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1. Tet F(s) =Y d, e (s=c+it; 0=2g< A4 < ... < Ay}
n=1
lim nlh, = D" < 11_m (A4 — A1) = h>0; D’ <1) be an entire

n—>00 n—>0o0

function of order (R) o (0 < ¢ < o) represented by Dirichlet series.
Sunyer i Balaguer [3] has introduced the notion of proximate order
(R) o (0): according to him it is a function of ¢ to satisfy the follo-
wing conditions:

(@)  lim o(0) =0

g —>00

() lim oo’(c) = 0

o —— log M(o) :
(iii) 61_1>nolo T = 1; M(a)_?o S?Eoo | F (o + 1t) |.

Although ¢(o) satisfies (iii), it will, however, be more convenient,
in comparing log M (o) with 4,,) and so on, to write

— log M(o)
0'11>m00 eO’Q(O’) -

2. Our aim in this note is to establish certain results involving
the growth of log M(s) with 2, and so on. First of all we establish
some general results.

3. Define:

Ay =exp [ o) at5 Bl0)= [ j000) at,
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where f(2) is a non—decreasingv function, at least for ¢ > t,. Also let
— flo _C, Blo) _E

1 AN 2%

S Al6) D’ 3555 Alo) F

’

4. THEOREM: (i)
4.1) eE > CeP'e (4.2) F=D.
(4.3) E<LC ; (4.4) F < D(1 + log (C/D)).
(i) I O0<F <E< oo, then 0 <D <C < o and conversely.
(iii) If C = D then E = F and conversely.
(iv) If (ii) holds, then

et < lim F(i\) < &,
s 1)

where £ is the root of the equation eEx + ¢E — Fet = 0, which lies
in the interval (1, o).

5. Preliminary lemmas :

Lemma 1: e°e(®) is an increasing function of ¢ for o > ay.

For,

(e6(9))" = ¢%¥(®) (00’ (0) + 0(0)) > (0 — €)e™(?,

for ¢ > o, ; since by (i) and (ii) of §1, we have respectively
€ €
b o(o) >0 — Efor o > 0p.
(

Therefore, for ¢ > o, (¢°9(?’)’ > 0 and so the lemmas follows.

oo’ (0) > —

Lemma 2: For 0<k<<ky exp {(c+k)o(c+ k) —oo(o)} —exp (0k)
uniformly as ¢ — oo.

For let { = max o'(x) for 0 <x < k; + 0. Then

=p fod Aol th) elo + k) — o(o)
exp. {oo(0)} = exp{ko(c + &)} exp {___k_ka}

= expi{ko(c + R)} exp (ko&),
where 0 < & < £, and so the lemma follows from (i) and (ii) of §1.
Lemma 3: This is:
Ao + k)
4(o)

— ¢ok
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uniformly as o — oo.

For

A + k o+k
1%{—%57%=JyQM=wm

a+k
to'(t) dt| < kefor 0 >0, and so the result follows from lemma 2.

o+k c+k
—| W@ at.
g (3

But

6. Proof of the theorem : Suppose u > 0. Then
1, )
BW+W=LAMA®“+L 10
B(o+ u 1 i@, /(o) ote A'(t)
Zie i mlean 40 i)
~ P40

A'(t) dt

A(f)
Now

lim P = ¢~ lim - y
¢ —>00 o —> 00 Al(t) dt 0 —>»0CQ0 (G)

lim Q =e~ 9 lim
o —> 00 oc—>00 A(U

flo) (Al + »
>m4 (o) }zwcg'

Therefore

6.1y E=1lm @Zﬁm P 4+ 1lim Q > De=e# 4 gu Ce~ex,

6—>00 g 6 — 00 2—>00
Similarly
(6.2) F = lim Blo) < Ce~% -+ ouD.
¢ —> 00 g
We also have, following (6.1) and (6.2),
(6.3) I > D(e~ + op e™o).
(64  E<C (e + op).

Now the maximum and minimum of (D + ouC)e~e and Ce~e* 4
~+ ouD respectively occur at u = (C-D)/oC and u ___1_9 log (C/D);
and so subtituting these values of win (6.1) and (6.2) we get (4.1) and
(4.4). Similarly subtituting u = 0 in (6.3) and (6.4) respectively, we
get (4.2) and (4.3). This proves (i).
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(it). Now let 0 < F < E < oo. Then from (6.1) C < o. We say

D £ 0, forif it is then from (6.2) F = 0 and so a contradiction. Hence

D > 0. Thus 0 < D < C < oo. Next suppose 0 < D < C < o ; and

we have then from (6.4) and (6.3) E < o and F > 0. This establis-

hes (ii).

(iii) Let g = 0. Then from (6.1), (6.4) and (6.2), (6.3) we have
D<E<C; D<<F<C.

Suppose first that D = C, then the preceding inequalities yield
E = F = C. Next suppose E = F, then we show that D = C. To
do that let % be an arbitrarily chosen positive number. Then

(1 + o(1)anflo) = (6)] o) dt

z}ﬂ><>m

=M>—Bw—m

=A(o) (1 +o(1)) E— (14 0(1)) EA(c — )
(1 + (Ml—r%EA(>

= (I 4 o(1)) (en + 0(n)EA (o)

and since % is arbitrary, we find that

/(o)
lim —— >E.
6 —>00 A( ) -
o+
Similarly by considering the expression f(o) j o(t) dt we can show that
1(o)
lim —— <E,
oreo A(0) =

and thus (iii) is completely established.
(iv). We have from (4.1) C < ¢E. Hence from (6.2)
¢* F < eE + op Deex.
Consider now the equation
Eex = Fex — ¢E (0< F <E < co)

It has one and only one root in the interval (1,o0). Let it be &.
So putting pu = &, we have

e F — Ee < EDéf,
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eE
or, eEE < EDef, or D > rE
Hence
l Z < HI—TI B O‘) <£ E@EE
= —a’_Toofo‘)_D<(,’E_6

(
This furnishes the proof of (iv).

2

B
Applications: Let f(0) = 2ugs ;—( ~log u(o) ~log M (o) and
(@) >, g U

so the above theorem includes the results of Srivastava ([2],
p- 137) and Rahman ([1], p. 173).
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