If in addition we take
h(l) = (1 —f=1,
we find that the right member of (4.11) reduces to

f(u)g(v) (a F () + bG (v))i
7! (1 4+ a F (u) + bG (v))x+itl

which is in agreement with [3, (6)].

(4.12)

b

5. TFinally we discuss briefly a ¢g-analog of (1.9). Put

5.1 D=Tu—gnr1=3-",
(5.1) e (¢) I;I( q* 1) %(q)n
where
@n=0—9 1—¢3...(1—¢g).
Let
oo tﬂ
5.2 He(xt) = N f, (x) — ,
(5.2) 1 (@) e (xt) )0‘/‘ (%) o
where
o tn
@)= %}fn O (f=1);
then
(53) fn (x) = ; [”] fn—r x,
r=0 4
where
[n] _ (@
r 1 (@ (@
We also put
1 [oe] tn
5.4 —_— = ,n ! _1 ’
G4 w2y, 7Y
so that

(5.5) =3 [’:] Foco I (3.
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Now let g(t), A(t) be two other series of the same nature as f(2)
and define g, (x), 4, (x), g, #', by formulas like (5.4) and (5.5).

Then if we put

(5.6) f (a%) g, (b%) z‘ A Iy (),

(5.7) A4mn =3 3 [m lz] [“;S]. Foer G Weoj @ b

r=0s=0 L7 _

we find that

Thus

3 oamn Y $ M[7+s] .
m,n=0 ! (Q)m (‘Z)n 7,:;0 (9)7 (g)s 7 7

oo um "
. f m gn e, .
m,§= 0 (q) m (q)n

We have therefore

(5.8 % mn gy (‘”‘—“’;’)—l’“]h

m, n=0 (Q)m (Q)n 7,5=0 (q 4 (9 7
If we put
E Ik
(5.9) Hy(a,0) =¥ [ ] a bEr
oL 7
the sum on the right of (5.8) becomes
1 = n
(5.10) H, . (au, bv).
(@) kEo @

This does not seem to admit of further simplification. If we mul-
tiply both sides of (5.8) by # and sum over j, we find similarly that

%m .bn

oo % 1
5.11) Y A ——— t= ( — I, (t) H, (au, bv),
( )W};=o @ @ fegw® ¥ . (t) H, (au, bv)
where
(xt) oot i
5.12 .
e h (?) R (q),.
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If we take A(t) = (e (¢))~1, then since

S L Hy(a b)=c(a)e(®),
E= 0(9)1:

it follows that
(5.13) B, (x)=H, (x,1).
Incidentally, since
e (xt) _
e (t)
it is clear that in the present case
hy (%) = (x — D)(x —q) ... (x — ¢"71).
In view of (5.13), the right member of (5.11) is equal t>

s—r—9...6—¢")
(@) ’

-5

(au)"

fg@ ¥

n=0 m

The writer has proved the identity [2, (3.9)]

(514 ¥ 2 o D@ DG ) = e(t)e(it)(;f;t))e(abt)
0 n

Thus (5.11) becomes

H,,(t,l)H,,(@,1).
an

() _ e (au) e (bv) e (aut) e (bvt)
(5 ! 5) ", E 0 AI ( )m( ) f (u) & (7)) [ (abuvt) ’

While (5.8) and (5.11) can be generalized for the product of an
arbitrary number of polynomials, it does not seem possible to do the
same for (5.15) unless a suitable generalization of (5.14) can be ob-
tained.

Interesting variants of the above results can be obtained if we
make a slight change in the definition of g,(x) but leave all other
quantities unchanged. Put

(5.16) g _ 301 g (x)
0

Since

@
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it follows that
— n n
G @=3 (—1y [ : ] gHe g, .
If we now put
_ m-+n
fm (ax) gn (bx) = E Bi(m' g h’i (x) ’
we find

I | | R L T
7=05=0 _7 s 7

It follows that

oo mogn ) oo p! k+] k+ 1 .
S B.(m’") u"v — f(’ll)g(v) S _k ___1 ts(s—1) [ ] ] )k =S (by)s
m,%J:O (q)m(Q)n (9); k=0 (q s=0 ( q S . (a”) ( v)

fu)gw) 2 b by
5.17 = AN B 22
( ) (9); =0 (g (an) (cm )k+]

au

=Ty (2] 8 b (2)
5 k
where

@r=(1—a)(1—ga)...(1 —¢"1a).

We again take % (!) = (e (¢))71, so that #’, = 1. Then the sum in
(5.17) reduces to

i (cm)k_ qf_@ _ e (aun) _ e (au)
X ( an )k e (g’ bv) (bv),-e(bv)'

We have therefore

(5.18) 31 Byww 0 _TWg0)e(an) (auy (@)
' oo (Q)mlg)s e(bv)  (g); (bo),\aul;

Finally, if we multiply by (bv); # and sum, we get

5.19 S (o), B WYy T g(0)elan)
e Ty (e (bv))2

where in both (5.18) and (5.19) g, (x) is defined by (5.16) and
h(f) =(e(@®)".

17 — Collectanea Mathematica
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